KNASTER AND FRIENDS II: THE C-SEQUENCE NUMBER

CHRIS LAMBIE-HANSON AND ASSAF RINOT

ABSTRACT. Motivated by a characterization of weakly compact cardinals due
to Todorcevic, we introduce a new cardinal characteristic, the C-sequence num-
ber, which can be seen as a measure of the compactness of a regular uncount-
able cardinal. We prove a number of ZFC and independence results about
the C-sequence number and its relationship with large cardinals, stationary
reflection, and square principles. We then introduce and study the more gen-
eral C-sequence spectrum and uncover some tight connections between the
C-sequence spectrum and the strong coloring principle U(...), introduced in
Part I of this series.

1. INTRODUCTION

A common theme in modern set theory, running through the study of large
cardinals, combinatorial set theory, and inner model theory, is the investigation
into the compactness properties of uncountable cardinals and the extent to which
large cardinal properties can hold at “small” cardinals. Two prominent compact-
ness properties of an uncountable cardinal k, each of which is equivalent to weak
compactness, are:

(P1) the partition relation £ — (x)j holds for all n < w and 0 < k;

(P2) every C-sequence (Cj | 8 < k) is trivial (see Theorem 1.5 for a precise

statement).

Another compactness property which holds at every weakly compact cardinal k
but, by [CL17], does not characterize weak compactness is:

(P3) the class of k-Knaster posets is closed under v-support products for every
v < K.

This series of papers, in which the present work forms Part II, is devoted to
the investigation into the ways in which graded families of strong negations of
the above properties (P1)—(P3) can serve to measure the incompactness of regular
uncountable cardinals, and to the exploration of the network of implications and
non-implications that exist among these families of incompactness properties. Part I
of the series [LHR18] is concerned with strong negations of properties (P1) and (P3),
and their connection. Let us recall some of the relevant definitions and results from
[LHR18] here. In what follows and throughout the paper, x denotes a regular
uncountable cardinal, and ¥, 6, and p denote cardinals < k.

Definition 1.1 ([LHR18]). U(k, u, 0, x) asserts the existence of a coloring ¢ : [r]? —
0 such that for every x’ < x, every family A C [s]X consisting of k-many pairwise
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disjoint sets, and every i < 0, there exists B € [A]* such that min(c[a x b]) > i for
all (a,b) € [B]?.!

Fact 1.2 ([LHR18]). Suppose that x,0 are regular and that  is (<x)-inaccessible.
For every coloring c : [k]?> — 0 witnessing U(k, 1,0, x), there exists a corresponding
poset P such that

(1) P is well-met and x-directed closed with greatest lower bounds;
(2) if u=2, then P7 is k-cc for all 7 < min({y, 0});

(3) if p =K, then PT has precaliber x for all 7 < min({x, 0});

(4) P? is not k-cc.

Much of Part I is devoted to analyzing situations in which U(...) necessarily
holds and, moreover, is witnessed by closed colorings. As a corollary, we obtained:

Fact 1.3 ([LHR18]). If the class of x-Knaster posets is closed under w-powers,
then K is inaccessible and every stationary subset of k reflects at an inaccessible
cardinal.

In this paper, which can be read largely independently of [LHR18], we take our
investigations of U(...) in a slightly different direction, by bringing property (P2)
into the picture. We introduce and study a cardinal characteristic for regular,
uncountable cardinal k, which we denote by (k) and call the C-sequence number
of k. This new cardinal characteristic is connected with our coloring principle in the
sense that it serves as a natural candidate for the fourth parameter of U(k, &, 8, x),
especially in the case § = w. Yet, as time passes, it becomes evident that it is of
interest in its own right.

To motivate our definition, let us recall Todorcevic’s characterization of weakly
compact cardinals.

Definition 1.4. A C-sequence over k is a sequence (Cj | 8 < k) such that, for all
B <k, Cs is a closed subset of 8 with sup(Cg) = sup(B).

Theorem 1.5 (Todorcevic, [Tod87, Theorem 1.8]). For every strongly inaccessible
cardinal K, the following are equivalent.

(1) k is weakly compact.
(2) For every C-sequence (Cg | B < k) there exist A € [k]" and b: k — K such
that AN a = Cyq) Na for every a < k.

We are now ready for the main definition of the paper, which, in light of the
preceding theorem, suggests a way of measuring how far an inaccessible cardinal x
is from being weakly compact. As we shall see, though, it is of interest for successors
of singular cardinals as well.

Definition 1.6 (The C-sequence number of k). If x is weakly compact, