INFINITE COMBINATORIAL TOPOLOGY

ASSAF RINOT AND ROY TEPER

ABSTRACT. We summarize our view on the course given by Dr. Boaz Tsaban at the Weiz-
mann Institute of Science, Fall 2006.

1. 03.11.05

Definition 1.1. Define the Baire space to be the family of all functions from N to N, and
denote it by NN,

Definition 1.2. Assume X is a set. A family Z C P(X) is an ideal over X iff it satisfies:

e e
e Ac7T—= P(A) CT.
e ABel— AUBEeL.

The ideal is said to be non-trivial if, additionally :
o {{z}|zeX}CT
If T # P(X) (equivalently, if X ¢ 7) we say that Z is a proper ideal.
Definition 1.3. Assume 7 is an ideal over N, for f,g € NY, put:
f<rgift {neN| f(n)>gn)} €T
Let Zgi = {X C N | |X| < Ro} be the ideal of finite subsets of N and J := {0}.

Define two binary relations on NM: <"=<z;.. and <:=<gz, i.e., f <* g iff there exists
some m € N such that f(n) < g(n) for all n > m, and f < g iff f(n) < g(n) holds for all n.

Lemma 1.4. (N <*) is a quasi-ordered set, that is, <* is a reflexive and a transitive binary
relation on NV,

Definition 1.5. For a set A C NV, define the downward closure of A:
A:={feN'[3ge A(f <" g)}.
Let the external cofinality of A be ecf(A) := min{|D|| D C N¥ and A C D}.

By ”our view” we mean that sometimes we omit material given in class, sometimes we give alternative
definitions or proofs, and sometimes we include our own additional propositions. However, we are always
consistent with the material given in class.
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2 ASSAF RINOT AND ROY TEPER
It is obvious that ecf(A) = ecf(A) < |A| for all A C NN,

Definition 1.6. A subset B C NN is said to be bounded iff ecf(B) < 1.
As expected, we say that B is unbounded iff ecf(B) > 1.

Definition 1.7. A subset D C NY is said to be dominating (or cofinal) iff D = NN,

Definition 1.8. We define three important cardinals:
(i) b:=min{|B| | B C NY and ecf(B) > 1}.
(ii) 0 := ecf(NV).
(iii) ¢ := |NN|.

Lemma 1.9. X;) < b <0 < ¢=2%,

Proof. To see that b is uncountable, we pick an arbitrary family A = {f, € N¥ | n < w} and
then find some g € N witnessing ecf(A) = 1.

Define g = g4 as follows, for all n € N: g(n) = max{f;(n) | 0 <i <n}. It is now easy to
see that A C {g} and that ecf(A) = 1.

To see thatTS 9, it suffices to prove that if D C NV is cofinal, then D is unbounded.
Towards a contradiction, assume there exists some dominating D C NN such that ecf(D) = 1.
Pick g € N¥ such that D C {g}. Tt follows that N¥ C D C {g}, i.e., that ecf(N") = 1, which
is an absurd.! o o 4

Corollary 1.10. If CH holds (that is, if c =N;), then b =0 =c¢ = N;.

It is worth mentioning that an unbounded family is not necessarily cofinal, e.g., take
{f e NV |Vn e N(f(2n) = 0)}.

Lemma 1.11. There exists a b-scale, that is, a sequence {f, € NN | a < b), such that:
(a) ect{f, | < b} >1;
(b) a < B < b implies f, <* f3.

Proof. By definition of b, we may pick an unbounded family B = {g, € N¥ | a < b}.

We now define the b-scale by induction on o < b. Put fj := go.

Assume now {fs | 8 < a} had already been defined. Since v < b, ecf({fs | 8 < a}) =1,
we may pick an exemplifying h € NY. Put f, := max{g,, h}.? End of the construction.

Put B := {f. | @ < b}. Since g, <* f, for all relevant o, we get that B C B’ thus,
1 < ecf(B) < ecf(B’) and property (a) is satisfied. Property (b) follows immediately from
the construction. O

IFor each f € NN: f <* (f+1) and (f +1) £* f, where (f +1)(n) = f(n) +1 for all n € N.
2Here, max denotes the pointwise-maximum function between two functions of the same domain.
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Lemma 1.12. There exists a 0-scale, that is, a sequence {f, € NN | a <), such that:

(a) {fa | @ <0} is cofinal;
(b) a < B <0 implies fz £* fa.
In particular, for all g € NN, there exists some o < 0 such that [z £* g whenever a < 3 <.

Proof. By definition of 0, we may pick a family D = {g, | a < 0} such that D = N

We now define the 0-scale by induction on a < 0. Put fy := go.

Assume now {f5 | 3 < a} had already been defined. Since o < 9, we may pick h, € NV
such that h, € {fs | B < a}. Put f, := max{ga, ha}. End of the construction.

Just like in the preceding proof, we put D' := {f, | @ < b} and notice that the two
properties holds for D’. Being user-friendly, we now give a direct proof for the last property.
Fix g € N,

By N¥ = D C D’ C N¥, we may pick o < 9 such that g <* f,.

Suppose there exists § > « such that fz <* g, then, in particular fg <* f,. It follows
from a < f that a € {y | v < 8} and f3 € {f, |7 < }. A moment’s reflection make it
clear that this implies hg € {fz} C {f, | ¥ < 8} which is obviously a contradiction to the
choice of hg. O

Claim 1.13. b is a regular cardinal, that is, cf(b) = b.

Proof. It is obvious that cf(b) < b, as this is true for any infinite cardinal number.

Fix an increasing sequence of ordinals (co; < b | i < cf(b)) converging to b. Let (f, | o < b)
be a b-scale. Put B := {f,, | i < cf(b)}. We shall show that ecf(B) > 1, and then - by
definition/minimality of b - we would have to conclude that b < |B| < cf(b).

Assume there exists some g € NY such that B C {g}, we reach a contradiction by showing
that f, <* g for all & < b. o

Indeed, pick o < b and pick ¢ < cf(b) such that o < a;. We get that f, <* f,, <*g¢. O

Claim 1.14. b < cf(2).

Proof. Fix a d-scale (f, € NV | @ < 0), and an increasing sequence (o, | i < cf(d)) converging
to 0. Put B := {f,, | i <cf(b)}. We claim that ecf(B) > 1.

Suppose not, and let g € NY be such that B C {g}. Pick a < 0 such that g <* f,, and
i < cf(9) such that o < a;. We get from one hand that B 3 fai <F g < fo, while on the
other hand f,, £* f.. A contradiction. O

Corollary 1.15. 8 <cf(b) =b <cf(d) <d<c.

It is worth mentioning that the latter is all one can prove. That’s because for all cardinal
numbers k, A, i, 6 with X; < cf(k) =k < XA =cf(p) < 0 and cf(0) > N, there exists a model
of set theory satisfying b = k,0 = p,cf(d) = A and ¢ = 6.
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Definition 1.16 (Menger’s Basis property). A metric space (X, d) is said to satisfy Menger’s
Basis property iff for each basis B, there exists a sequence (B, € B | n € N) such that
X = U,en Br and lim,,_. Diam(B,,) = 0.

Observation 1.17. Menger’s Basis property is closed hereditary.?

Notation 1.18. For a metric space (X,d), © € X and 6 € R*, let Bs(z) == {y € X |
d(z,y) < 0} denote the open ball of radius §, centered at x.

Definition 1.19. The canonical base for a metric space (X,d) is {Bs(x) | € RT,z € X}.

Fact 1.20. Suppose B is a family of open sets in a metric space (X, d), satisfying:
(%) For all relevant z,y,0 with y € Bs(x), there exists U € B satisfying y € U C Bs(z).
Then B is a basis for (X,d).

Lemma 1.21. A space that satisfies Menger’s Basis property is Lindeldf.

Proof. Suppose (X, d) satisfies Menger’s Basis property and U is a given open cover. Put
B:={UNBi(z) | U €U,ne N ze X} Since B is a basis, we can find some F € [B]*
such that U.nf = X. Finally, for each G € F, pick a single G’ € U such that G C G’, then
V :={G" | G € F} is a countable subcover of U. O

Corollary 1.22. The discrete space (X, d) satisfies Menger’s Basis property iff | X| < V.
Lemma 1.23. If (X, d) is a compact metric space, then it satisfies Menger’s Basis property.

Proof. Suppose B is a basis for the space. X is a metric space, thus, it easy to find a family
{A,, € B | n € N} such that lim,,_,,, Diam(A4,) = 0.

By compactness, we may pick U € [B]<* such that X = [JU. Now, let {B, | k < n}
enumerate U, and for al n > k, put B,, .= A,,. O

Definition 1.24. A space (X, O) is said to be o-compact iff there exists a family of compact
subsets (K, € X | n € N) such that X = J,,cy Kn.

It is obvious that a finite union of compact subspaces is compact, hence, we may always
assume that the family (K, | n € N) is increasing with respect to inclusion. For instance
(R, d) is o-compact, as it is the countable union of the compact intervals:

R = U[—n,n}.

3A property p is said to be closed hereditary, if for any topological space (X, O) and any closed subset
Y CX: X EpimpliesY [ p.
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Claim 1.25. If (X, d) is a o-compact metric space, then it satisfies Menger’s Basis property.

Proof. Suppose B is a basis for the space. It follows that for all n € N and x € K,,, we may
find B, , € B with v € B, ,, and Diam(B,,) < —. Fixn € N,

Evidently, K, C UxeKn B, so by compactness, there exists f(n) € N and a family
{Bnn€B|m< f(n)} C{Bopn | v € K} sit. Kn € U,<p(n) Bmn and Diam(By ;) <

n+1
Finally, let ¢ : N < {(m,n) | n € N,;m < f(n)} be the order-preserving bijection.*
We have that X = U,cny Kn = U,en Um<f(n = Unen Bym) and lim,, o Diam(By)) =
lim,, o0 727 = 0, that is, { By | n € N} Wltnesses Menger S Ba81s property. O

Definition 1.26 (Menger’s covering). For a topological space (X, O), we denote by S, (O, O)
the property that for any countable sequence of open covers of X, (U, C O | n € N), there
exists some (F;, € [U,]~“ | n € N) such that (J, .y F» is an open cover of X.

Observation 1.27. Menger’s covering is closed hereditary.
Observation 1.28. If (X, 0) satisfies Szin(O,O), then X is Lindeldf.

Proof. Suppose U is an open cover. Put U,, := U for all n € N. For F,, € [U,]|<¥ witnessing
Stin(0,0), then V := [J F, is a countable subcover of U. O

Lemma 1.29. If (X, O) is a o-compact topological space, then X = Sin(O,O).

Proof. Suppose X = |,y £ where each K, is compact. Assume ({4, € O | n € N) is a
given family of covers. In particular K,, C |JU, for all n € N. Fix n € N.
By compactness, we may pick F,, € [U,]< such that K,, C | F,.

Evidently, |J, .y F» is an open cover of X. O

neN

Conjecture 1.30 (Menger). Sy, (O, O) is equivalent to o-compactness.

Observation 1.31. For a space (X, 0), and a sequence (B, | n € N) of bases to X, TFAE:
(a) X }: Sfm<0,0)
(b) For any countable sequence of open covers of X, (V, C B, | n € N), there exists
some (Fp, € Vo< | n € N) such that |,y Fn is an open cover of X.

Proof. We assume (b) and prove (a). Suppose (U, € O | n € N) is a given family of covers.
Fix n € N. Let ¢, : O — P(B,,) be a function such that U = |J¢,,(U) for all U € O.°
Put V, .= U{vn(U) | U € U,}. Clearly, V,, C B,, and UV, = JU, = X.

Now, by the hypothesis (b), we yield F,, € [V,]< for all n € N such that | J, .y F covers

X. Finally, for each n € N and G € F,,, pick a single G’ € U,, such that G C G’ and put

F ={G"| G e F,}. It follows that |F,| < |F,| <Xy and |, . F}, covers X. O

neN

“4Recall the lexicographic order on N x N: (m1,n1) < (mg,ng) iff (ny < ng) or ((n1 = ng) A (my < ma)).
"By definition, an open set is a union of basis-elements.
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2. 10.11.05

Lemma 2.1. S§;,(0,0) is a topological property, that is, whenever (Xq,01), (X2, 02) are
topological spaces, and f : X1 — Xy is a continuous surjection, then X, = Spin(O,0)
implies Xy = Spin (O, O).

Proof. Suppose (U, C O | n € N) is a family of open covers of Xs. For any relevant n, put
Vo :={f U] | U € U,}. By continuity of f, (V, C O; | n € N) is a family of open covers
of Xi. If Xj = S#in(O, ), then there exists a witness in the form of (G, € [V,]<“ | n € N).
Finally, put F, := {U | f7![U] € G.} and notice that (F, € [U,]<* | n € N) exemplifies
Stin(O, O) for Xo. O

Definition 2.2. For a topological space (X, O), put:

- d(X) :=min{|D| | D C Xis dense in X} + Ny,

- w(X) :=min{|B| | B is a basis to (X, 0)} + Ry,

- L(X) := min{p € ICN | every open cover of X contains a subcover of cardinality < pu}.°

In the above terminology, a space (X, O) is separable iff d(X) = Ry, is seocond-countable
iff w(X) = Ny, and is Lindeldf iff L(X) = Ry.

Lemma 2.3. For any topological space (X,0): d(X) < w(X) and L(X) < w(X).

Proof. Fix a basis B € [O]“™). For any choice function f € [],;., U, Im(f) is a dense subset
(since its intersection with any non-trivial open sets is never empty). Also |Im(f)| < w(X).
To see that L(X) < w(X), fix an open cover Y. Pick ¢ : O — B such that U = |Jy(U)
for all U € O. Now V := | J{¢(U) | U € U} C B is a cover of X and |V| < |B|. For each
G €V, pick G' € U such that G' C G.
Finally, {G' | G € V} C U is a subcover of cardinality < |B| = w(X). O

To complete the picture, we include the following two observations:
Observation 2.4. There exists a topological space (X, T) with Xy = d(X) < w(X) = Ny.

Proof. Take X := w; and 7 := {{0,0} | @ < wy}. Evidently {0} is a dense subset. Notice
that if B is a basis to X, then B = 7. It follows that w(X) = N;. d

Observation 2.5. There exists a topological space (X, T) with Rg = L(X) < w(X) = N;.

Proof. Put X := w; and 7 := {a! | a < wi}, where a! := {3 < w; | 3 > a}. Since a
basis to this space induces an unbounded set in w; and a countable union of countable sets
is countable, w(X) must equal 8;. To see that L(X) = ¥, fix a cover U of X.

6ICON stands for the class of infinite cardinal numbers.
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Put vy := min{a < wy | 3U € U(a! C U)} and let U, be an exemplifying set, i.e., 71 C U,
Now, for all 3 < v (there are only countable many!), find Uz € U such that 5 € Ug.
It follows that {Us | 3 <y} C U is a countable subcover for X. O

It is not by chance that the two spaces mentioned above are not metric:
Lemma 2.6. If (X,d) is a metric space, then w(X) = d(X) = L(X).

Proof. Fix a dense subset D € [X]¥X). Put B := {Bi(x) | € D,n € N*}. We shall show
that B is a basis, and conclude that w(X) < |B] :n\D] = d(z). Fix y € X and 6 € R™.
Since D is dense, we may find z € D N B;(y). Since = € Bs(y) and the latter is open, then
x is an interior point, and hence for a large enough n € N, we have that Bs(y) 2 B1(x) € B
and we are done. '

We now show d(X) < L(X). For n € N, it is clear that {Bs(z) | z € X,d € (0,2)} is
an open cover of X. Now, by definition of L(X), for all n € NT, there exists two families
{zine X |i< L(X)}and {6;, € (0,2) | i < L(X)} s.t. {Bs,, (win) | i < L(X)} covers X.

Put D := {2z} | n € NT,i < L(X)}. Evidently, |D| < L(X). We are left with showing
that D is dense, that is, to show that every member of X is a limit point of D. Fix y € X.

Since the above families covers X, for all n € N*, there exists i, such that y € Bs, (i, n),
in particular, d(y,x;, n) < %, hence, lim, . d(y, x;, ;) = 0. Since {z;,, | n € Nt} C D,
then we conclude that y is a limit point of D. O

Definition 2.7. For a topological space (X, 0), let I(X) :={z € X | {z} € O} denote the
family of all isolated points of X.

It is obvious that for all Y C X, if 32 € I(X) \ Y, then z ¢ Y as well. Hence:

Lemma 2.8. If (X,0) is a topological space and D C X is a dense subset, then I(X) C D.
In particular, |[I(X)| < d(X).

Theorem 2.9 (Hurewicz, Lelek). Suppose (X, d) is a metric space.
Then X = Spin(O, O) iff X satisfies Menger’s Basis property.

Proof. (=) Suppose B is a basis for the space. It follows that for all x € X and n € N,
we may find B,, € B with x € B,, and Diam(B,,) < n+r1 Now apply S5 (O, 0) to
({Bym | © € X} | n €N) and find F, € [{B,n | © € X} such that X is covered by
F, for all n € N. The proof now continues in the same fashion of Claim 1.25, we find an
enumeration {B, | n € N} of | J, .y F» such that lim,,_.. Diam(B,,) = 0.
(<) Fix a family of open covers (U, | n € N).

For z,y € X and § € RT, put DBs(z, y) := Bs(x) UBs(y). Let J(X) := {{z} |z € I(X)}.
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For all n € N, define V,, to be:
1
{DBg(I,y) ‘ xr,y € X7 d(l’,’y) > n—_H75 S R+7E|{U/7 U//} € [Un]g2(DBJ(xay) < U'u U//)}'
Claim 2.10. B := {J,cy Vo U J(X) is a basis to (X, d).

Proof. Fix z € X, e € Rt and y € B.(x). We shall find U € B with y € U C B.(x).

Since J(X) C B, we may assume y # x. Pick n € N large enough such that d(z,y) > n%l
Now, since X = |JU,, there exists {U’,U"} € [U,]=* such that x € U',y € U”. Since U’
is open and U” N B.(x) is open, we may find some positive § < € small enough such that
Bs(z) C U’ and Bs(y) € U” N B.(x). By the choice of §, we have Bs(z) U Bs(y) C B.(z).

It now follows that U := Bs(z) UBs(y) = DBs(z,y) € B and y € U C B.(z). O

Assume that X satisfies Menger’s basis property. By Lemmas 1.21,2.6,2.8, we may enu-
merate [(X) = {z; | i € N}. Also, the hypothesis implies the existence of a family
F ={B, € B|n € N} such that X =, .y B» and lim,,_., Diam(B,) = 0.

Fix n € N and let F,, :== FNV,. Since lim,,_,,, Diam(B,,) = 0 and Diam(U) > n+r1 for all
U € V,, we must conclude that F,, is finite. Also, by the definition of B and F:

x=Ur=-U(UmRuvix)=UU F vl
neN neN
Now, for all U € F,, find U, U"” € U,, such that U C U’ U U”, and also find G,, € U,, such
that z,, € G,,. Put F, :={U",U" | U € F,} U{G,} C U,.

It easy to see that |F)| < 2-|F,|+1 < Ny and that |, _y F,, covers X. O

neN

Corollary 2.11. Menger’s basis property does not depend on the choice of metric for any
given metric space.

Definition 2.12. Suppose [ is some index set and (X; | i € I) is a sequence of sets.
The Cartesian product of (X; | i € I) is:

HXZ-:{f:[—>UXi\f(z’)eXiforalliel}

el il

In practice, for x € [[..; X;, we usually write z; instead of z(i), and z; is referred as the

icl
i-th coordinate of x.

The map 7; : []
on Xj.

Remark: we need the axiom of choice to ensure that the cartesian product of a non-empty

.e1 Xi — X, defined by 7;(x) = x;, is called the projection map of [ [,.,; X;

collection of non-empty sets is indeed non-empty.
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Definition 2.13. Suppose A is some index set. Assume that ((X,,O,) | a € A) is a family

of topological spaces. The product topology (or Tychonoff topology) on [, 4 Xa is obtained

acA
by taking as a (canonical) base for the space ([[,c4 Xa,O), the family :

B = {CE‘UQ

Notice that the set [],c 4 Ua, where U, = X, except for a = oy, ..., ay,, can be written as:

[[Ve =7 Ua) 0w (U,),

Thus, the product topology is precisely that topology which has for a subbase the collection
{m }(U,) | « € AU, is open in X,}. Moreover, the sets U, can be restricted to be taken
from some fixed subbases for each of the spaces (X,,0,) (think why?).

U, € O, for each a € A }
{a € A| U, # X,} is finite

Example 2.14. Consider now the Baire space NY := [] _ N where N is equipped with the

neN
discrete topology. A subbase for this product topology is of the form {m,*({k}) | n, k € N}.
The canonical base for NV is B := {¢! | II € [N]<¥(o is a function from I to N)}, where

ol :=={g e NV| g | dom(c)=0c}. It is a nice observation that the following is also a base:
{{(n1,....,ne)} x N¥|ny, ... g, k € N} = {UT’]{ € N(o is a function from {1,..,k} to N)}.
An easy proposition to formulate is the following,

Proposition 2.15. The (th projection is continuous and open, and the Tychonoff topology
is the weakest topology on [[ X for which each projection s is continuous.

Proof. The first part is trivial by definitions. Let O be a topology on the product in which
each projection is continuous, then for each g, if Uy is open in Xg, we get that Wﬂ_l(Ug) € 0.
Thus, the members of a subbase for the Tychonoff topology all belong to O, hence the
Tychonoff topology is contained in O. O

Definition 2.16. Suppose (X, O) is a topological space and some A C X.
- A is Gy iff it is the countable intersection of open sets.
- A is F, iff it is the countable union of closed sets.

Evidently, an open set is G5 and a closed set is F,,. In metric spaces, closed set is also Gs.

Definition 2.17. Let (X, O) be a topological space. A set A C X is nowhere dense in X iff

int(A) = 0. A set AC X is of the first category (or meager) iff A = J, oy An where A, is
nowhere dense for all n € N. All other subsets of X are said to be of the second category.”

7int(A) stands for the interior of A, that is, the family of all interior points of A.
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Remark: It is by definition that A is nowhere dense iff A is nowhere dense. Consider a
meager set A. Now, A = J,-; 4n C Un>1A_n, and we conclude that every meager set is a
subset of some meager F, set.

Fact 2.18. Suppose (X, 0) is a topological space and some A C X. Then:
-bnd(X \ A) = bnd(A).®

- A= AUbnd(A).

- X =int(A) Wbnd(A) Wint(X \ A).

Lemma 2.19. Suppose (X, O) is a topological space and some A C X.
Then A is nowhere dense iff (X \ A) is dense in X.

Proof. Suppose A is nowhere dense. By X = int(A) Ubnd(A) Uint(X \ A), we get that:

X =bnd(A) Uint(X \ A) = bnd(X \ A) Uint(X \ A) = X \ A,
i.e., that X \ A is dense in X. The other direction is similar. U

Example 2.20 (The Cantor set). Beginning with the unit interval I = [0, 1], we will define
12
303)
from I. I, is obtained by removing from I; the intervals (%, %) and (%, S). In general, having
I,,_1, I, is obtained by removing the open middle third of the 2"~! closed intervals that make
I, 4.

The Cantor set is obtained by intersecting all these closed sets, C' := oy In-

closed subsets Iy D Iy D --- in [ as follows. We obtain I; by removing the interval (

We develop an interesting alternative description of the cantor set. Each z € [ has an

expansion (1, y,...) in ternary form, that is z; € {0,1,2} foralli € N, and z = ) 3%.

These expressions are unique, except that any number (but 1) expressible in an expansion
ending in a sequence of 2’s can be re-expressed in an expansion ending in a sequence of 0’s.

% can be written as (0,2,2,2,...) and also as (1,0,0,0,...). We agree to use
only expressions of the first type. Then the Cantor set is precisely the set of points in [

For example,

having a ternary expansion without 1’s.

The Cantor set is closed, so in order to show that it is nowhere dense we are left with
showing that it has no interior. Every base set(a, b) C [0, 1] contains some element with 1 in
it’s ternary decomposition. Hence (a, b) g C, thus C is nowhere dense.

Another way of showing that is the following: assume (a,b) C C for some 0 < a < b < 1.
From monotonicity of the Lebesgue measure m, we get that b —a = m((a,b)) < m(C) =0,
a contradiction. To see that indeed m(C') = 0 notice that m(C) = lim,_(3)".

8bnd(A) stands for the boundary of A.
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Definition 2.21. Let A be a set in a topological space (X, O).

A point z € X is an accumulation point of A iff any U € O with © € U, satisfies
UnNA#{z}.

A point ¥ € A is an isolated point of Aiff v € A\ A?, where A? is the set of all accumulation
points of A

Definition 2.22. A set F'is perfect iff I is closed, non-empty, and dense in itself; i.e., each
point of F' is an accumulation point of F' (F' does not contain isolated points).

Definition 2.23. = € X is a Condensation point of A if AN U, is not countable for all
U, € O with x € U,. We denote by cond(A) the set of all condensation points of A.

Remark: Notice that I(A) C A\ cond(A).

Theorem 2.24 (Cantor-Bendixson). Suppose (X, O) is a second-countable topological space
(i.e., w(X) =Ny). Then every closed set F' can be written as the decomposition F' = PWN,
where P is perfect, and N s countable.

Proof. The proof is technical and non-trivial. We will formulate results (and prove some of
them) towards the theorem’s proof.

Lemma 2.25. Any topological space (X, 0) can be decomposed as X = P W N, where P is
perfect and N is scattered (that is, N doesn’t contain any set which is dense in itself).

Proof. Put A:={A C X | Ais dense in itself} and P :=|J.A. We claim that P is perfect.

Suppose first that | J.A is not dense in itself, thus, there exists a point = € | J.A which is
isolated in the relative topology of | J.A. In particular, z € Ay for some A, € A.

Now, there is an open set U, such that U, N (|J.A) = {z}, therefore U, N Ay = {z}, a
contradiction to the fact that Ay is dense in itself.

We know that P is dense in itself and left with showing that P is closed. We will do that
by proving that the closure of a set dense in itself, is a set dense in itself.

Assume A is dense in itself and # € A\ A, that is, U N A # {x} for every open set U
containing z. It follows that A is dense in itself.

Put N := X \ P. By the definition of P, N must be scattered. g

Lemma 2.26. cond(A) is a closed set and cond(A U B) = cond(A) U cond(B).

Lemma 2.27. In a second-countable space, A\ cond(A) is countable and cond(cond(A)) =
cond(A).

Proof. Fix a countable base B and a point x € A\ cond(A). There exists U, € O such that
U, N A is countable, hence B, N A is countable for all B, € B such that B, C U,. Now
{B, |z € A\ cond(A)} is countable, thus A\ cond(A) is countable.
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Now, A = (A \ cond(A)) U cond(A). Using the previuos lemma we obtain:
cond(A) = cond(A \ cond(A)) U cond(cond(A)) = ) U cond(cond(A)) = cond(cond(A)).

O
Define P := cond(X) and N := X \ P. By definition, P is dense in itself, and from
previous results it is closed, and N is countable. Hence the theorem is proved. U

Definition 2.28. Assume that X and Y are topological spaces. A function f: X — Y is
an homeomorphism iff f is a continuous open bijection.
If there exists an homeomorphism from X to Y, we say that X and Y are homeomorphic.

Remark: two spaces are homeomorphic if they are equipped with the ”same” topology.
Theorem 2.29. The Baire space NV is homeomorphic to (0,1) \ Q.
Proof. We break the proof into several lemmas.
Lemma 2.30. The Baire space is homeomorphic to (0,1)\ {45 | n € Nk < 2"}.
Proof. Put w:=NU{0}, D:={Z£ |n €N,k <2"} and let A:=(0,1)\ D.

Suppose B C A is a subset of the form B = (2%, %) where n € w,k € N and n < 2",

For m € w, let B,, := (2% + Srtms of T 2;2:21“) Since D N A = (), it is easily seen that

B =>_, Bim. For my, my, we write By, m, for (B, )m,, and so forth..

We shall now define an homeomorphism ¢ : A — w*.? Fix x € A.

For notational simplicity, denote f, :=1(z). We define f,(n) by recursion on n € w.

For n = 0, let f,(1) be the unique m € w such that = € A,,. For the recursive step, let
fz(n + 1) be the unique m € w such that x € A ), (n)m-

Evidently, the above defines a bijection. We prove that v is open and leave the proof of
continuity for the reader, since the idea of the proof is essentially the same.

Pick an open set U C A and f € ¢[U]. We shall show that f is an interior point of
Y[U]. Let z := ¥~ '(f). Since z is an interior point of U, we may pick n € w,k € N
such that x € (&,%) C U. Since {7} equals the intersection of the decreasing chain

ok 9ok
{A50),..5m) | m € w}, there must exist some m € w such that Arq),. rom) = (5r, ”Z—ng) Now,
put o := f | {0,..,m}. Clearly, f € o' C ¢[U], where ¢! is like in Example 2.14. O

Lemma 2.31 (Cantor). Any two dense countable sets in (0,1) are homeomorphic.

Proof. Suppose D = {d,}n>1 and F = {e, },,>1 are dense in (0,1).
We define by induction on n € N an increasing chain of partial functions {¢,, : D, — E |
n € N} where D,, € [D]" for any relevant n.

9Clearly ¢ would induce an homeomorphism from A to NN,
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Induction base: for n =1, let Dy := {d;} and ¢y (d;) := e;.

Induction hypothesis : 1), is order-preserving.

Inductive step: We divide into two case.

For n + 1 where n is even, Put j :=min{j € N|d; &€ D, }, and let ji, jo be such that:

de = mln{d eD, | d > d]} and dj1 = max{d eD, ’ d< dj}

Now, since E is a dense subset, (¢,(dj,), ¥n(dj,)) N E is non-empty. So let i := min{i €
N | e € (wn(djl),wn(de))}. Let Dy41 = D, U {d;} and extend v, to ¢, such that
Ynt1(dj) = e;. By the hypothesis, 1, is order-preserving bijection, thus 1), is order-
preserving, e; & Im(v,,), and 1,1 is bijective.

For n + 1 where n is odd, Put j := min{j € N | e; € Im(¢(D,,)}, and let j;,j2 be such
that:

dj, :=min{d € D,, | ¥(d) > e;} and d;, := max{d € D,, | ¥(d) < e;}.

Now, since D is a dense subset, we may define i := min{i € N | d; € (djl,djz)}. Let
D41 := D, U{d;} and extend 1), to ¢, +1 such that ¢,,1(d;) = e;. End of the construction.

Clearly, the construction ensures that for all d € D and e € F, there exists some large
enough n € N such that d € dom(¢,) and e € Im(%),) and we are done by letting ¢ :=
UneN wn

Finally, since ¢ is an order-preserving bijection, then v is also an homeomorphism.
O

Lemma 2.32. The complements of two dense countable sets in (0,1) are homeomorphic.

Proof. Let D¢ and E° be the complements of some two dense countable sets in (0,1), and
let ¢ : D — E be an homeomorphism.

We shall now define an homeomorphism ¢ : D¢ — E°. Fix x € D¢ Fix a convergent
sequence {d,},>1 € D such that limd, = = and let ¢(z) := lim¢(d,). Now, {(d,)}n>1
is Cauchy in E, but assume that lim(d,) € E. ¢ is an homeomorphism hence ¢! is
continuous, so ¢~ (limv(d,)) = lim(y"'¢(d,)) = limd,, = x ¢ D, a contradiction to the
fact that the range of y~!is D.

¢ is well defined (think why?), and since it is an order-preserving bijection, then 1 is an
homeomorphism. O

This completes the proof of 2.29. U
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3. 24.11.05
We now aim at developing tools to be able to prove the following.

Theorem 3.1 (Luzin). Assuming CH, there exists a Luzin set, that is, an uncountable set
L C R such that for any meager set M C R: |[L N M| < N,.

Definition 3.2. Suppose X is a set. For an ideal I C P(X). Put:
e add(/) :=min{|A| | ACI(JAZI)}.
e cov(]) :=min{|A4] | ACI(UA=X)}.
o cof(/) :=min{|A| | AC [ and VB € I3C € A(B C C)}.
If 7 is a proper ideal, we may also define:
e non(/) :=min{|A] | AC X and A ¢ I}.

Since an ideal is closed under finite unions, always add(I) > Ny. If I is a proper ideal,
then also add(/) < cov([). If I is non-trivial, then also cov(I) < cof(I).
Intuitively, an ideal is a collection of negligible sets. Two important examples are:

Definition 3.3. Let M := {A CR | A is meager } and N := {A CR | A is a null set }.
We also consider Mg 1) := M NP([0,1]) and Njg 1) := N NP([0,1]).

Evidently, M, N are non-trivial ideals and add(M), add(N) > X;. |[M| = |[N]| = 2°, since
the cantor set C'€ M NN is of size ¢ and then P(C') C M NN. However:

Lemma 3.4. cof(M) < ¢ and cof(N) < c.

Proof. As mentioned before, any meager set is contained in some F, meager set, and there
are only ¢ many F, sets, hence, cof (M) < c.
If A € N, then for all n € N, there exists some open G,, containing A and of measure

n+r1. It follows that any null set is contained in some G4 null set, thus, cof (M) <e¢. O

Lemma 3.5. Assume Z is an ideal over some infinite set X, then cf(add(Z)) = add(Z).
If non(Z) is defined, then add(Z) < cf(non(Z)).
If cof () is infinite, then add(Z) < cf(cof(Z)).

Proof. Put A := add(Z), x := cf(\) and pick a family {\; € A | i < x} with sup,., \; = A.
Let {Ay, € T | @ < A} witness add(Z) = A. By the definition of add(Z), for all i < &,
B; :=Jyen, Aa isin Z. Now if A was a singular cardinal, i.e., if & < add(Z), then |J,.y Ao =
U<, Bi € Z. A Contradiction.

Put 6 := cof(Z) and pick a witness C := {C, € T | o < 6}. Also, find {0; < 6 |i < 7}
witnessing 7 := cf(#). By thinning-out if needed, we may assume non-redundancy of C, i.e.:

(x) a<p<0—CsZC,.

<
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Put C' .= {Cy, | i < 7}. Now, if 7 < add(Z), then |JC' € Z, and there must exist some
a < 0 with JC' € C,. Find i < 7 with a < 6;, then in particular Cy, C (JC' C C,,
contradicting (*).

Put g :=non(Z), o := cf(u) and pick some D € [X]* such that D € Z. By |D| = p, there
exists a family of sets {D; € [D]<* | i < o} such that D = J,_, D;. Now, by |D;| < non(Z)
for all 4, we know that {D; | i < ¢} C Z, thus, if ¢ < add(Z), then D = J,_, D; € I. A
contradiction.

<o
Ul

Corollary 3.6. Suppose I is a non-trivial proper ideal over some infinite set X, then:
Ny < cf(add(Z)) = add(Z) < min { cov(Z), cf(non(Z)), cf(cof (Z)) } < cov(Z) < cof () < 21X1.

Theorem 3.7. Assume I is a non-trivial proper ideal over an infinite set X.
Suppose cov(I) = cof (I) = k, then there ezists some set A C X such that |A| = k and for
all BeZ, | BNA|<k.

Proof. Fix (B, | @ < k) witnessing cof(Z) = k. We define A = {a,, | @ < k} by induction on
a < k. Assume {ag | f < a} had already been defined. Since Z is non-trivial, {ag} € T for
all B < a. It follows from a < cov(Z) and properness of 7 that (s, {as} UUs., Bs) # X,
so let us pick a, € X \ ({as | 8 < a}UUg., Bs). End of the construction.

Clearly, the construction ensures that |A| = k. To see the other property, fix B € 7.

By defining properties of (B, | a < k), there exists some § < k such that B C Bsz. By
the construction, for all @ < k with a > 3, a, € X \ Bz and hence BN A C {as | § < 3},
that is, |[BN A| < |B]| < k. O

Corollary 3.8. If ¢ = Ny, then there exists a Sierpinski set, that is, an uncountable set
S C R such that for any null set N CR: [S N N| < N.

Proof. Trivially, N is a proper ideal. Applying add(A) > R; and Corollary 3.6, we get that:
R; < add(N) < cov(N) < cof (V) < c =Ny,
O
Corollary 3.9 (Luzin). If ¢ = Ry, then there exists a Luzin set.
Proof. By now, the only missing ingredient is the following. O
Theorem 3.10 (Baire). M is a proper ideal.
Proof. We give a proof in a wider context, e.g., Theorem 3.16. See also Corollary 5.7. O

Thus, we yield the consistency of existence of a Luzin set. It is worth mentioning that the
non-existence of a Luzin set is also consistent.



16 ASSAF RINOT AND ROY TEPER
Definition 3.11. A set A is comeager iff A° is meager.

Remark: Assume that A is meager, then there exist a sequence of nowhere dense sets
{F;}ien such that A = |J,o, F}, therefore A C (J,., F;. We conclude that (o, F; C A°,
where {EC}ZEN are dense and open. - -

Since the converse is also true, we get that a set is comeager iff it contains a G subset,
such that each open set in the intersection is dense. We will see that in complete metric
spaces, such sets are dense.

Definition 3.12. A metric space is complete iff every Cauchy sequence converges.
Lemma 3.13. Every compact subspace of a metric space is complete.

Proof. 1f C'is compact, then any sequence from C' has a converging subsequence, in particular
if the sequence is Cauchy, its (unique) limit is in C. O

Lemma 3.14. Fvery closed set in a complete metric space is complete.

Proof. Assume X is complete, F' C X is closed, and { f,}nen € F' is Cauchy.
{fn}nen € X is also Cauchy (since the metric on F' is induced by the metric on X), thus
converges to some x € X. On the other hand, F'is closed, so x must be in F. O

Definition 3.15. X is a Baire space iff the intersection of any countable family of dense

open sets in X is dense.'”

A generalization of Theorem 3.10 is the following.
Theorem 3.16. Fvery complete metric space is a Baire space.

Proof. Assume (F; | ¢ € N) is a family of closed and nowhere dense subsets in a complete
metric space (X, d). We will show that G := ({J F})® is dense in X.

Pick an arbitrary open ball B. Now, B\ F; # () (since F; is nowhere dense and has no
interior), so we pick 1 € B\ Fj. X is metric hence regular, therefore there exist an open
ball By, such that 2, € B; C B; C B\ F, and Diam(B,) < % Once again, By \ Fy # 0,
xo € B\ Fy is picked and we can find some open ball B, that satisfies 25 € By C By C By \ Fy
and Diam(B;) < 5.

We continue likewise and construct a downward chain {B, },en and a sequence {x, }nen,
such that Diam(B,) < n%l, and x,, € B,, for all n € N. {x,},cy is Cauchy in B; which is a
complete space, thus converges to some z € B;. Now, By N F; = (), thus x € BN G.

Finally, since B is an arbitrary ball, we get that G is dense. U

ONotice that a Baire space can not be a countable union of nowhere dense sets.
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Observation 3.17. Suppse (X, O) is a topological space and 'Y C X is such that :
o Y = 54:,(0,0);
o IfU is an open set containing Y, then X \ U = Sin (O, O)

then X = S¢in (O, O).

Proof. Assume XY are like in the statement. Let (U, C O | n € N) be a countable family
of open covers of X. By Y = S, (O, 0) and (Us, C O | n € N) being a countable family
of open covers of Y, there exists some (Fy, € [Us,]<” | n € N) such that J, . Fon is an
open cover of Y. Put U := |JU, ey F2n. Finally, since Y C U and (Uspp1 € O | n € N)
is an open cover of X \ U, there exists (Fonq1 € [Usns1]=¥ | n € N) such that (J,, .y Font1
is an open cover of X \ U and it follows that (J, . F» is an open cover of X exemplifying
Stin(O,O). O

Definition 3.18. Suppose (X, O) is a topological space and & is an infinite cardinal number.
For Y C X, we say that X is k-concentrated at Y iff for any open U D Y: | X \ U] < k.

Corollary 3.19. Suppose (X, O) is a topological space andY C X is such that:
oY |: Sfm(o7 O);

e X is concentrated (i.e. Ni-concentrated) at'Y .

then X = Spin(O,O).

Proof. By Observation 3.17 and the fact that any countable set satisfies Menger’s property.
O

In special cases, we can prove a stronger result. We first need another definition.

Definition 3.20. For a topological space (X, O), we denote by S;(O, O) the property that
for any countable sequence of open covers of X, (U, € O | n € N), there exists some
(Un € Uy | n € N) such that X = J,, ey Un-

Observation 3.21. Suppose (X, O) is a topological space and Y C X is such that:
o Y E=5(0,0);

o X 1is concentrated at'Y .

then X | S1(0,0).
Proof. Same as in Observation 3.17. O

Corollary 3.22. Suppose (X, O) is a topological space and is concentrated at some countable
Y C X, then X |= 51(0,0).
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It is worth mentioning that S;(O0,O) is indeed stronger than S;;,,(0,0). [0,1] C R
is compact, hence, satisfies Menger’s property. However, for any family of open covers
(U, | n € Ny with Diam(U) < 545 for alln € Nand U € U,, we get that },  Diam(U,,) <
1 = Diam([0, 1]) for all (U, € U,, | n € N). In particular [0, 1] cannot satisfy S1(O, O).

Lemma 3.23. If X C R is uncountable and F, (e.g. X is o-compact), then X contains a
perfect set.

Proof. Assuming X = J, oy
exist some m € N, with |K,,| > Ny, thus, K,, is an uncountable closed set. Applying

K,, where (K,, | n € N) are closed, we know that there must

Theorem 2.24, we conclude that K, (and hence, also X) contains a perfect subset. 4
Theorem 3.24. Megner’s conjecture 1.30 is consistently false.

Proof. Since the existence of a Luzin set is consistent, it suffices to prove that a Luzin set
L C R satisfies Menger’s property but is not o-compact.

Claim 3.25. L is concentrated at some A € [L]=0.
In particular, L = S1(O,O).

Proof. Since L C R, we have that w(L) < w(R) < X,. It follows from Lemma 2.6 that L is
separable, so let A C L be a countable dense subset of L. To see that L is concentrated at A,
pick some open set U C R with U D A. To see |L\ U| < Ny, notice that L\U = LN(A\U).
Now, R\ (A\U) =R\ (A\U) =R\ A)UANU) D (R\ A)U A, and the latter is surely
dense in R.™ Tt follows from Lemma 2.19 that A\ U is nowhere dense. Recalling that L is
a Luzin set, we conclude that L N (A \ U) is countable. O

It follows that L = Sf;, (O, O). We are left with showing that L is not o-compact. Using
Lemma 3.23, this reduces to showing that L does not contain a perfect subset. In the
following, we prove that any perfect set contains a meager subset of cardinality ¢, and hence,
L cannot contain a perfect subset. U

Lemma 3.26. If P C R is perfect, then there exists some X C P such that:
o X is perfect;

o X is a null set.
e X is nowhere dense and homeomorphic to the product space {0, 1},

In particular, any perfect subset of R is of cardinality c.

Proof. We first need the following Observation:

HSimply because (R\ A)UA = (R\ A)UA =R.
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Observation 3.27. Suppose (L, <) is a linearly-ordered set.

Put B< == {(a, ) | a, 8 € L,a < B},'* and let (L,O<) be the topological space generated
by the base B< (This is called the interval topology ).

For any perfect P C L and a closed interval I C L with I NP # (), there exists some
closed interval J C I such that J N P is perfect.

Proof. Assume P is perfect and I = [a, b] is an interval with PN 1T # (). If PN 1 is perfect, we
are done, so assume this is not the case, that is, at least one of the elements a, b are isolated
in PN 1 (note that no elements of (a,b) can be isolated in [a, b] N P). If a is isolated (and b is
not), then we can find some a < ¢ < b such that [¢,b]NP = INP\{a}, so take J := [¢,b]. If b
is isolated (and a is not), then we can find some a < d < b such that [a,d|NP = IN P\ {b},
so take J := [a,d]. If both a and b are isolated we can find ¢ < ¢ < d < b such that
[e,d N P=1nP\{a,b}, so take J := [c,d]. O

Assume P C R is a perfect set.

Let § :={s:{1,..,k} — {0,1,2} | £ € N} denote the family of finite ternary sequences.
Define a function ¢ : S — {I C R | I is a closed interval}. By induction on n - the length
of s € S. For s € S, we sometime write [, for ¢(s) whenever defined.

Induction base (n = 1): Let so = {(1,0)},s1 = {(1,1)},s2 = {(1,2)}, and find a family of
mutually disjoint intervals {Iy,, Is,, Is, } such that Diam([y,) < % and I, N P is perfect for all
i €{0,1,2}. (E.g. take some interval I C P. Since P is prefect, I is infinite, so split it into
three mutually disjoint intervals, and apply the preceding observation on each one of them).

Induction step (n + 1): For s € S of length n, find a family of mutually disjoint intervals
F = {I~1, Is~2, I;~3} such that F C P(I,) and Diam(I,~;) < (3)" for all i € {0,1,2}.

Put p(s74) := I,~; for all i € {0,1,2}.

Finally, we define a fucntion ¢ : {0,2} — P. For f € {0,2}N, N2, Ifi1,. is a single
element of P, so let ¢(f) be this single element. Clearly, ¢ is one-to-one.

Viewing {0, 2} as the product of length w of the discrete space {0, 2}, we already met the
type of arguments justifying why 1) is an homeomorphism on M := Im(%)) (see, e.g., Lemma
2.30). Furthere more, it is not hard to see that int(M) = (). Since M is closed, it is also
nowhere dense. The choice of diameters in the definition of ¢ also ensures that M is a null
set.

Finally, to see that M is perfect, assume towards a contradiction that there exists some
f € {0,2}" and interval (a,b) C R such that M N (a,b) = {z} where x = ¥ (f). However,
by the choice of x, there exists some length n € N such that € I, 3 € (a,b) and
Iya,.y N P is perfect. A contradiction. O

2(a,8) :={y € L|a<vy< f}is the open interval. [a, ] := {y € L | a <~ < 3} is a closed interval,
and so on..
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Proposition 3.28. The Cantor set is homeomorphic to {0, 1}".

Remark: Once the proposition is proved, we get that the cantor set is a subspace of the
Baire space.

Proof. Fixx € C. w =} ., g, where for all n € N, z,, € {0,2}.

Define ¢ : C' — {0,1}" by ¢(x) := {&},>1. ¢ is obviously a bijection. Using similar
methods from the proof of Lemma 2.30, we get that ¢ is open and continuous as well.  [J

A more probabilistic point of view of the set {0, 1} is the following: a coin with equiprob-
able outcome is tossed endlessly. We define €2 to be all infinite sequences of coin tosses, i.e.,
Q = [0,1] (where heads is 1 and tails is 0, and we consider the binary representation of
elements of [0,1]). The event "the first outcome is 0” is of probability 1/2. The event ”the
first two outcomes are 07 is of probability 1/4, etc.

It follows that P([a,b)) = b — a whenever 0 < a < b < 1 and a,b are of the form
k/2™. Such numbers are dense, and using monotonicity of probability measure we get that
P([a,b)) = b —a whenever 0 < a < b < 1. This is of course the Lebesgue measure.

Example 3.29. [s Q a Gy set?

Assume Q = (),-, G, where G, is open for all n € N. Obviously, G, is dense for all
n € N, since Q C G,. We get that R\ Q = U,.>1 G where G¢ is nowhere dense for all
n € N, thus R\ Q is meager. But, Q is also meaggr, hence R is meager, a contradiction to
Baire’s Theorem 3.10.

Definition 3.30. Assume X is a set. A family /' C P(X) is a filter over X iff it satisfies:

e XeF and() ¢ F.
e AcFand ACBCX = Bel.
e ABEF— ANBEF.

Intuitively, a filter is a collection of "fat” sets. It is not hard to see that if I is a proper
ideal over X, then I* := {X \ A| A € I} forms a filter.

It is very often that we call sets that comes from an ideal as ”sets of measure zero”, sets
the comes from a filter as ”sets of measure one”, and sets that comes from outside a given
ideal as "sets of positive measure”.

However, this terminology might sometimes be misleading. In the following we show that
it is possible for a set to be ”of measure zero” from one ideal’s point of view, and ” of measure
one” in the view of another filter.
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Proposition 3.31. N N M* # (), that is, R can be decomposed as R = D& M, where M is
meager and D s a null set.

Proof. Write Q as {gn}n>1. Let {er}x>1 be a sequence converging to 0. For all k € N pick a
sequence {7gn}n>1 such that > 7o < €.

For every k € N, define Dy, := |J,,cn Bry.. (@n)- D := [, Dy is a null set and is the countable
intersection of open dense sets, hence comeager. Now, define M := R\ D. U

Tk,n

The example we give next is typical of an existence theorem based on the Baire’s theorem.
We show that some element of a space must have a given property by showing that the space
is second category while the elements which do not have a given property form a set of first
category.

Definition 3.32. For an interval I C R, let C'(I) denote the family of all continuous real-
valued function on 1.

It is a well-known fact that a uniform limit of continuous function is continuous, thus, if
we regard C(I) as a metric space with p(f,g) := sup,¢; |f(z) — g(x)| (for all f,g € C(I),
then (C(I), p) is a complete metric space.

It is nice to see that if (fi, fo,...) is a Cauchy sequence in C([I), then, for each = € I,
{fn(2)}n>1 is a Cauchy sequence of real numbers, hence converges.

Theorem 3.33. There is a continuous real-valued functions on I (some closed interval)
having a derivative at no point.

Proof. Denote by D the set of all functions in C(I) having a derivative somewhere.
Define for all n € N:

oD = f@)
A <
If f € C(I) has a derivative at some point, then for some large enough n € N, f € D,,. Hence

-1
D, = {f € C([)} for some z € [0, nT], whenever h € (0,1/n],

D = UD,. By showing that D,, is closed and has no interior (for all n) we will conclude
that C(I) \ D is of the second category.

1. D, has no interior: Given f € D,, we will find a continuous function g ¢ D,, such that
d(f,g) < e, that is, for all z € [0, %] there is some h € (0,1/n] with ‘w‘ > n.
Find a polynomial function P(z) on [0,1] such that d(f, P) < 1/2 (that is possible since
polynomials functions are dense in C'(I) with the uniform metric). Let M be the maximum
slope of P in [0, 1], and let Q(x) be a continuous function consisting of straight line segments
of slope +(M + n + 1) constrained so that | Q(x) |< /2. Now, define g(x) := P(z) + Q(z).
Then d(f,g) < d(f,P)+ d(P,Q) < € and:

g(w+h>—g(fc)’ _ ‘P(x+h)+Q(:v+h)—P(x)—Q(fv)‘ - ‘Q(chrh)—Q(:v)‘_‘P(Hh)—P(fc)
h h - h h
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But for € [0,%], an h € (0,1/n] can be found for which the latter is greater than
(M +n+1)—M=n+1. Thus, g ¢ D,.

2. D, is closed: The map e : C'(I) x I — R defined be e(f,z) := f(x) is continuous. It
follows that if Ay is a fixed element of (0,1/n], the map Ej, : C(I) % [0, %] — R defined by
Ep(f,x) := ‘%{W‘ is continuous. Thus E '[0,n] is closed in C(I) x [0, %], Define
Dy, = {f € C(D|(f,) € E;}'[0,n), for some = € [0, -1]}. Then Dy, is closed in C(I). For
if {fim}m € Dy, where f,, — f, then {z,,},, € [0,1 — 1/n] such that {f,, Zm}m C E,jol [0, 7]
has a cluster point z. Now, (f,z) € E, '[0,n], so that f € Dy,.

Now, Dy, = (V,c(0,1/n) Pho- establishing that D, is closed.
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4. 02.12.05
Observation 4.1. For any open U C NN, |U| = ¢ and U = NV,
Observation 4.2. For all g € NV, {f € NV | g <* f} is dense in NV,

Lemma 4.3. Suppose Y C NN is a compact subspace, then there exists some g € NN such
that f < g forall f €Y.

Proof. For all n € N, consider the projection m, : N¥ — N such that 7,(f) = f(n) for all
f € NN, By definition of the Baire space, each 7, is continuous and by the hypothesis, ¥
is compact and it follows that m,[Y] is compact in N. Since any compact subspace of the
discrete space N is finite, we conclude that for all n € N, there exists some m, € N such
that 7,[Y] C {1,..,m,}. It other words, the function g € NY defined by n + m,, has the
property that f < g for all f € Y and we are done. O

Observation 4.4. For all g € NN, D, := {f € NV | f < g} is a closed, nowhere-dense,
subspace of NN,

Proof. Fix g € NN, Assume h € NV \ D,. Then there exists some n € N such that
h(n) > g(n). Then h is in the open set U = {f € NV | f(n) = h(n)} and U C NV \ D,.

To see that NN\ D, is dense, we fix a base open set U, and show that UN(NY\ D) # 0. Find
n €N, and ¢ : {1,..n} — N such that U = ¢!. Let h € N¥ be such that h | {1,...,n} =0
and h(k) = g(k) + 1 for all kK > n. Clearly, h € U \ D,. O

Corollary 4.5. For allg e NY, E, .= {f e NV | f <* g} is an F, meager subspace of NV.

Proof. If o is a finite sequence of natural numbers, we may consider sw(o, g) € N such that
sw(o,g)(n) = o(n) if n € dom(o) and sw(e,g)(n) = g(n) otherwise.
Then Ey = J{Dsw(sq) | 0 is a finite sequence of natural numbers }. O

Definition 4.6. Let Z, := {X C NV | ecf(X) < 1}.

It is by the definition of b that Z, is a non-trivial proper ideal, add(Z) = b, and Zy contains
exactly all sets that are <*-bounded in N
Also notice that Z, = {X C NV | ecf(X) < b} and cov(Z,) = cof (Z,) = 0.

Corollary 4.7. Suppose that Z C NN is a b-compact topological space, then Z € Ty, i.e.,
there exists some g € NN such that f <* g for all f € Z.
In particular (since Ry < b), any o-compact subspace of NV is <*-bounded.

Proof. Let (Z, C Z | a < k) witness b-compactness of Z (in particular, x < b). For all
a < K, Theorem 4.3 implies that Z, € Z, (and even more, but we don’t care). Now, by
k < add(Ze), Z = .-, Za € Lo and we are done. O
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Observation 4.8. cov(M) < 0.

Proof. Pick a cofinal subset D C [NN]? and an homeomorphism ¢ : NY¥ — R\ Q. By Corollary
4.5 and {{f} | f € D} C Ty, we have that {¢[{f}] | f € D} C M. Finally, since

feD

and A € [M]°, we conclude that cov(M) <. O

Observation 4.9. There exists X € T, with | X| = c.
In particular, if b < ¢, then there ezists X € T, with | X| > b.

Proof. Consider X := {f} where f: N — {2} is the constant function. O

Theorem 4.10 (Hurewicz). For all X CR, TFAE:

o X = 54:in(0,0).
o Any continuous image of X into NV is non-dominating.

Proof. We omit the proof. Instead, we prove the following two propositions. O

Theorem 4.11. If (X, O) is a topological space and X = S¢in(O,O), then any continuous
image of X into NV is non-dominating.

Proof. By Lemma 2.1, we may assume that X C NY and X = S,(0,0). Fix m € N. Put
Uy, :={(m, k)" | k € N} where (m, k)! := {f € N¥| f(m) =k} for all k € N. Evidently, U,
is an open cover of X (and actually of NY). Fix a bijection ¢ : N x N «» N. Fix i € N.
Since X |= Spin(0,0) and Uyn) | n € N) is a countable family of open covers of X,
there exists some (Fyn) € [Uyn) = | n € N) such that (J, o Fy(in) is an open cover of X.
Define g : N — N. For m € N, let g(m) := 1+ max{k € N | (m, k)" € F,,}. The definition
is good since F,, C U,, = {(m, k)" | k € N} and finite. We claim that g witnesses that X is
not-dominating. We pick f € X and show that xy, := {m € N | g(m) £ f(m)} is infinite.
We do this by introducing some h € N¥ with the property that {¢ (i, h(i)) | i € N} C xz,.
Fix ¢ € N. Since |J,,cyy Fu(in) is an open cover of X, there exists some n € N such that
[ € Fyiny, solet h(i) := n for such an n. End of definition. It follows that f € Fy nx)) for all
i € N, and hence f(v(i, h(i))) < g(¢(i, h(i)))—1. In particular, Vi € N(¢(i, h(i)) € xfn). O

Theorem 4.12 (Rectaw). Suppose (X, O) is a topological space that has a base B which is
countable and composed only of clopen sets.
If any continuous image of X into NN is non-dominating, then X = S;,(0,O).
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Proof. By Observation 1.31, we assume a family of open covers of X, (U, C B | n € N).
Since B is countable, there exists an enumeration U,, = {U" | m € N} for all n € N. Now,
for all n,m € N, let V" := U\ U,_,, UL.

By the hypothesis on B, V" are open for all n,m € N.

It follows that we may assume for all n € N that members of i/, are mutually-disjoint,
thus, for all x € X, there is a unique f, € N such that z € U™ for all n € N. Finally, let
¥ : X — NN be the map = — f,.

To see that ¥ continuous, fix some some n € N and o : {1,..,n} — N. We shall show that
¢~ !o'] is open. Indeed, by definition, ¢~ *[o'] = ._, U/ ™) which is a finite intersection of
open sets, thus, open.

Let ¢ € NY be a witness to the fact that ¢[X] is non-dominating. For all n € N, put
Fn={U},..,US"™}. We claim that U,.en Fn is an open cover of X. To see this, fix z € X.
By definition of g, there must exist some n € N with g(n) € f.(n), that is, there exists some
k < g(n) such that « € U¥, and clearly UF € F,. It follows that X = |, .y U Fn- O

Corollary 4.13. If X € [R]<°, then X |= Stin (O, O).
Proof. By (<) of Theorem 4.10. O

We now get a result stronger than 3.19, but is only limited to subspaces of the real line.

Corollary 4.14. Suppose Y C X C R are such that:
oY |: Sfin(oa O),’
e X is 0-concentrated at'Y .

then X = Spin(O,O).
Proof. By Observation 3.17 and the preceding Corollary. 0
Corollary 4.15. If X C R is d-concentrated at some Y € [R]<?, then X |= Spin(O, O).

Theorem 4.16. Suppose X C R is c-concentrated at some countable D C X, then X does
not contain a perfect subset.

Proof. Suppose not, and let X be a witness to that. By Lemma 3.26, X contains a closed
subspace, C, which is homeomorphic to {0, 1}". Since C'is closed and is of cardinality ¢, we
must conclude that C' is ¢-concentrated on C'N D, thus it suffices to prove the following. [

Lemma 4.17. {0,1}* is not c-concentrated at any of its countable subsets.

Proof. Let D ={f, | n € w} be a countable subset of {0, 1}“.
For n € w, U, := (fu | {2n,2n + 1})! is an open set containing f,,. It follows that D C U
where U :=J, ., U,. We are left with showing that {0,1}* \ U is of cardinality c.

new
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Indeed, for each a : w — {0, 1}, let f, : w — {0, 1} be the function satisfying for all n € w:
fa(2n+a(n)) = fu(2n+a(n)) and:
fo@2n+1—a(n))=1- f,(2n+1—a(n)).
It follows that {k € w | fu(k) = fu(k)} and {k € w | fu(k) # fo(k)} are both non-empty

for all n € w. More importantly, a — f, is injective. Thus, {f, | a € “{0,1}} is a subset of
{0, 1} of cardinality ¢ and disjoint from the open set U containing D. d

Corollary 4.18. If X C R is uncountable and d-concentrated at some Y € [R]*, then X is
a counter-example to Menger’s conjecture 1.30.

Proof. By Corollary 4.15, Lemma 3.23 and Theorem 4.16. O

Corollary 4.19. For all X C R, if Xy < |X| <0, then X is a counter-ezample to Menger’s
congecture 1.30.
In particular, if 0 > Ny, then there exists a counter-example to the conjecture.

Theorem 4.20 (Fremlin-Miller). Menger’s conjecture 1.30 is false.

Proof by Bartoszynski-Tsaban. Let D C NN be a 0-scale (see Lemma 1.12) and ¢ : NV «
[0,1] \ Q be an homemorphism (see Theorem 2.29). Consider M :=¢[D] U (Q N[0, 1]).

We shall show that M is d-concentrated at Q N [0, 1]. Suppose that U C R is open and
U D (QnNJ0,1]). It follows that:

[MAU] = [¢[DIN ([0, 1]\ U)| = [DN K],

where K :=¢~1([0,1] \ U).

Since ([0,1]\ U) is a closed subset of the bounded interval [0, 1], it is compact, and hence
K is compact. Applying Lemma 4.3 on K, we find some g € NY such that K C {g}. Finally,
since D is a d-scale we conclude that |[M \U|=|DNK|<|DN{g}| <. o O

Similarly, If B C NV is a b-scale, then H := ¢[B]U(QN[0, 1]) is b-concentrated at QN][0, 1],
thus, H C R is another counter-example to Menger’s conjecture.
We next give a little background on connectedness.

Definition 4.21. A space X is disconnected iff there are disjoint non-empty open sets H, K
such that X = H U K. When no such disconnection exists, X is connected.
A space X is totally disconnected iff for every x € X the only connected set containing x

is {x}.
Note that we can replace "open” in the definition by ”closed”. It is apparent, then, that

X is connected iff there are no clopen (open-closed) subsets of X but X itself and ().
The Cantor set, the rationals and the irrationals, are all totally disconnected spaces.
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Definition 4.22. A space X is 0-dimensional iff X has a base consisting of only clopen sets.

Equivalently, X is O-dimensional iff for each x € X and a closed set A C X not containing
x, there is a clopen set containing x and disjoint from A. By this, the following is immediate.

Proposition 4.23. Every 0-dimensional T} space is totally disconnected.'

Lemma 4.24. If X is a compact, totally disconnected Hausdorff space, then whenever x # y
in X, there is a clopen set in X containing x but not y.

Definition 4.25. A space (X, O) is locally compact iff whenever x ¢ A where A is closed,
there is an open set with a compact closure disjoint from A.

Observation 4.26. If (X, O) is a compact topological space andY C X is a closed subspace,
then Y is compact.

Corollary 4.27. Locally compact is an hereditary property.

Theorem 4.28. A locally compact, Hausdorff space is 0-dimensional iff it is totally discon-
nected.

Proof. 1t suffices to prove that a locally compact, totally disconnected Hausdorftf space is
0-dimensional.

Assume A is a closed set in X, where z ¢ A. Let U be an open set with compact closure
such that x € U C U C A°. For each p € U\ U, let V,, be a clopen subset of U containing
z but not p. The sets X \ V, form an open cover of U \ U so a finite subcover exists ,
say corresponding to the points py,...,p,. Let V :=V, Nn---NV, . Then V is clopen in
U containing = and disjoint from U \ U. But then V C U and hence is a clopen set in X
containing x and disjoint from A. We conclude that X is 0-dimensional. O

BX is Ty iff for every = y in X there is an open set containing x but not y.
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5. 08.12.05

Proposition 5.1. N has a countable base consisting of clopen sets.

Proof. {{(nl, coonE) )X NN)nl, gk € N} is a countable base for NN (Recall Example

2.14). The complement of a base set {(ny,...,nx)} x NV is equal to the union of all sets of
the form {(my,...,my)} x NN where exists i < k such that m; # n;. This is a union of open
sets, hence open. Therefore {(my,...,m;)} x NV is also closed. O

B:={(a,b) N(R\Q) | a,b € Q} = {[a,b] N (R\ Q) | a,b € Q} is a countable family of
clopen sets, admitting a base to R\Q. Applying 2.29, we have another proof to Proposition
5.1.

Definition 5.2. Whenever (X,0) is a topological space whose topology O is a metric
topology'* (generated by some metric p), we say that (X,0) is a metrizable topological
space.

In this case we can say that the metric is compatible with the topology.

Lemma 5.3. Every metric p on a set X is equivalent to a bounded metric.'®

Proof. There are two standard ways of replacing p by a bounded metric: define new functions
p1 and py on X x X by

pl(xv y) = min{l, p(‘T? y)}

_ plr,y)
pa(z,y) = m

We will show that p; is indeed a metric on X, generating the same topology as p does. The
reader may verify the same for ps.
p1 1s a metric:
e p1(z,y) = min{l, p(x,y)} > 0 since p(z,y) > 0.
e pi(z,y) =0iff p(z,y) = 0 and this occur iff z = y.
e pi(z,z) = min{l, p(z,z)} < min{l, p(z,y)+p(y, 2)} < min{1, p(z,y)+min{l, p(y, 2)} =
pi(z,y) + p1(y, 2)
p1 generates the same topology as p does: on one hand, for some d > 0, Bf'(z) D
B i (1.4 (2). On the other hand, for some d < 1, B (z) = Bj(z) (where B}’ (z) for example
is the set {y € X | p1(x,y) < d}). O

Theorem 5.4. A product space [, . Xn is metrizable iff each space X,, is metrizable.

neN

1Open balls generated by any metric is always a topology base.
5 Two metrics on a set are equivalent if they generate the same topology.
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Proof. (=) Each X, is homeomorphic to a subspace of the product space, hence metrizable.
(<) Let ((X,, pn) | n € N) be a family of metric spaces with Im(p,) C [0, 1] for all n € N.
Define p on X := [[ X; as follows: for x = (1,9, ...) and y = (y1, ¥, -..)

p(z,y) = Z ST
1€N
It is easily verified to be a metric. We will show that it gives the product topology in X.
Pick z = (21, 22, ...) € X and assume B, C X is an open set containing x. We may assume

that B, is the is of the following form:
B, =B, (1) x -+ x B, (xa) x | [ Xi.
k>n
where B, (z;) = {y € X, | pi(y, ;) < &;} for all relevant i.
S g—z) Now, if p(x,y) < €, then p;(x;,y;) < ¢; for alli € N, so apparently
B.(z) C B,. Thus the product topology on X is weaker that the topology induced by p. On

Put € := min (

the other hand, given € > 0, we can choose N large enough that Zi2N+l % < ¢/2. Then
it is easily verified that B e (1) X -+» X B.< (zn) X [[o 5 Xk C B:(7), hence, the topology
induced by p is weaker the the product topology. O

Corollary 5.5. NV is a metric-space.
Proposition 5.6. NV is a complete metric space.

Proof. For f,g € NN denote by N(f,g) := min{n € N | f(n) # g(n)}. Now, define
p(f,g) = m. As in the proof of Theorem 5.4, p is a metric that is compatible with the
usual product topology of NV,

Assume that {f, }nen is a Cauchy sequence. For K € N, there exists Nx € N such that
d(fi, fm) < 1/K for all [;m > Ng. By definition of p this means that f;(n) = f,,(n) for all
I[,m> N, and n < K.

Define f € N as follows: for every n € N define f(n) := fx, (n). Obviously, d(f,, f) — 0
as n — 00, concluding that NV is complete. U

Corollary 5.7. NY is a Baire space.

Notice that if a space is locally compact, then it is also a Baire space, this is essentially
due to Lemma 3.13 and Theorem 3.16.

Now, Since R is locally compact, and N¥ is homeomorphic to R \ Q,'® we know that NY

t.17

is also locally compac This gives another proof for the preceding Corollary.

16homeomorphic, not isometric.
17"Recall Corollary 4.27.
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Definition 5.8. Suppose (X, O) is a topological space. A family of open sets Y C O is a
v-cover iff U is infinite, and for all x € X, {U e U | x & U} is finite.

Thus, for instance, {(—n,n) | n € N} is a y-cover of R.

Observation 5.9. IfU is a y-cover of some space (X, O), then any infinite subset V C U
18 @ 7y-Ccover.
In particular, any y-cover contains a countable y-cover.

Observation 5.10. Suppose U = {U,, | n € N} is an open cover of some space (X, O), then
either U contains a finite subcover, or that V = {{J, ., Un | n € N} is a y-cover of X.

m<n

Proof. If U does not contain a finite subcover, then V is infinite, and is clearly a y-cover. [J

Definition 5.11. For a topological space (X, O) denote O := {U C O | U is an open cover of X}
and I' :={V C O | V is an open ~-cover of X }.

Definition 5.12 (Hurewicz). A space (X, O) satisfies Hurewicz’s property or Uy, (O,T) iff
for any sequence of open covers of X, (U, | n € N), each do not contain a finite subcover,
there exists some (F, € [U,]<* | n € N), such that {{JF, | n € N} forms a y-cover of X.

Observation 5.13. Uy, (O, ') is a topological property and there also exists an analogue of
Observation 1.31 for Uy, (O, ).

Proof. Essentially the same proofs of 2.1 and 1.31. O

To compare the definition of Uy;, (O, T") with Sy, (O, O) (Definition 1.26), it is evident
that the left hand side set (O in both cases) is the requirement that U,, € O for all n € N.

Now, for the right hand side, in the first case we need to generate a vy-cover, that is, a
member of I', while, on the other, we need to generate an open cover, that is, a member of
O. The generation is always based at some finite sets (F,, € [U,]<* | n € N), where S "says”
that the object is obtained by taking |J _nFn, and U says that the object is obtained by
considering {|J F, | n € N}.

neN

Observation 5.14. X |= S, (O, T") implies that any open cover of X contains a ~y-cover.
Consequently, no topological space X satisfies Sy, (O,1).

Proof. For an open cover U, consider (U, € O | n € N) where U,, := U for all n € N. By the
hypothesis, there exists (F, € [U,]<“ | n € N) such that J, .y Fn C U is a y-cover.
To see the second assertion, take U := {X}. O

Observation 5.15. Uy;,(O,1') = S, (0, O).
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Proof. We assume a topological space (X,0) and (U, € O | n € N). By the hypothesis,
there exists (F, € [U,|<¥ | n € N) such that {{JF, | ne N} eI
We claim that | J,, .y Fn covers X. Indeed, since {|JF, | n € N} covers X, we have:

xcJUs=UU~x.

neN neN

g

We can now obtain the result of Lemma 1.29 as an application of the preceding together
with the following.

Lemma 5.16. If (X, 0) is a o-compact topological space, then X |= Uy (O, ).

Proof. Suppose (K, | n € N) is an increasing sequence of compact subspaces of X, whose
union is X, and (U, € O | n € N), each do not contain a finite subcover of X. By
compactness of each factor, there exists (F, € [U,]<* | n € N) such that K, C |JF, for all
n € N. Finally, since (K, | n € N) / X, we conclude that {{JF, | n € N} is a y-cover of X
(it is infinite because each U,, does not contain a finite subcover). U

Conjecture 5.17 (Hurewicz). Up;, (O, 1) is equivalent to o-compactness.

The reader might want to compare the above with Conjecture 1.30. To continue the
research, we need the following reduction theorem, an analogue of Theorem 4.10.

Theorem 5.18 (Hurewicz). For all X C R, TFAE:
o X =Upn(O,1).
o Any continuous image of X into NV is <*-bounded.

Proof. We omit the proof. Instead, we prove the following two propositions. Il

Theorem 5.19. If (X, 0) is a topological space and X |= Uy (O,I), then any continuous
image of X into NV is <*-bounded.

Proof. By Observation 5.13, we may assume that X C N¥ and X = U}, (O,T). Fix n € N.
Put U, := {(n, k)" | k € N}. Evidently, (U, | n € N) € O, so let (F, € [U,]** | n € N)
witness Uy, (O,T). Define g : N — N. Forn € N, let g(n) := 1+ max{k € N| (n,k)! € F,}.
To see that X C {g}, we pick f € X and show that f <* g.
Since {{JF, | n € N} € I, there exists some N € N, such that f € |JF, for all n > N,
that is, f(n) < g(n) for all n > N, and we are done. O

Theorem 5.20 (Reclaw). Suppose (X, O) is a topological space that has a base B which is
countable and composed only of clopen sets.
If any continuous image of X into NN is <*-boudned, then X | U}, (O,T).
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Proof. By Observation 5.13, we assume a family of open covers of X, (U, C B | n € N),
each do not contain a finite subcover. Since B is countable, there exists an enumeration
U, = {U" | m € N} for all n € N. We may also assume that members of U,, are mutually-
disjoint for all n € N, thus, for all x € X, there is a unique f, € N such that = € U™ for
all n € N. Finally, let ¢ : X — NN be the map x — f,.

Since v is continuous, we may pick g € N witnessing that 1[X] is <*-boudned. For all
n €N, put F, := {U},..,US"™}. To see that {{JF, | n € N} is a y-cover, fix # € X. By
definition of g, there exists some N € N such that f,(n) < g(n) for all n > N, and hence,
r € |JF, for all n > N. As usual, {{JF, | n € N} is infinite because each U,, does not

contain a finite subcover. O
Corollary 5.21. If X € [R|<%, then X = Uy, (O,T).
Proof. By (<) of Theorem 5.18. O

The next is similar to Corollary 4.19.

Corollary 5.22. Any uncountable X € [R]<° is a counter-ezample to Hurewicz’s conjecture.
In particular, Hurewicz’s conjecture 5.17 is consistently false.

<b is uncountable. If X

Proof. Suppose b > Y, (this assumption is consistent) and X € [R]
was o-compact, then by Lemma 3.23, it had contained a perfect subset and by Lemma 3.26,

X had to contained a set of size ¢, contradicting | X| < b < c. O

Observation 5.23. Consistently, there exists X C NN such that:

(a) X ): Sfm(0,0),

(b) X W= Upin(O,T') (and in particular, X is not o-compact).
Thus, consistently: Menger’s conjecture 1.30 has a counter-example already inside NV, and
Observation 5.14 cannot be improved.

Proof. Put J := {Y C NV | Y is meager }. By Corollary 5.7, J is a proper ideal. Assume
¢ = Xy (this is consistent), or even the weaker assumption that cov(J) = cof (J).

For X := A, the set given by Theorem 3.7 by taking I = J, the same argument of the
proof of Claim 3.25 shows that A is cov(J)-concentrated on one of its countable (dense)
subsets. Now, since Z, C J, we have cov(J) < cov(Zy) = 0. Thus, we noticed that there
exists D € [X]™ such that X is d-concentrated at D, and hence X | S}, (O, O).

To see that X = Uy, (O,T), notice that X ¢ J implies X ¢ 7, and recall Theorem
5.19. U

With the notation the above proof, it is very interesting to notice that even if ¢ = 8; (and
hence b = 0), then still, somehow, the diagonalization process of Theorem 3.7 will generate
here X C [NV] (of cardinality b = 0), which is <*-unbounded, but not <*-dominating.



INFINITE COMBINATORIAL TOPOLOGY 33

Definition 5.24. A function f: X — Y between two topological spaces is a Borel function
iff the preimage of an open set (in Y') is Borel (in X).

Thus, Borel function is a weakening of continuous function.

Theorem 5.25 (Kuratowski). If S C [0,1] C R and f : S — NN is a Borel function, then
there exists an extension g : [0,1] — NY such that g is a Borel function and g | S = f.

Theorem 5.26 (Luzin). If f : [0,1] — NN 4s a Borel function, then for every e > 0, there
exists some closed subset F' C [0,1] such that f | F is continuous and F is of Lebesgue
measure > 1 — ¢e.

Proof. 1t suffices to assume that f is measurable and Rng(f) is a topological space with a
countable basis {B; | i € N}.

Fix ¢ > 0. Fix 1 € N. Since f is measurable, f~![B;] is a measurable set, and we may
pick an open set G; C [0,1] and a closed set F; C [0,1] such that F; C f~'[B;] C G;, and
the Lebesgue measure of G; \ Fj is at most /2!.'8

G = U,en(Gi \ Fy) is open and of Lesbegue measure smaller than e. Denote ' := GY, G’s
complement in [0, 1]. Now, for all i € N, FNG; = FNF}, implying that FN f~YB;] = FNG;
is open in F', meaning that f is continuous on F'. U

The next is similar to Theorem 3.24.

Theorem 5.27. A Sierpinski subset of [0, 1] is a counter-example to Hurewicz’s conjecture.
In particular, Hurewicz’s conjecture 5.17 is consistently false.

Proof. Let S C [0,1] be a Sierpinski set. The consistency of existence of such set follows,
e.g., from ¢ = Ny and the proof of Corollary 3.8 applied to N1 instead of to N.

Claim 5.28. S is not o-compact.

Proof. 1t S was o-compact, then by Lemma 3.23, it had contained a perfect subset and by
Lemma 3.26, S had to contain a null set of size ¢, contradicting the fact that S is Sierpinski
set. U

We now use Theorem 5.18 to prove that S = Uy, (O,T).

Claim 5.29. Assume ¢ : S — NV is a Borel function, then [S]| € Zy.

B0One of the many equivalent ways to define a measurable set is the following: A C R is measurable iff for
every € > 0 there exist an open set G and a closed set F' such that F' C A C G and the Lebesgue measure
of G\ F' is not more than ¢.
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Proof. Let ¢ : [0,1] — NN be an extension of ¢ given by Theorem 5.25. Let (C, C [0,1] |
n € N) be like in Theorem 5.26 applied to ¢, with u(C,,) > 1 — —5 for all n € N.

For n € N, the choice of C, implies that [C,] is compact. It follows @[,y Cn] =
Unen ©lCn] is o-compact, and in particular, ¢[S N J, oy Cn] € Zp. (Recall Lemma 4.7.)

We are left with showing that (S \ |,,cy Cn] € Zs, but this is trivial, because | J, .y Cn is

of measure 1 and S is a Sierpinski set, so, S\ |J,,cyy Cn is countable. O

g

With the notation of the preceding proof, notice that it suffices to assume that S has the
property that any intersection of S with a null set is of cardinality < b, that is, the proof
can be carried out flawlessly had we assumed that S C [0, 1] is the set given by Theorem
3.7, whenever cov(N') = cof (V) = b.

Definition 5.30. A compactification of a space X is a pair (K, h), where K is compact,
h: X — h(X) C K is an homeomorphism, and h(X) = K
We will sometimes simply say that K is a compactification of X. In many cases, h will

be an inclusion map, so that X C K.

Definition 5.31. A space (X, O) is locally-compact iff for all x € X, there exists an open
U C X, with x € U and U compact.

Definition 5.32 (Alexandrov compactification). Let (X, O) be locally-compact, noncom-
pact Hausdorff space, and p ¢ X. Define (X*, O*) by letting X* := X U {p} and:

O*:=0U{{p}U(X\K)|K C X is compact }.
We call X* the one-point compactification of X.

Observations:

e Verifying that (X*, O*) is indeed a topological space is easy.

e X* is compact. Assume {Us}ses is an open cover of X*.

It follows that there exist some s, € S with p € Uy, that is, U, = {p} U (X \ K)
where K is compact in X. Now, {Us}ses\sp is an open cover of K, so there is a finite
subcover {Uy,, ..., U, }. We conclude that {U,,,Us,, ...,Us, } is a cover of X*.

e X is open in X* since X is open in itself.

e X is dense in X*. Showing that {p} is not open will do. Assume that {p} is open,
meaning {p} = {p} U (X \ X) where X is compact. A contradiction, since X is
noncompact.

e X* is Hausdorff. Consider two distinct points x, 2’ in X*. If both are in X then we
are done since X is Hausdorff. So, assume 2’ = p. X is locally compact, that is, there
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is an open set x € U, such that U, is compact in X, therefore V, := {p} U (X \ U,)
is open and U, NV, = 0.

Example 5.33. (1) Consider the real line R, and define R* := R U {00} with the topology
as described. Now, this is actually a space homeomorphic to S!, the unit sphere in R?, which
is obviously compact.

(2) Actually, the one-point compactification of R™ is S™.

Theorem 5.34 (Alexander). Assume (X,O) is a topological space and S is some subbase
for the topology on X.
If every cover of X with elements of S has a finite subcover, then X is compact.

Proof. For the sake of the proof, we shall use the following notation:

A collection U of open sets is B iff it is not a cover. It is By;, iff it does not have a finite
subcover. We say that a By, collection U is mazimal iff there exists some open set U such
that U U {U} is not By,.

Evidently, B = By;,, and (X, O) is compact iff B;, = B for all i/ C O.

Lemma 5.35. Every By;, collection can be extended to a mazimal By, collection.

Proof. Assume Uy is By;,. Let A= {U | Uy CU C O is By }. A is clearly non-empty.
Naturally, (A, C) is a partially ordered-set. Now, recall Zorn’s Lemma:

Lemma 5.36 (Zorn). If (P, <) is a non-empty poset with the property:
(x) For all C C P such that (C,<) is linearly-ordered, there ezists some y € P such that
x <y foralxeC.

Then, (P, <) contains a maximal element m, that is, m &£ x for all x € P.

Clearly, to complete the proof, it suffices to show that the hypothesis of Zorn’s Lemma
holds. Let {U;}icr € A (where I is some index set) be a chain, and define U/ := |J,,; U;.

Assume now that ¢ is not By, that is, there are {Uy}r<, C U such that X = {J, ., Us.
Since there is an increasing sequence (i, € I | 1 < k < n) such that Uy € U;,, we geg that
U, is Byin. A contradiction. O

So, assume now that ¢ is a maximal By;, extension of Uj.

Let J be an arbitrary index set. For all j € J assume V; ¢ U is an open set, then there are
{Uj Fren, all in U such that V; UU,.., Uy, = X. Therefore (mj vj) U (Uj Usen, Uk) = X.
We conclude that there does not exist U € U such that ();V; C U, otherwise ¢ would not
have been By;,. Thus, if ﬂj V; C U for some U € U, then there is j € J with V; € U.

Define ' :=UNS. Let x € U € U. There are {V;};<, C S such that z € (., V; C U,
thus, there is j < n such that V; € U, therefore V; € U’. We conclude that JU' = JU.
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Now, assume X = [JU, meaning X = [JU’, but, by the hypothesis, U’ has a subcover for
X, therefore so does U, in contradiction to the fact that U is By;,.

So, X # U, that is, U is a B collection, in particular, Uy is a B collection, but we
assumed Uy is By,.

Since Uy is an arbitrary By, collection, we get that X is compact. O

Theorem 5.37 (Tychonoff). A nonempty product space is compact iff each factor space (in
the product) is compact.

Proof. (=) If the product space is nonempty, then the projection maps are all continuous (see
proposition 2.15) and onto, and since the continuous image of a compact space is compact,
the result follows.

(<) Assume {X;}cs is a collection of compact spaces, and define X := [],., X;. Consider
the canonical subbase to the topology of X, S := {x;'[U] | i € I,U C X; is open}.

By Alexander’s theorem 5.34, it is sufficient to show that every By;, collection U C S, is
also a B collection, so let us fix such U.

For all i € I, put U; := {U C X; | n; '[U] e U}.
Lemma 5.38. For all v € I, U; is By, in X.
Proof. Assume that U; is not By;, in X;, then there are Uy, .., U,, € U; such that ngn U = X;,
hence X = m; '[X;] = W;I[UkSn U] = k<n 7 '[Ux]. We conclude that U is By,. A
contradiction. O

Now, since X; is compact, we must conclude that U; is a B collection (for all i € I),

meaning that there exist some z; € X; \ (UL{l)
Let z € X be the only member in X satisfying m;(z) = z; for all i € I.

Lemma 5.39. = ¢ |J A.
In particular, U is a B collection.

Proof. Assume z € | JU, then there exists some U € U such that x € U, that is, there exists
some i € I and U; € X; such that x € U = 7; '[U}]
Now, z € m; '{U;] iff x; = m;(z) € U;. This is a contradiction to the fact that x; ¢ Ju;. O

U

It is worth mentioning that Tychonoft’s theorem 5.37 is equivalent to the Axiom of Choice
(the C of ZFC) which is equivalent to Zorn’s Lemma 5.36.

Theorem 5.40 (Scheepers-Just-Miller-Szeptycki). Hurewicz’s conjecture 5.17 is false.

We omit the original proof. Instead, in the next lecture we shall introduce an alternative,
simpler, proof due to Bartoszynski and Tsaban.
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6. 15.12.05

We regard the natural numbers as ordinals, that is:
0:=0, 1:=00{0} ={0},2:=1U{1} ={0,{0}}, n+1:=nU{n}.

Let w = {0,1,2,..} be the collection of all natural numbers.

It is not hard to see that (w, €) is order isomorphic to (N, <) with the usual order. Now,
consider w + 1 := w U {w}.

(w+ 1,€) is an infinite linearly ordered set that has a maximal element, p, such that
(w+ 1\ {p}, €) is isomorphic to (N, <).

Definition 6.1. Let w + 1 denote the one-point compactification of the discrete space w.’

It is obvious that B := {{n} | n € w} forms a basis to the discrete topology on w.

Since A C w is compact iff A is finite, we conclude that B := {{n}, (w + 1)\ {0,..,n} |
n € w} forms a basis to the compact space w + 1. We shall regard B as the canonical base
for w + 1.

Definition 6.2. Consider the Bartoszyriski space, (w+1)* as the product space [], . (w+1).
By Theorem 5.37, the space (w + 1)“ is compact.

Definition 6.3. N is the subspace of NV consisting only of strictly increasing functions:
Nt = {f eN"|n<m— f(n) < f(m)}.

(w + 1)'* is the following subspace of (w + 1)*:

(w+1)T“::{f€(w+1)“n<m—><

Define w'® in the obvious fashion.

Lemma 6.4. The following spaces are homeomorphic:

9Recall Definition 5.32.
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Proof. Let’s see that NV is homeomorphic to N'™. Take 1 : N¥ — N™ guch that ¢(f)(n) =
Sor_, f(k) for all f € N¥ and n e N.

¢ is an injection: Consider fi, fo € N¥ such that (f1) = ¥ (f2), that is, for all n € N
Sy filk) =570, f2(k). We get that fi(n) = fo(n) for all n € N, thus f; = fo.

Pick g € NN and consider the function f where f(1) := g(1) and f(n) := g(n) —g(n—1).
Now ¢(f) = r_, f(k) = g(n) which means that ¢ is onto.

Now pick two close functions fi, fo € N that is, fi(n) = fa(n) for all n < N for some
N € N. We get that ¢(f1)(n) = ¥(f2)(n) for all n < N, meaning that ¢(f;) and ¢(f;) are
close in N™. Therefore 9 is continuous.

In the same way we get that ¢ is continuous, proving the necessary. O

Notice that the natural homeomorphisms between (1),(2),(3),(4), are all <*-order-preserving,
thus, the image of a b-scale in NN under this homeomorphism would be a b-scale in N™,

)

etc’..
Definition 6.5. Equip P(N) with a topology by letting O C P(N) be open iff
{fe{o, 13" f[{1}] € O}

is an open subset of the Cantor space {0, 1}".

We already know how base sets in the Cantor space look like. They are exactly the sets
of the form (eq,...,e) x {0,1}, where k € N, &1,....,er € {0,1}. We get that base set
for the topology of P(N) is of the form {B C N | BN {l,..,d} = {ny,..,ng}}, for some
d,k,ny,...,n, € N.

o From this it is easily seen that P(N) is homeomorphic to the Cantor space. A nice
conclusion is that P(N) is metric.

Lemma 6.6. The following spaces are homeomorphic:
(1) The Bartoszyriski space, (w + 1)¥;
@) (w+1);
(3) P(N);

(4) The Cantor space, {0, 1};

(5) The Cantor set, C C [0, 1].

Proof. To see that (w+ 1) is homeomorphic to P(N), take ¢ : (w+1)" — P(N) such that
for all f € (w+ 1)1«
O(f) ={f(n) + 1| (n € w) A (f(n) <w)}.
It is easy to se that v is a bijection. Proving that it is open and continuous is similar to
the proof of 6.4.
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From now on, whenever useful, we may think of subspaces of the Bartoszynski space as
subspaces of the reals.

Definition 6.7. For f € {0,1}", let (f ® 1) € {0,1}" be such that (f ® 1)(n) =1 — f(n)
for all n < w. For A C N, let A°:=N\ A.

It is obvious that A +— A° and f — (f @ 1) are automorphisms of P(N) and {0, 1},
respectively.

Definition 6.8. For ¢ : (w+ 1)!* — P(N) of theorem 6.6, and each f € (w+1)'*, denote :
fo=v W (f)).

Observation 6.9. f +— f¢ (for all f € (w+ 1)) is an automorphism of (w + 1)1%.

Definition 6.10. For all n < w and 0 : n — w, let ¢, € (w+ 1)¥ be such that:

¢ | n =0 and ¢,(m) = w for all m > n.
Clearly, if o is strictly increasing, then ¢, is in (w + 1)1«.
Definition 6.11. Denote ISeq(w) := {0 :n — w | n < w, o is strictly increasing }.
Lemma 6.12. Q := {q, | 0 € ISeq(w)} is a countable dense subset of (w + 1)1~.

Proof. Tt suffices to show that U N Q # () for all non-empty open U C (w + 1) of the form:
U=(w+D"nnrtU]n..na U,

where n < w and {Uy, .., U,} € [B]<*.20
It is straight-forward to inductively define o : n+1 — w such that o(k) € Uy for all k < n,
and o € ISeq(w). It follows that g, € U and we are done. O

Notice that the image of ¢ under the homeomorphism 1 from Lemma 6.6, is [N]<.
Next thing we do, is improving Observation 5.23 to the following.

Theorem 6.13 (Tsaban-Zdomskyy). There exists X C w'“ such that:
(a) X ): Sfm<070)7
(b) X W Upin(O,T) (and in particular, X is not o-compact).
Thus, Menger’s conjecture 1.30 has a counter-example inside NY, and S, (O, O) # Ui (O,T).

20Here, y, is the k’th projection from (w + 1)™ to w + 1, and B is the canonical base of w + 1 discussed
after Definition 6.1.
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Proof by Rinot. If b < 9, then pick a <*-unbounded family X € [w!*]®.

By Theorems 4.12,5.1, X = S;,(O, O) and by Theorem 5.19, X B Uy, (O, ).

Assume now b =0. Put A:={f €ew¥| fe € w¥} = {f € w* | w\ Im(f) is infinite }.?!

Pick a dominating family D € [w'“]?. By b = 9, we may apply the proof of Lemma 1.11
and yield a strictly <*-increasing sequence (f, € A | @ < b) such that w' C {f, | @ < b}.

We now define a sequence {g, € A | @ < b} by induction on o < b. Let go := fy, and
assume {gs € A | 8 < a} had already been defined.

Since B := {gg, fs, f5 | B < a} C w!¥ is of cardinality < b, we may find some h € w'*
such that B C {h}. Now, by Corollary 4.5, C := {f € w'“ | f £* h} is co-meager. It follows
from Observation 6.9 that Cy = {fe| fewv“ f£ h}C(w+1)¥is comeager. Now,
since (w+ 1)1 =w!*UQ and Q is meager, C3 := C, \ Q = {f e w¥ | fe € W%, f¢ £* h} is
co-meager, so let us pick g, € C1 N Cs. End of the construction.

Claim 6.14. For all h € w'%:
° |{ga|a<b}ﬂ@|<b
° |{g§|a<b}ﬂ@|<b

Proof. Pick h € w!“. By definition of our strictly increasing scale, there exists some § < b
such that h <* f, whenever § < a < b. Assume § < a < b, then by the choice of g,,
{n <w ]| fa(n) < ga(n)} and {n < w | fa(n) < ¢g5(n)} are both infinite. In particular,
o £¥ h and g5 £* h, thus:

max{‘{ga |a<b}n{h}

oo la <} n{B}|} < 1ol <b.
O

Put Y :={go | @« < b} UQ and let X be the image of Y under the complement operator
of Observation 6.9. It is obvious that X C w'®. Since X and Y are homeomorphic, we are
left with showing that Y |= S}, (O, O) and X [~ Uy, (O, T).

To see that Y = Sp;, (O, O), notice that the same proof of Theorem 4.20 shows that Y is
b-concentrated at Q.22 Finally, by the preceding claim, X is <*-unbounded. It follows from
Theorem 5.19 that X W Uy, (O, T). O

Corollary 6.15. There ezists B € [NN]° which is <*-unbounded but not <*-dominating.
Further more, B satisfies:

(a) Forallh € NY, [BN{h}| <b.
(b) For any continuous function ¢ : NN — NN 4)[B] is not <*-dominating.

2Here, f© denotes the image of f under the homeomorphism defined in Observation 6.9.
22We simply replaced the compact space [0, 1] with the space (w + 1)'“. Cf the proof of Claim 6.18.
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Proof. If b < 0, then just pick a b-scale. Assume now b = 0, and consider X of the preceding
theorem, then, (a) is satisfied by (the second item of) claim 6.14, and (b) is satisfied by
X k= S4in(0,0) and Theorem 4.11. d

We now show that there is a very high price to pay for functions to be continuous at Q).

Lemma 6.16 (Bartoszytiski). Suppose v : (w+ 1)1* — w® is continuous at Q.
Then there exists an element g € w* such that for all x € W' and n < w:

z(n) > g(n) = (x)(n) < g(n)

Proof. Fix n < w. For o € ISeq(w) with dom(c) = n, put k, := ¥(q,)(n). Since (n,k,)! =
{f €w | f(n) = k,} is open, ¥(q,) € (n,k,)", and v is continuous on ¢, € @, we conclude
that 1 ~[(n, ky)!] contains an open neighberhood of ¢,.

It follows that for all o € ISeq(w) with dom(o) = n, we may fix a base open I, C (w+1)¥
such that ¢, € I, and ¥(z)(n) = 1 (q,)(n) for all x € I,.

For AC (w+1)!* denote A | n:={z [ n|z € A}.

Since {IU I'n|o € ISeq(w),dom(o) < n} is an open cover of the compact product space
[I;cn(w + 1), we may find F,, € [ISeq(w)]<¥ such that dom(c) < n for all ¢ € F,, and

Hk<n(w + 1) = Uo'e]:n(‘[o' r n)
Claim 6.17. For all 0 € F,, there ezists N, < w such that for all x € (w + 1)“’:

((x In) € (I, [ n) and z(n) > Nc,> =z € I,.

Proof. Fix o € F,. Since I, is base open, there exists a family (U, € B\| m < w) such that
1, = Hm<w U,,. Further more, we may find a minimal M < w such and U,, = w + 1 for all
m > M. Now, if M < n, then for all z € (w+ 1)'* with (z | n) € (I, | n), we have z € I,
thus, N, is arbitrary. Assume M > n.

Since ¢, € I, € B and ¢-(m) = w for all m > n, we know that for all m satisfying
n <m < M, there exists a k,, < w such that U, = (w+ 1) \ k.

Put N, == max{k < w | Im < M(U,, = (w+ 1)\ k)}. It follows that if € w!*,
(x In) € (I, [ n), and z(n) > N,, then « € I,. (Recall that z is increasing!) d

Finally, define g € w* by g(n) := max{N,,¥(q,(n)) | o € F,} for all n < w.

To see that g works, pick z € w!* and n < w with x(n) > g(n).

Since [[,.,(w + 1) = Uyez, (Io [ 1), there exists o € F, such that (z [ n) € (I, | n).
Now, since z(n) > g(n) > N,, we have that « € I,. Finally, since x € I,, we conclude that

Y(x)(n) =19(g.)(n) < g(n). 0

Lemma 6.18. Pick a b-scale, (f, € w'“ | a < b).
Put H:=BUQ C (w+ 1), where B := {f, | a <b}. Then H is b-concentrated at Q.
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Proof. Suppose U C (w+ 1) is open containing Q. Since (w+1)" = w*UQ and (w+1)
is compact, (w+ 1)\ U is a compact subspace of w*.

It follows from Lemma 4.3 that there exists some g € w* such that (w+ 1)\ U C {g}.
In particular, there exists § < b such that H\ U = (BUQ)\ U C{f, | a < }. O

Theorem 6.19. Pick a b-scale, (f, € w'“ | a < b), then H := BUQ 1is a counter-example
to Hurewicz’s conjecture 5.17, where B := {f, | a < b}.

Proof. By Lemma 6.6 and the preceding, H C (w + 1)'“ is homeomorphic to a set of reals
which is b-concentrated at one of its countable subsets. It follows from Lemma 3.23 and
Theorem 4.16, that H is not o-compact.

To see that H = Uy, (O, 1), we use Theorem 5.18. Assume ¢ : H — w* is continuous.

Since the homeomorphism discussed in Lemma 6.4 is order-preserving, we may also assume
that Im(¢)) C w'®. Let g € w* be like in Lemma 6.16.

Since B is unbounded, there exists some o < b such that f, £* g, so let us pick a € w'
such that g(a(n)) < fa(a(n)) for all n < w.

It follows that for all n < w, ¥ (fa(n)) < ¥(fa)(a(n)) < h(n) where h := g o a.

Now, if 5 > «, then there exists m < w such that f,(n) < fz(n) whenever m < n < w,
hence, g(a(n)) < fa(a(n)) < fa(a(n)) and ¢(fz(n)) < h(n) for all but finitely many n’s.

We conclude that ¢[{fg | 8 > a}] C {h}, hence, ¥[{fs | 5 > a}] € Z,. Finally, since
{/, | v < a}| < b, we have that ¥[{f, | v < a}] € Zy and Im(¢)) € Z. O

A curious reader might ask himself what happens had we replaced the b-scale in the
preceding theorem with B of Corollary 6.15. A suspicious reader who compare Y of theorem
6.13 with H of the preceding theorem, might even belive he found a contradiction.

However, there is an important difference between the b-scale and our B, and this lies
in the fact that the b-scale is linearly-ordered by <*, while B is not. It is evident that the
usage of linearity has a crucial appearance at the end of the proof of the preceding.
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7. 29.12.05

Definition 7.1. A set A C R is of Lebesgue measure 0 if for every € > 0 there is a family
of open intervals (I, | n € N) that covers A and ) _[I.| <e.

Definition 7.2. A set A C R is of strong measure zero (or SMZ) iff for every sequence
(en | n € N) there is a family of open intervals (I,, | n € N) that covers A and |[,,| < ¢, for
every n € N.

Proposition 7.3. SMZ = Lebesgue measure zero.

Proof. Assume the set A C R is of SMZ. Fix € > 0. Consider the sequence (¢/2" | n € N).
Since A is SMZ there is a family of open intervals (I,|n € N) that covers A and |I,,| < /2"

for all n € N. Since Y _ /2" = ¢, we get that A is of Lebesgue measure zero. 4

neN

Observation 7.4. If A C R is countable, then A is SMZ.

Proof. Suppose A = {a,, € R | n € N} is countable, and (g, | n € N) is a sequence of positive

reals. For n € N, let I,, := (a, — *, a, + ) and observe that (I, | n € N) works. O

To see that SMZ is much stronger than measure zero, consider for example the Cantor set.
We have seen before that it is of measure zero. Is it SMZ? It is obvious that for the sequence
(1/3"n € N), matching open interval cover the Cantor set. Just take I; := (0,1/3),I, =
(6/9,7/9),.... On the other hand, for the sequence (1/3"|n € N;n > K > 1), such family
of open intervals that covers the Cantor set can’t be obtained (think why?). Therefore it is
not SMZ.

Conjecture 7.5 (Borel, 1919). If A C R is SMZ, then A is countable.

Notice that in R, for some open interval (a,b) C R, |(a,b)| stands for the length (one
dimensional volume) of (a,b), or equivalently, its’ diameter. Is it the same in larger metric
spaces? Consider for example R?. The set [0, 1] C R? is of Lebesgue measure (volume) zero,
but the sum of diameters of any open cover consisting with two dimensional ”"boxes” is not
less than 1.2 The question arises is how to“properly” define SMZ in large metric spaces?
Here is the standard way.

Definition 7.6. Suppose (X, d) is a metric space.
A C X is a strongly null set iff for any sequence of positive reals, (g, | n € N), there is a
partition {A, | n € N} such that A = J, .y An and Diam(A,) < &, for all n € N.

In the special case of strongly null sets in R, we shall keep call them SMZ.

23A box in R? is a base set of the product topology, that is a product of open intervals in R
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Observation 7.7. If (X, d) is a discrete metric space, then A C X 1is strongly null iff A is
countable.

Lemma 7.8. A uniformly continuous image of a strongly null set is strongly null.

Proof. Let (X, px), (Y, py) be metric spaces where X is strongly null, and let f : X — Y be
uniformly continuous onto Y.

Fix € > 0. Since f is uniformly continuous, a § > 0 exists, such that given an open ball
B C X with Diam, (B) < §, we end up with Diam,, (f[B]) < €.

Now, consider some sequence (¢, | n € N). Implementing the last remark we get a

corresponding sequence (0, | n € N). X is strongly null, hence there exist a cover consisting
of open balls (B,, C X | n € N) where Diam, (B,) < d,. For alln € N, Diam,,. (f[B,]) < e.

v =fix]=f|UB] cUsmlcUB
neN neN neN
where B!, C Y are open balls of diameter less than ¢, such that f[B,] C B.. O

Definition 7.9. For a metric space (X, d), let SN x := {A C X | A is a strongly null set }.
In the special case of (R, |- |), we denote SN := SN ={ACR| Ais SMZ }.

Proposition 7.10. For any metric space (X,d), SN'x is a o-ideal.**

Proof. It is obvious that ) € SN x.

Consider some A € SNx, and let B C A. Fix (g, | n € N), then since A € SN x there is
a cover of A consisting of open set (U, | n € N) with Diam(U,) < ¢, for all n € N. Since
B C U,.en Un, we conclude that B € SN y.

Finally, to see that SN x is o-additive, assume (A, € SNx | n € N), and fix (g, | n € N).
Let |4,y Jn be a partition of N where .J,, is infinite for every n € N.

Let n € N. A, € SNy, therefore there is a cover consisting of open sets (U, | k € J,,)
such that Diam(U, ;) < ¢ for all k € J,,.

By Unen Uken Unk 2 U, en An, we conclude that (J, .y An € SN x. d

We have already seen that SN C N. We now show a nice connection between SMZ and
connectedness.

Claim 7.11. SMZ = 0-dimensional.

Proof. Assume A € R is SMZ. Recalling Theorem 4.28, it is enough to show that A is totally
disconnected. Assume the contrary, that is, it happens that x € I C A where I is connected
and I\ {z} # 0. I is then an interval which means of positive measure, a contradiction to
the fact that A is null (Proposition 7.3). O

24\ g-ideal is an ideal closed to countable unions, i.e., add(SNx) > N;.
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We now reveal the combinatorics of SMZ.

Definition 7.12 (Rothberger). For k € N, a space (X, O) satisfies Rothberger’s property or
Sk(O, O) iff for any family of open covers of X, (U, | n € N), there exists some (F,, € [U,]" |

n € N), such that |, . Fr covers X.

neN
Observation 7.13. For a topological space (X,0), TFAE:
(a) X | 51(0,0).
(b) X | Sk(O,0) for some k € N.
(c) X | S4(0,0) for some f € NN, i.e., for any family of open covers of X, (U, | n €
N), there exists a family (F, € U,)*™ | n € N), such that |, ey Fn

Proof. To see (c)=(a), fix f € N¥ such that X | S;(0,0).

Pick an arbitrary partition (A, € [N/ | n € N) with |4}, . An = N.

For all n € N, let V,, := {(Im(g) | g € [],nca, Un}.® Evidently, each V,, covers X.

Applying S;(O,0) to (V, | n € N), we get a family (F, € [U,]'™ | n € N), such that
Upex Fn covers X. Pick (G, € [[Tnea, Uml’™ | n € N) such that F, = {NIm(g) | g € G}
for all n € N. By [G,| = f(n) = |A,|, we may enumerate G, = {g; € [,,ca, Um | i € Apn}.

In this notation, we get that (J, .y Fn = {(1Im(g:) | 7 € N}.

Finally, since (Img; C ¢;(i) € U; for all i € N, we get that (g,(n) | n € N) exemplifies
X E 51(0,0). O

Observation 7.14. Assume (X, d) is a metric space.
ForallY C X, Y = 51(0,0) implies that Y is strongly null.

Proof. Consider a family of positive reals (¢, € R | n € N).

Fix a basis B for (X,d), and put U, := {U € B | Diam(U) < ¢,} for each n € N. By
applying S1(0,0) of Y to (U, | n € N), we obtain a family (U, € U,, | n € N) such that
Y C U, ey Un» and obviously, Diam(U,,) < &, for all n € N. O

Corollary 7.15. A Luzin set is an uncountable strongly null set.
In particular, Borel’s conjecture 7.5 is consistently false.

Proof. By Claim 3.25 and the preceding observation. O

Our reader might conjecture that Observation 7.14 can be improved and S;(O, ) is
actually equivalent to strongly null. However, this is not the case. By Proposition 7.10,
strongly null is an hereditary property, whereas we have the following.

Observation 7.16. Sy, (O, O) is non-hereditary.

g ¢ [,nea, Um means that dom(g) = A, and g(m) € Uy, for all m € A,
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Proof. R is o-compact, thus by Lemma 1.29, R = Sy;,(O, O). However, by Theorem 2.29
R\ Q is homeomorphic to NY. It follows from Theorem 4.10 that R\ Q £ Sp;,(0,0). O

Observation 7.17. S1(0, O) is consistently non-hereditary.

Proof. Assume 0 = N;. Consider M := ¢[D] U (Q N [0,1]) of Theorem 4.20. Then M is
N;-concentrated on the countable set QN [0, 1], thus, M = S;(O, O). However, By Theorem
4.10, ¥[D] does not even satisfy Sy, (O, ) (since ¥~![4[D]] = D is dominating), not to
mention S;(0, O). O

It follows from Observation 4.8 that (0 = N;) = (0 = cov(M)). It will soon be clear
that it suffices to assume 9 = cov(M) to conclude that ¢[D]U (QN[0,1]) &= S1(0,0).

Definition 7.18. A set X C NN is said to be guessed by g € NV iff {n e N| f(n) = g(n)}
is infinite for all f € X.

Theorem 7.19. Suppose X C NN, [If | X| < cov(M), then X can be guessed.

Proof. For all f € X and k € N; it is obvious that:
App={9eN'|IneN((n>k)Ag(n) = f(n))}
is dense open. Clearly, any g € Fex (Mien A Will do, so assume towards a contradiction
that Nyen Nyex Arx = 0. Tt follows that N = U, .y Ujex Brr, where By := NV\ Ay are
nowhere dense sets. Identifying N¥ with R \ Q, we get that:
R = U U Byr U U{q}
keN feX qeQ

is the union of | X| nowhere dense sets, contradicting |X| < cov(M). O

Theorem 7.20. If (X,0) is a topological space and X | S1(O,0), then any continuous
image of X into NN can be guessed.

Proof. This essentially is the same proof as of Theorem 4.11. Assume some X C NY with
X E S1(0,0). Fixm € N. Put U, := {(m, k)" | k € N} where (m, k)" := {f e NV | f(m) =
k} for all k € N. Evidently, U,, is an open cover of X. Fix a bijection ¢ : N x N < N.

Fix i € N. Since X |= 51(0,0) and (Uyin) | n € N) is a countable family of open covers

;
of X, there exists g; : [{i} x N] — N such that X C [, <¢(i,n),g(¢(i,n))> :

Let g : N — N be g := [J,cy gn- It is evident that g guesses X.
Theorem 7.21 (Rectaw). Suppose (X, O) is a topological space that has a base B which is

countable and composed only of clopen sets.
If any continuous image of X into NN can be guessed, then X = S1(O, ).
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Proof. Assume a family of open covers of X, (U, C B | n € N). Since B is countable, there
exists an enumeration U,, = {U™ | m € N} for all n € N. We may also assume for all n € N
that members of U, are mutually-disjoint, thus, for all z € X, there is a unique f, € NV
such that = € U{*™ for all n € N. Finally, let ¥ : X — NV be the map z — f,.
Since 1) is continuous, we may pick g € N that guesses 1[X].
For all n € N, let U, := US™. To see that (U, | n € N) covers X. Notice that for each
x € X, there exists some n € N such that f,(n) = g(n), ie., z € US™ = U,. O
Corollary 7.22. For all X CR, TFAE:
o X ): Sl((’), O)
o Any continuous image of X into NN can be guessed.
Proof. By theorems 7.20,7.21 and 7.11. U
Corollary 7.23. X |= S1(0,0) for all X € [R]<«VM),

Corollary 7.24. If X C R is cov(M)-concentrated on one of its countable subsets, then
X E S1(0,0).

Corollary 7.25. If cov(M) =0, then M of Theorem 4.20 satisfies S1(O, O).
To complete the picture, we mention the following important result.
Theorem 7.26 (Laver). Borel’s conjecture 7.5 is consistent.

It follows from Corollary 7.15 and the preceding that Borel’s Conjecture is independent
of the usual axioms of mathematics (ZFC).

Definition 7.27. A set X C NN is strongly unbounded iff for all f € NN, |X N{f}H < |X].

Intuitively, strongly unbounded sets needs to be "fat” enough to be unbounded, but ”slim”
enough to be strongly unbounded. For instance, NY is indeed unbounded, but it is too ”fat”
to be strongly-unbounded, recalling Observation 4.9.

Observation 7.28. There exists strongly unbounded families of cardinality b and 0.
Proof. By Lemmas 1.11 and 1.12. U

Observation 7.29. Suppose X C NN is a set such that :
o cf |X| > N,
e Forall f e NN, [{ge X | g < f} < |X].

then, X is strongly unbounded.
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Proof. Because {g € N¥ | g <* f} can be obtained as the following countable union:
U{{geN"g< £} £ eNIN € N(Va > N(f'(n) = f(n))}.

Let us examine several consequences of Borel’s conjecture (BC).

Observation 7.30. Assuming ZFC+BC, we have:
(a) SN = [R]=~.
(b) X C R satisfies S1(O, O) iff X is countable.
(¢) Any (continuous) image of SMZ is SMZ.
(d)

(e) For any uncountable cardinal k < cov(M), there is no strongly unbounded family
X € [NN]~,

(g) cov(M) < min{cof(M),b}. In particular b > ¥y and —CH.

There is no Luzin set.

Proof. (a) is equivalent to BC. (b) follows from Observation 7.14. (c) follows from the fact
that an image of a countable set is countable. (d) follows from Corollary 7.15.

(e) If X C NV is strongly-unbounded and ¢ : N¥ — (0,1) \ Q is an homeomorphism, then
Y[XTU(QN0,1]) is | X|-concentrated at Q N [0,1]. Thus, if also |X| < cov(M), then by
Corollary 7.24 and Observation 7.14, ¢[X]| U (Q N[0, 1]) is SMZ.

(f) If cov(M) = cof (M), then we may apply Theorem 3.7 to obtain a subset of R which is
cov(M)-concentrated at any of its countable dense subsets. Now apply Corollary 7.24 and
Observation 7.14.

If cov(M) = b, then Observation 7.28 would have contradict the preceding item.

Finally, by b > cov(M), we have:

¢ >b > cov(M) > add(M) > 8.

Question 7.31. Is it always true that the continuous image of SMZ is SMZ?

We had already seen that, consistently, SMZ and S;(O, Q) are different properties, e.g.,
assuming CH, S;1(O, Q) is non-hereditary, while SA is an ideal. To answer our question
(negatively), we introduce the following theorem:

Theorem 7.32 (Fremlin-Miller). For X C R, TFAE:

(a) X = 51(0,0).
(b) Any continuous image of X into R is strongly null.
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Corollary 7.33 (CH). There ezists an SMZ, X C R, and a continuous function f: X — R,
such that f[X] is not SMZ.

Proof. Suppose not. Put § := {X CR | X = 5;(0,0)}, then for all X C R, if X is SMZ,
then any continuous image of it into R is SMZ. It follows from Theorem 7.32 that S = SN,
and in particular, § is an ideal, contradicting Observation 7.17 with 0 = ¢ = N;. U

It happens that the converse of Theorem 7.19 is also true.

Fact 7.34. There exists X € [NN]YM) that cannot be guessed.
In particular, the minimal cardinality of A C R with A [~ S1(O, O) is cov(M).

Together with Observation 7.30, we obtain that assuming ZFC+BC: cov(M) = X; < b.
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8. 05.01.06
Observation 8.1 (ZFC+BCQ). If (X,d) is metric, and X = S1(O,O), then | X| < Ro.

Proof. By Observation 7.14, every S;(O, Q) metric space is strongly null. Thus, if Borel’s
conjecture 7.5 holds, then X must be countable. O

If one omits the requirement of metricity, we get the following.
Theorem 8.2 (ZFC). There exists an unctounable non-metrizable space that satisfies S1(O, O).

Proof. Consider X := w; + 1. We equip X with the interval topology. Let (X, O) be the
topological space determined by the base:

B:={a" o', (B,a) | B<a<w},
where ol :={y € X |y >a},al :={y€ X |7y <a}, (B,a):=p"Nnat. We now show
that X is concentrated on the singleton {w;}, concluding that X = S;(O, ). Indeed, if

U is an open set containing wi, then U D a! for some a < w;. For such a, we get that
(X\U) C a+1, and in particular, (X \ U) is countable. O

We now work towards giving a direct proof to Corollary 7.33.

Lemma 8.3 (Embedding). Suppose there is a dominating/unbouned/strongly-unbounded
family of cardinality k, and A C {0,1}* is a set of cardinality < k.

Then, there there exists a set B € [w*]® and a continuous function ¢ : w* — w* such that
B is dominating/unbouned/strongly-unbounded (respectively), and ¢|B] = A.

Proof. Assume D = {f, | a < k} € [w¥]" is unbounded (or dominating, or strongly-
unbounded). Let {g, | @ < k} enumerate A. Put B := {h, | @ < K}, where:

ha(n) :=2fa(n) + ga(n) (@ < K,n <w)
B is evidently unbounded (or dominating, or strongly-unbounded). Finally, define a contin-

uous function ¢ : w¥ — w* by letting for all f € w” and n < w: ¢(f)(n) = f(n) mod 2. O

Lemma 8.4 (Interleaving). Suppose there is an unbouned/strongly-unbounded family of car-
dinality k, and A C w* is a set of cardinality < k.

Then, there there ezists a set B € [w¥]" and a continuous surjection ¢ : w* — w* such
that B is unbouned/strongly-unbounded (respectively), and ¢[B] = A.

Proof. Assume D = {f, | @« < k} € [w¥]" is unbounded (or strongly-unbounded). Let
{ga | @ < Kk} enumerate A. Put B := {h, | a < K}, where:

ha(n) = falk) 3k <w(n=2k)
VTN galk) 3k <wln=2k+1)
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B is evidently unbounded (or strongly-unbounded). Finally, define ¢ : w* — w“ in the
obvious way. U

Definition 8.5. Assume & is a cardinal, and Z is an ideal over some set X.
We say that 7 has the s-flexability property iff Z is non-trivial, and whenever Y C X is
k-concentrated on some A € Z, then Y € 7.

Observation 8.6. Suppose L is an ideal over some set X that has the k-flexability property,
then non(Z) > k.

Proof. Fix A € [X]<". Pick a € A. Since 7 is non-trivial, {a} € Z. It is now obvious that A
is k-concentrated at {a} € Z. O

Observation 8.7. N has the non(N)-flezability property.
SN has the non(SN)-flexability property.

Proof. Assume Y, A are subsets of R, where A € 7 and Y is non(N)-concentrated at A.
Fix ¢ > 0. Since A € 7, we may find a family of open sets {U, | n € N} with
Y nen Diam(U,) < 5, and A C U := oy Un
Since U is open containing A, |Y \ U| < non(N). In particular, (Y \ U) € N and we may
find a family of open sets {V,, | n € N} such that (Y\U) C |, ey Vo and > .y Diam(V;,) < 5.
The proof for the case of SN is essentially the same. O

Theorem 8.8. Assume J C P(R) is a non-trivial, o-additive, proper ideal.
Then for any ideal T C P(R) and a cardinal k > non(J) such that:

e 7 has the k-flexability property;
e There exists a strongly-unbounded family of size k.

there exists X € Z, and a continuous function f: X — R such that f[X] & J.

Proof. Pick A € [R]""Y) with A ¢ J. If {AN[z,z+1] | z € Z} C J, then by the
o-additivity of J, A € J. It follows that there exists z € Z, such that [z,z+ 1N A & J.

For notational simplicity, we assume A C [0,1]. J is o-additive and non-trivial, thus
Q € J, hence, we may also assume that AN Q = (.

Altogether, we assume A C ([0,1]\ Q), |A| =non(J), and A ¢ J.

Let ¢ : [0,1]\ Q — w* be an homeomorphism. Put A" := 1[A]. By the interleaving lemma

8.4, there exists a strongly-unbounded B € [w*]*, and a continuous function ¢ : w* — w®

such that ¢[B] = A’. Let X := ¢ ![B] and f:= (¢ Togor) | X.
Notice that X C R, f: X — R is a composition of continuous functions, and:

fIX] = pw[X]] = v [@[Bll =y [A]=A¢ J.
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We are left with showing that X € Z. Since 7 satisfies the k-flexability property, it suffices to
show that X is k-concentrated at some set from Z. By Observation 8.6 and the hypothesis,
non(Z) > k > non(J) > add(J) > Wy, thus Q € Z. Finally, notice that if U is an open set
containing @Q, then [[0, 1]\ U] is compact, thus <*-bounded, thus ¥[X \ U] is a <*-bounded
subset of the strongly-unbounded set B, and hence, | X \ U| = |¢[X \ U]| < |B| = k. O

Thus, for instance, if CH holds, we may find a strongly-null subset of R with a continuous
image which is not null. We may also find a strongly-null subset of R with a continuous
image which is not meager. In particular, this set must be uncountable, thus we had obtained
an alternative proof to the fact that CH= —BC.

Proposition 8.9 (CH). Assume that Z C P(R) is an ideal that has the Ni-flexability prop-
erty, then for any Y C w*, there exists X € T and a continuous f : X — w* such that
fIX]=Y.

Proof. Fix Y C NN, If Y is countable, this is easy (recall Observation 8.6).

Assume that Y is uncountable. By CH, we may fix a b-scale {f, € w* | y € Y}. Now, by
applying the interleaving lemma 8.4, we obtain a set B C w* that interleaves w* inside this
scale. In greater details, we obtain a strongly-unbounded set B of size b, and a continuous
function ¢ : w¥ — w* such that ¢[B] =Y. Let ¢ :[0,1] \ Q — w* be an homeomorphism.

Put X := ¢ !'[B] and f = (¢ o) | X. Evidently, f is continuous and f[X]| =Y.

The standard argument shows that X is b-concentrated at Q. Finally, it follows from the
hypothesis that Q € Z, b = X; and X € 7. O

Corollary 8.10 (CH). There exists X € SN, and a continuous function f : X — R such
that f[X] € SN™, i.e., a strongly-null set whose continuous image is of Lebesque measure 1.

Proof. Since (0,1) \ Q is of Lebesgue measure 1 and a continuous image of w. O

It is worth mentioning that one can prove in ZFC that there exists continuous mapping
from the cantor set (=a set of measure zero) onto the unit interval (=a set of measure 1).

Question 8.11. Suppose there exists an arbitrary metric space (X, d) which is uncountable
and strongly-null, must this indicate the violation of Borel’s Conjecture 7.5 ?

Question 8.12 (Miller). Suppose there exists a metric space (X, d) which is strongly-null
and | X| = ¢, must this indicate the existence of Y € [R]® which is SMZ 7

The second question is still open. We shall now work towards introducing a positive answer
to the first question. The key to the solution of this question is Carlson’s lemma. 8.21 which
is deeply inspired by Urysohn’s Theorem 8.20.
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Definition 8.13. A topological space (X, O) is Ty iff {z} is a closed subset for all z € X.

Definition 8.14. A T; topological space X is regular iff whenever A is closed subset of X
and x ¢ A, then there are disjoint open sets U,V with x € U and A C V.

A T topological space X is normal iff whenever A, B are disjoint closed sets in X, then
there are disjoint open sets U,V with A C U and B C V.

Notice that a metric space is normal and regular. Actually, we had already took advantage
of this property in the proof of Theorem 3.16. Also notice that a normal space is regular,
since in a 717 space points are closed sets.

Observation 8.15. Suppose (X, O) is a topological space such that for any two closed subsets
A, B, there exists a continuous function f : X — [0,1] such that f[A] = {0} and f[B] = {1},
then X is normal.

Proof. Fix closed subsets A, B, and let f be like in the hypothesis. Then f~1[0,0.5) and
f71(0.5,1] are mutually disjoint open sets, containing A and B respectively. U

Urysohn, in his celebrated lemma, was able to prove the converse:

Lemma 8.16 (Urysohn). Let X be a normal topological space, and A, B C X are disjoint
and closed. Then there exist a continuous function f : X — [0,1] such that f[A] = {0} and

fB] = {1}.

Proof. Fix an enumeration Q N [0,1] = {r, | n € N) with r; = 1 and r, = 0. We will
construct a family of open sets (V.|r € Qn[0,1]) by induction on n € N. The family will
satisfy:

r<r =V, CVu (r,7” € QnJo,1])

Inductinon base n € {1,2}: Put V; =V, := B¢ Since X is normal, the separation
ACUCU C B¢ where U is open, is possible. Pick such U and let Vj = V,, := U.

Inductive hypothesis: Assume we had already defined V,,,V,,,....;V,, .

Induction step n + 1: Find m,l € N such that r,, := max{r; | i < n,r; < r,} and
ryi=min{r; | i < n,r; >r,} ("closest” rationals to 7,41 so far). By the normality of X, an
open set U exists such that V,, C U C U C V;,. Define V,

We now define a function f: X — [0, 1] by

.+ = U. End of the construction.

_Jinf{rlz e V;} ifzeW
f<$)_{1 ifzeB
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In order to prove that f is continuous, it is suffice to show that f~'[0,a) and f~!(b, 1] are
open subsets of X for any a,b € R. Indeed:

FU0,a) = {z|f(x) <a} = {alFr e Qr <a,z eV} = |J Vi
0<r<a
reQ

This is a union of open sets, thus open.

0, 1) = {z]f(z) > b} = {a|f(x) < b} = {a|V"' > bz €V} ={2|I >bx ¢ V.} =
{z|Fr, 7' 7 >r>bagV,CVu}= U V,’

b<r<1
Again, this is a union of open sets, hence open. U

In order to prove our next theorem we will have to introduce the Hilbert space /5.

Definition 8.17. A natural extension of finite dimensional euclidian spaces is
b= {(21,22,...) | 7; € R,Zl’i < 0o}
neN

For any two elements x,y € {5, the inner product is defined by (z,y) 1= >\ Zn¥n. It is
well known that any inner product space is a normed space by defining

|z =yl = (o —y.x—y) (2,y € )
Notice that £, is separable. A countable dense set is {(xl, ey Zn, 0,0,..) €Ly | n € Njx; € Q}.

Theorem 8.18 (Urysohn). A second countable normal space is metrizable.?

Proof. Let X be a second countable normal space, and assume B = {B; | j € N} is a
countable base for the topology on X. Put Z := {(j,i) € Nx N | B; C B;}.

For each (j,7) € Z, by applying Urysohn’s lemma 8.16, we may pick a continuous function
fii: X —[0,1] such that f;,[B¢] = {1} and f;;[B,] = {0}. Let us enumerate these functions
(fiil (j,7) € I) = (gn | n € N) and define a function G : X — ¢, by letting for each = € /:

G(z) == (gl(x), gix)j o gnff), )
Showing that G is a homeomorphism on G[X] C ¢, will do, since a subspace of a metrizable

space is metrizable.

G is an injection: Fix x # y in X. It suffices to find (j,7) € Z such that f;,;(z) # f;.(y).
X is Ty, thus a base set B; € B exists, such that z € B; and y ¢ B;. Now, since X is normal,
a base set B; € B exists, such that x € B; C B; C By, hence, f;:(r) =1 and f;,(y) = 0.

26Recall that a second countable topological space is a space with a countable base to its’ topology.
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GG is continuous: Let x € X and € > 0. Let N be large enough so that Zn>N Lo<e?
The functions g1, ..., gn are continuous, therefore there are open sets Uy, ..., Uy, contalnlng
x, such that 25|g,(x) — gn(z,)|* < % whenever 1 <n < N and z,, € U,. Finally, for every
u e U =)<, <y Un, we have:

6() - G| = 3 D] oo

neN

We get that for every € X there existt an open set 2 € U such that G(U) C B 5.(G(x)),
that is G is continuous.

G is open: Let U be an open subset of X and pick z € U. Since X is regular there are
B;, B; € B such that » € B; C B; C B,.
Now, g, = f;; satisfies g,(x) = 0 and g¢,,(U¢) = 1, therefore, for y € U®
1 1
16(2) —~ Gl = ~5lan(x) — gul)? = .
We get that if y satisfies G(y) € B%(G(az)) than y & U°, meaning that y € U and therefore
B%(G(x)) C G(U), hence G is open. O

The previous theorem can be strengthened with some more topological arguments.
Lemma 8.19. A second countable reqular space X is normal.

Proof. Suppose A and B are mutually-disjoint closed subsets of X.
Assume B = (D,|n € N) is a countable base to X. Fix functions f: A - N,g: B — N
such that:

o Forall v € A: v € Dy(,y) C Dy(y) € B
o Forall y € B: y € Dy, C Dy, € A°.

To see such function exists, fix for instance z € A. Since X is regular, a base set D, € B
exists such that © € D,, € D,, C B°.

Enumerate {U, | n € N} = {Dy,) | © € A} and {V,, | n € N} = {Dy,) | v € B}. It
follows that A C |J,,cn Un, B € U,,en Vo, and B NU,=0,ANV, =0 for all n € N.

For every n € N, define U}, := U, \ U, Vi and V] := V, \ U, Us.

Notice that U := |J,,cy Uy, is a union of open sets, thus open. Same for V' := J, . Vi1

Also, by the choice of {U,,V,, | n € N}, A C U and B C V. We are left with showing
that U NV = (. Assume that there is x with z € U NV, that is, there are 7,5 € N with
z € U NV]. Obviously, i # j. Actually, if i < j, then z ¢ V/, and if i > j, then z ¢ Uj.
Altogether, we get that U NV = 0. O

Corollary 8.20 (Urysohn). A second countable reqular space is metrizable.
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Uy is a separable metric space. Urysohn’s theorem assures us that a second countable
regular space is separable and metrizable. On the other hand, any separable metrizable
space is second countable®” and normal (hence regular), thus the equivalence. knowing that,
we get that every separable metrizable space is homeomorphic to some subspace of /5.

Lemma 8.21 (Carlson). If (X, d) is a separable metric space and |X| < 2%, then there
exists an injection 1 : X — R such that |¢(z) — ¥ (y)| < d(z,y) for all x,y € X.

Proof. By Lemma 5.3, we may assume that Im(d) C [0,1].?® Since X is separable, we may
pick a dense subset {x, | n < w}. For each x € X, attach an analytic function on the unit
ball, f, : {y € C| |y| < 1} — C, by letting:

o0
dxxn o

n=0

Since x — (d(x,z,) | n < w) is one-to-one, and two analytic functions with different Taylor
expension are different, we have that x — f, is one-to-one.

Lemma 8.22. If f, g are two analytic functions, then As,:={z | f(2) = g(2)} is countable.

Proof. Suppose not, then we could find a compact subset K C C such that K N Ay, is
uncountable. In particular, f and ¢ are two analytic functions that share an accumulation
point, and we must have conclude that f = g. U

Put A :=U{Ay, s, | 7,y € X,z # y}. |A] < 2% since |X| < 2™, and it follows that we
may pick r € [0,In(e)] € R such that » ¢ A. Define ¢ : X — R by ¢(z) := f.(r) for all
x € X. 1 is an injection. To see that it satisfies the Lipshitz property, notice that for all
x,y € X, we have:

(@)= ()| = o) f,(r |—\Z L)y ),

n=0

o0
‘ [L’ xn - yaxn) n
E r

n=0

= ¢ d(z,y) <™ d(z,y) = d(z,y).

g

Theorem 8.23 (Carlson). If there exists an uncountable metric space which is strongly null,
then = BC.

27Consider all open balls of rational radiuses centered at elements of a countable dense set.

ZNotice that if (X, d) is strongly null, then so is (X, ﬁ).
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Proof. If ¢ = Ny, then by corollaries 3.9 and 7.15, =BC and we are done. Assume ¢ > N;.
Assume that (X, d) is an uncountable strongly-null metric space, then for all Y € [X]|*, (Y, d)
is a strongly-null metric space of cardinality < 2%. Had we known that Y is separable, we
could use Lemmas 8.21,7.8 to complete the proof. Recalling Lemma 2.6, we are left with
proving the following. U

Lemma 8.24. Assume (X, d) is a strongly null metric space, then X is second-countable.

Proof. By the hypothesis, for all n € N, we may find (2], € X | m € N) and {" € (0, 00) |
m € N} such that X C (J,,cnBen (22) and Y- e < L. A moment’s reflection makes it
clear that {B.. (z%) | n,m € N} is a base to X. O

Corollary 8.25. Suppose (X, d) is a metric space and X | S1(0,0), then w(X) = Ry.
Proof. By Observation 7.14 and the preceding lemma. U
Definition 8.26. For a topological space (X, 0), let o(X) = |O] + N,.

Corollary 8.27. Suppose (X, d) is a metric space and X | S1(0,0), then o(X) < w(x)™.

Proof. By the preceding Lemma, we may pick a base B of cardinality 8y, and then any U € O
is of the form U = [JU for some U C B, i.e., U = JU for some U € [B]=™e. O

We now work towards proving the same for Sy, (O, O).
Lemma 8.28. Suppose (X, d) is a metric space, then any open set U is F,.

Proof. Since U is open U = |J,¢;
ball of radius r; centered at x;).

B, (x;) (where I is some index set and B,,(z;) is an open

For every i € [ fix some sequence (g;, | k € N) such ¢;, — r;. Define Fy, := [, B, ().
Evidently U = U,y Fr-
U

Lemma 8.29. The property S¢in(O, Q) is o-additive.

Proof. Suppose (X,0) is a metric space, and (X,, C X | m < w) is a family of subspaces,
each satisfies Sy (O, O). We shall show that | J,,.y Xim [ Spin (O, O).

Assume (U, | n € N) is a family of open covers of J, .y Xn. Put N = ¢, An where
each A, is infinite. For m € N, by X,,, = S4in (O, O), we may find (F,, € [U,]<“ | n € An)
such that X, € UU,ca, Fm- It follows that |, ey X € UU,pen Frm- O

Corollary 8.30. Sy, (O, O) is open hereditary to any metric space.

Proof. By Observation 1.27, Sy;,,(O, Q) is closed hereditary. Now apply Lemmas 8.28,8.29.
U
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Corollary 8.31. Suppose (X, d) is a metric space and X = S, (0, 0), then o(X) < w(z)™o.

Proof. Fix a base B of cardinality w(X). Then for any open set U, there exists some U C B
such that U = [JU. Finally, by Corollary 8.30 and Observation 1.28 (applied to U), there
exists V € [U]=N such that U = |JV. Thus, we have shown that for each open set U, there
exists V € [B]="0 such that U = J V. O
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9. 12.01.06

Definition 9.1. We say that a topological space (X, O) satisfies 51(.A, B) iff for every se-
quence (U, € A|n € N), there are (U,, € U, | n € N) such that {U,, | n € N} € B.

Definition 9.2. We say that a topological space (X, O) satisfies Sy, (A, B) iff for every
sequence (U, € A | n € N), there are (F,, € [U,]<“ | n € N) such that |,y Fn € B.

Definition 9.3. We say that a topological space (X, O) satisfies Uy, (A, B) iff for every
sequence (U, € A | n € N) such that U, does not contain a finite cover for all n € N, there
are (F, € [U,]=* | n € N) such that {|JF, | n € N} € B.

We will only be interested in A, B with A, 8 C P(O) and YU = X for all U € AU B.

Observation 9.4. Suppose (X,0) is a topological space, and O denotes the family of all
open covers of X.

Proof. Same proof as in Observation 5.15. U

Observation 9.5 (monotonicity). If A1 C Ay and By C By then w(Ay, B1) = w(Ay, By)
and w(Ag, B1) = m( Az, Ba), where m € {S1, Stin, Usin}-

Lemma 9.6. Suppose (X,0) is a Lindeldf topological space, B C P(O), and let T' := I'x
denote the family of all y-covers of X .?°
Then X = Uy (', B) iff for all A, a family of open covers of X, X = Upin(A, B).

Proof. We would like to prove:
VAX EUpn(A.B) = X EUpin(T,B) = X = Upin(O,B) = VAX = Upin(A, B).

But the only non-trivial implication is X = Uy (I', B) = X = Ui (O, B).

Assume (U, € O | n € N) are given and no U,, contains a finite cover. Fix n € N. By
Lindel6fness, we may assume an enumeration U,, = {U¥ | k € N}. Let V, := {V* | k € N}
where VF .=, ., U™ for all k € N. Since U, contains no finite cover, we know that V,, € T".

By X |= Upin(T, B), there exists f : N — [N]<“ such that if we let F, := {V* | k € f(n)}
for all n € N, then {(JF,, | n € N} € B.

Define g : N — [N]<¥ by letting g(n) := {m € N | 3k € f(n).m < k} for all n € N. It is
evident that |J G, = |J F, whenever n € N and G,, := {U* | k € g(n)} € [U,]=*. O

Corollary 9.7. Suppose (X, O) is a Lindeldf topological space. Let I' :=T'x.

29Recall Definition 5.8.
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Corollary 9.8. Suppose (X, O) is a Lindeldf topological space. Let T' :=T'x.
Then X = Ui (O,1) iff X = Upip (T, T).

Proposition 9.9. 5,(O,I") is trivial
Proof. Because it implies Sy;,(O,I"). Now recall Observation 5.14. d

The same trick of the proof of Theorem 9.6 will prove that Sy (I, I') implies Uy;,, (O, T") and
that S1(I', O) implies St;,, (O, O), thus we obtain the following diagram of implications:

Ufin(O,T) —— S4in(O,0)

A

ST S1(I,0)

51(0,0)
Theorem 9.10 (Scheepers-Just-Miller-Szeptycki). Sy, (I, ') = Sy (I, I).

Proof. Suppose (X, O) is a topological space, I' := 'y, and X = S (I, T).

Assume (U, € T' | n € N) are given. By the hypothesis, there exists (F,, € [U,]<¥ | n € N)
such that | J, .y Fn € I'. By Observation 5.9, if we pick (U, € F, | n € N), then also
{U, | n € N} € I" and we are almost done.

In order to be done, we need to somehow ensure that we indeed selected an element
U, € U, for all n € N, but this wouldn’t happen in the above approach if there exists empty
F.’s. To complete the proof, we need the following. U

We now generalize the idea of Observation 7.13.

Lemma 9.11. Suppose (X, O) is a topological space, then X = Sy(I',T") iff for all (U, € T |
n € N) there exists (F,, € [U,]=' | n € N) such that {U | 3In € N(U € F,)} € T.

Proof. Suppose (U, € I' | n € N) are given. By Observation 5.9, we may assume an
enumeration U,, = {UF | k € N} for all n € N,

For each n € N, let V,, := {UFN...NU* | k € N}. Clearly, (V, | n € N) is a sequence of
y-covers, so by the hypothesis we find F,, € [V,|=! for each n € N.

Let f : N — NU {x} be the function such that for all n € N, f(n) = {x} if F, = 0, and
Fo = {U{"™ 0. U™}, otherwise. Since {U | In € N(U € F,)} € T, Im(f) is infinite,
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and the function f : N — N is well-defined:
f(n) :={f(m) [ m = min{k = n [ f(k) # +}.

For n € N, put U, := U™ . 1t is now obvious that (U, € U, | n € N) is a witness to
Sy (I, T).20 O

Observation 9.12. Assume (X, O) is a topological space, and (U, | n € N) is a sequence
of open sets such that {n € N |z & U, } is finite for all x € X.

If X # U, for alln € N, then U := {U, | n € N} is an infinite set, and in particular
Uerl.

Proof. Suppose not, then by a trivial pigeonhole argument, there exists some m € N and
infinite I C N such that U,, = U,, for all n € I. Since U,, # X, we may pick x € X \ U,, and
conclude that I C {n € N | x ¢ U, }, yielding a contradiction to the finiteness hypothesis. [

30More accurately, it is a witness to an instance of S; (I, T"), because the family (U, | n € N) were already
given.
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10. 19.01.06

Definition 10.1. A property P is a topological invariant iff every two homeomorphic spaces
either both satisfy P, or they do not satisfy it.

It is easier to think about it in the sense that topological invariants are determined by the
topology (which is determined up to an homeomorphism).
For example:

e Completeness of metrics is not a topological invariant. Despite the fact that the
spaces NN and R \ Q are homeomorphic, NV is a complete space but R \ Q@ is not.
e We have already seen that SMZ is not a topological invariant.

Assume X,Y are homeomorphic, and let ¢ : X — Y be an homeomorphism.

e First category is a topological invariant. Assume M C X is meager, hence, M C
Unen Fns where F), is closed and nowhere dense for every n € N. Now ¢[M] C
U[Unen Fr] = U, ey ¥[Fn]. Assume that for some n € N ¢[F,] is not nowhere dense,
that is, there is an open set U C Y such that U C t[F,] meaning that ¢! [U] C F,,.
But ¢! is continuous, thus ¢ ~'[U] is open, a contradiction to the fact that F, is
nowhere dense.

e Being a Luzin set is a topological invariant. Let L C X be a Luzin set, and assume
M C Y is meager. knowing the last example L N1 ~![M] is countable, but since 1 is
an injection, so is ¥ [L N 1/1_1[]\/[]} = [L] N M. The last equality holds since 9 is a
bijection. Since M is an arbitrary meager set in Y, we get that ¢[L] is a Luzin set.

Definition 10.2. Suppose P is a topological invariant property, let non(P) denote the

minimal cardinality of a space that does not satisfy property P.
We sometime call non(P) as the critical cardinality of P.

The diagram from page 60 shows implications and has the property that any property
7(A, B), where m € {S1, Sfin, Ui} and {A, B} C {O,T'}, is equivalent to one of the proper-
ties that appears in the diagram.

We now would like to show that this diagram is succinct, in the sense that there are no
more equivalent properties in this diagram. We obtain our goal by analyzing their critical
cardinalities.

Observation 10.3. non(Sf;,(0,0)) = 0.
Proof. By Theorem 4.10. O
Observation 10.4. non(Uy;,(O,T)) = b.
Proof. By Theorem 5.18. U
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Observation 10.5. non(S;(0, 0)) = cov(M).
Proof. By Corollary 7.22, Theorem 7.19 and Fact 7.34. O

Observation 10.6. Suppose P,(Q are topological properties, and P — @, that is, for any
space X, X = P only if X = Q. then non(P) < non(Q).

Lemma 10.7. non (5;(T,0)) = .

Proof. By the preceding observation, by S1(I', O) — S}, (O, O), and by non(Sy:, (0, O)) =
0, it suffices to show that if (X, O) is a topological space and | X| <, then X | S;(I",O).
Suppose (U, € T' | n € N) are given. By Observation 5.9, we may assume an enumeration
U, ={U* | k € N} for all n € N. For all z € X, define f, € N¥, by letting for all n € N:
fo(n) ;== min{m € N | Vk > m(z € UF)}.

By | X| < 0, we may pick some g € NY such that g £* f, for all z € X.
For all n € N, let U, := UJ™. We claim that {U, | n € N} € O. To see this, fix z € X.
Let n € N be such that f,(n) < g(n), then, by definition of f,, = € Ul =y, O

Thus, we obtain the analogue of Corollary 7.24.

Corollary 10.8. If X C R is d-concentrated at one of its countable subsets, then X =
S1(T,0).

Proof. Divide to odds and evens like in the proof of Observation 3.17. O
Lemma 10.9. non(S;(I',T")) = b.

Proof. By S1(I',T') — Uyt (O,T), and non(Uy;,, (O, ")) = b, it suffices to show that if (X, O)
is a topological space and |X| < b, then X = Si(I',T).

Suppose (U, € I' | n € N) are given. By Observation 5.9, we may assume an enumeration
U, ={U" | k € N} for all n € N. For all z € X, define f, € N¥, by letting for all n € N:

fo(n) :=min{m € N | Vk > m(x € U)}.

By |X| < b, we may pick some g € N¥ such that {f, | + € X} C {g}. Foralln € N, let
U, := US"™. We claim that {U, | n € N} € O. To see this, fix z € X.

Let m € N be such that f,(n) < g(n) for all m > n, then, by definition of f,, we have
that = € U™ = U, for all n > m and we are done. O

By Lemma 1.9, b < 0, and by Observation 5.9, cov(M) < 0. Assuming CH they are all
equal, but it is also consistent to have b < 0 or cov(M) < 9. Thus:

Corollary 10.10. 5{(I',T") - S1(0,0), Si(I', O) - S;:in(O,T) and S1(O, O) - Usipn(O,T).
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Also recall Theorem 6.13 that shows that Sy, (O, O) - Upin (O, T).
Thus, to claim that the diagram is succinct, we still need to seperate Si(I',T") from
Utin(O,T) and S1(T', O) from St;, (O, O).

Ufzn(oa F)a b —— Sfm(Oa O)J 0

A

Si(I,T), b S1(I,0),0

51(0,0), cov(M)

Theorem 10.11 (Scheepers-Just-Miller-Szeptycki). The cantor space satisfies Syin(O, O)
and Uy, (O,T) but does not satisfy S1(I', O) and S;(I',T).

Proof. Let X := {0,1}" be the cantor space. X is compact, so by Lemma 5.16, X |=
Upin(O,T'), and hence also X = Syin (O, O).

To show that X |= —S1(y, O) A =S (I',T), it suffices to show that X & Sy (I', O). We first
need the following lemma:

Lemma 10.12. There ezist a matriv A = (A", | m,n € N) satisfying :
(1) Each element of the matriz is closed subset of the cantor space.
(2) Fizing m € N, (A" | n € N) are disjoint.
(3) For different my,...,mp € N, NARL --- N AP # 0, for allny,...,n, € N.

Proof. Omitted. O

Now, for each m € N, let U,,, := {X \ A | n € N}. By property (1), members of U,, are
open sets. Together with property (2), we get that U, € T.

Finally, assume a sequence (U,, € U,, | m € N). For all m € N, there exists some
nm € N such that U,, = X \ A%. By property (3), F := {A"» | m € N} satisfies the finite
intersection property. Together with with property (1), we obtain that (| F # ), and hence
{Un|meN} &O. O

Corollary 10.13. For all X C R, if X contains a perfect subset, then X (= S1(T", O).

Proof. If X contains a perfect set, then it contains a closed subset which is homeomorphic
to the cantor space. Now, it is easy to see that Si(I', O) is a closed-hereditary property. O

Corollary 10.14. If X C R is an uncountable F, set, then X [~ S;(T', O).
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Proof. Since any uncountable F), set contains a closed perfect subset. O
Theorem 10.15. It is consistent that b = cov(M), while Uy, (O,T") # S1(0O, O).

First proof. By the arguments of Observation 5.23, if cov(M) = cof (M), then there exists a
set X C NN which is <*-unbounded and cov(M)-concentrated on its dense countable subset,
by Corollary 7.24, X = 51(0, O), and by Theorem 5.19, X B Uy, (O, 1),

Finally, assuming CH, we indeed have b = cov(M) = cof (M). O

The essence of the preceding proof is Corollary 4.5 that implies that any Luzin subset of
NN is <*-unbounded. Also notice that since any Luzin set L C R satisfies S; (O, ©O), and the
latter implies SMZ, then there must exist some dense subset of R which is disjoint from L.

Observation 10.16. A Sierpinski does not satisfy S1(O, Q).

Proof. By Observation 7.14 and Proposition 7.3, if S = S;(O, O), then S is a null set. A
Sierpinski set is an uncountable set have countable intersection with any null set, so it cannot
be itself a null set. O

Lemma 10.17 (Scheepers-Just-Miller-Szeptycki). Any Sierpinski, S, satisfies Sy(I',T").

Proof. Suppose (U, € T' | n € N) are given. By Observation 5.9, we may assume an
enumeration U,, = {U¥ | k € N} for all n € N. For all x € X, define f, € NN by letting for
alln e N:

fo(n) ;== min{m € N | Vk > m(z € UF)}.
We claim that z +% fz is a Borel map. Fix a finite function o : {1,..,m} — N, we need to
show that A :=v¢~![o'] is a Borel subset of S. Indeed, A = N{A}, A3 | 1 < n < m}, where:

A ={zeS|VkzomxeUl}= (] UL
k:a(n)

Ap={reS|Fk<om@gUnt= |J S\UL
k<a(n)
If follows Claim 5.29 that we may pick some g € NY such that {f, | z € X} C {g}. For
all n € N, let U, := US™. We claim that {U, | n € N} € O. To see this, fix z € X.
Let m € N be such that f,(n) < g(n) for all m > n, then, by definition of f,, we have
that = € Uﬁ(n) = U, for all n > m and we are done. O

Corollary 10.18. [t is consistent that b = cov(M), while S;(I',T") # S1(O, O).

Proof. By Corollary 3.8, assuming CH, there exists a Sierpinski set, S, and also b = cov(M).
O
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11. 26.01.06

Definition 11.1. An open cover U is an w-cover of X iff:

e For every finite set F' C X there exist U € U such that FF C U.
e X ¢U.

We denote the family all w-covers of X by €.

Observation 11.2. IfU is an w-cover of X, then for every finite subset F' C X there are
ifinitely many U € U such that F C U. In particular, U is infinite.

Proof. For all U € U, pick zy € X \ U arbitrarily. Fix F' € [X]<“.
We define an infinite family {U,, | n € N} by induction. Let U; be such that F' C Uj, and
let Uy,41 be such that FU{Xy,,.., Xy, } C Uyi1- O

We denote by C'(X) the set of all continuous functions from X to R. We will consider this
as a topological space, and the topology will be inherited from R* 2 C'(X). This topology
is determined by pointwise convergence, that is, f, — f iff f,(x) — f(x) for all x € X. This
topological space is not metrizable, thus the closure operator is not easy to figure.

Definition 11.3. A topological space X satisfies the Frechet-Urysohn (FU) property iff for

every A C X and every a € A there exist a sequence (a,|n € N) such that a, — a.>!

Definition 11.4. A topological space satisfies the property (“g) iff for every U € A there
exist V C U such that V € B.

For example, denote by @ all finite open covers. The property (g) is compactness.
Theorem 11.5 (Gerlitz-Nagy). C(X) satisfies the FU property iff X = (}).

The property ((FZ) is also known as the y-property and is equivalent to S;(£2,T"):
Lemma 11.6. S;(Q,T) implies (7).

Proof. Suppose (X, O) is a topological space. Q := Qx, ' :=Tx, and X = 5;(Q,T).
Fix U € Q. For all n € N, let U, := U. It follows from X = S1(Q2,I') that there exists
(U, € U, | n € N) such that {U, | n € N} € I". Since {U,, | n € N} CU, we are done. O

Theorem 11.7. 5;(Q,T) = (?)

3n a general topological space, a sequence {a, | n € N) converges to a iff every open set containing a,
contains the tail of the sequence.
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Definition 11.8. The Rothberger space is [N¥ := (A C N | |A] = Ry).
e For ABCN: AC*Biff |A\ B| < w.
o F C [N is centered iff every Ay, ..., Ay € F satisfies ),, Ay is infinite.
o A e [N is almost intersection of F iff for every B € F, A C* B.
e p:=min {|F| | F C [N is centered and F does not have an almost intersection}.

Lemma 11.9. p > N,.

Proof. Suppose F := {B,, € [N]* | n € N} is centered. For alln € N, put 4, := B;N...N B,
by the hypothesis on F, A, # 0, so pick =, € A, \ {x1,..,2,_1}. It is now obvious that
A ={z, | n € N} is an almost intersection of F. O

Lemma 11.10. Suppose (X, O) is a topological space, and the product space X* is Lindelof
for all k € N, then any w-cover contains a countable w-cover.

Theorem 11.11. non((?)) =p.

Proof. Suppose X € [R]<P and U € Q. By the preceding lemma, we may assume an enumer-
ation Y := {U, | n € N}. Forall z € X, let A, := {n € N |z € U,}. By Observation 11.2,
A, € [N for all z € X and F := {A, | * € X} is centered.

Since |F| < |X| < p, we may pick an almost intersection B € [N]*°.

We claim that {U, | n € B} € T. Indeed, if z € X then B\ A, is finite, that is,
{n € B|x¢U,} is finite.

We shall now introduce a set X C NV of cardinality p with X [~ (?)

By definition of p, there exists a centered family X C [N]* of cardinality p with no almost
intersection. For each n € N, let U, := {A € [N[* | n € A}, this is an open set and
U :={U, | n € N} € Qx, because if ' C X is finite, then centeredness of X implies that
I =) F is infinite, and hence I C{n e N| F C U,}.

Finally, suppose there exists a strictly increasing function & : N — N such that {Uy) | n €
N} € I'y. We claim that B := Im(k) is an almost-intersection of X which is a contradiction.
Indeed, for A € X, if {n € N| A& Uy} is finite, then B\ A is finite. O



68 ASSAF RINOT AND ROY TEPER
12. 02.02.06

Definition 12.1. For families A, B, let G1(A,B) denote the game of length w, where at
round n € N, player I picks U,, € A and player II responds with picking U,, € U,,.
IZ Z/{l € .A UQ € .A

N / N
IT: U el Us € Uy

Player IT wins this game if {U, | n € N} € B, otherwise, player I wins the game.

Let Seq(A) denote the family of finite sequences (including the empty sequence) with
elements from a given set A. If s = (x1, .., 2,,) € Seq(A) and z € A, then s~z := (21, .., 2, T).

Definition 12.2. A function o : Seq(|J A) — A is a winning strategy for player Iin G (A, B)
iff player I plays according to this strategy, then he wins the game:
I: Lll = 0'(@) Z/{Q = O'<U1> U3 = 0'<U1,U2>
N\ / N\ /
11: U el Uy e Uy

Definition 12.3. A function 7 : Seq(A) \ {0} — |JA is a winning strategy for player II in
G1(A, B) iff player II plays according to this strategy, then he wins the game:

I. e A U, e A

N\ / N\
II: U1 = T<U1> U2 = T<U1,U2>

Definition 12.4. For a given families A, B, we write I T G1(A, B) to denote that player I
has winning strategy in G(A, B). We define I ¥ G1(A,B),I11 1 G1(A, B),I1 ¥ G1(A, B) in
the obvious fashion.

The game G1(A, B) is said to be determined iff 1T G1(A,B) VII T G1(A,B).

Note that both players cannot have a winning strategy in the same game.

Observation 12.5. Suppose (X, O) is a topological space, and A, B are given families.
Then X =117 G1(A, B) implies X =17 G1(A, B) implies X = S1(A, B).

Notice that if G1(.A, B) is determined, then X EII T G1(A,B) iff X 1V G1(A,B).

Lemma 12.6. Suppose (X, 0) is a topological space.
We define the following cardinal function invariant:

§(X) := min{x + Ny | 3F € [[O]=". WU € f(Uu - X) AV € Hf(y (Im(g)] < fg)}.

Lemma 12.7. If (X,d) is a metric space, then §(X) < d(X).



INFINITE COMBINATORIAL TOPOLOGY 69

Proof. Put k :=6(X). Let D :={z; | i < k} enumerate a dense subset of X.

Let F := {U, | n € N}, where Uy, := {B,(z;) | i < x,7 € QN (0, =7)} for all n € N.

Since [U,] < Vg -k = k for all n € N, we have that F € [[O]=%]¥ where O denotes the
family of all open sets in this metric space. In particular, F € [[O]=F]=".

Since D is a dense subset, we also have that | JU,, = X for all n € N.

Finally, if ¢ € [[F is a choice function, then letting U,, := ¢(U,) for all n € N, we get
that lim,., Diam(U,) = 0, and hence (Im(¢) <1 < k. O

Theorem 12.8. Suppose (X, O) is a topological space, O = Ox, and X 11T G1(0,O).
Then | X| < 6(X).

Proof. Let F € [[O]="]=F be a witness to the value of k := §(X). We shall examine the

outcome of the game G1(O,O) when player II plays with a winning strategy, 7, against

members of F. For any sequence s € Seq(F), let As := {7(s"U) | U € F}. Since U
7(s™U) defines a choice function on F, we know that |A;| < k.

Claim 12.9. A = cgeqr) N As is of cardinality < k.

sESeq

Proof. |F| < k, and the latter is an infinite cardinal number, thus | Seq(F)| < k.
It follows that A is the union of length at most x of sets of at most cardinality x. O

Claim 12.10. A= X.

Proof. Suppose not and pick x € X \ A. It follows that for all s € Seq(F), there exists some
U € F such that € 7(s~U). This implies that we may define inductively, a sequence (U, €
F | n € N) such that « & 7({U,,..,U,) for all n € N. In particular | J, . 7(Us,...Un) # X, a
contradiction to the assumption that 7 is a winning strategy for I in G1(O, O). U

It follows that | X| = |A| < k. O

Corollary 12.11 (Telgarski). If (X, d) is a separable metric space, then X =11 1T G1(O, O)
iff X is countable.

Proof. If X is countable, then it is easy to introduce a winning strategy for IT in this game.
For the other direction, we apply to Theorem 12.8 and Lemma 12.7 to conclude |X| <
(X)) < (X) =N, O

Define the game G;,(\A, B) in the obvious fashion, then:
Theorem 12.12 (Telgarski). For all X CR, X =111 Gy, (O, O) iff X is o-compact.
Proof. Essentially the same as in the proof of 12.8. U
Theorem 12.13 (Pavlikowsky). For all X CR, X EI YV G1(0,0) iff X = S1(0,0).
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Corollary 12.14. [t is consistent that the game G1(Ox,Ox) is determined for all X C R.

Proof. Assume the Borel conjecture 7.5 (Recall that BC is consistent). Fix X C R.

If X = 51(0,0), then by Observation 8.1, | X| < ¥, together with Corollary 12.11, we
conclude that IT T G1(O,, Ox).

Suppose X £ S1(0,0), then by Theorem 12.13, we have I T G1(O,, Ox). O

Corollary 12.15 (Rectaw). [t is consistent to have some X C R such that the game
G1(Ox,Ox) is not determined.

Proof. Let L C R be a Luzin set. L = S1(0, O), thus by Theorem 12.13, L = I Y G1(O, O).
L is uncountable, thus by Corollary 12.11, L = II 7 G1(O, O). d
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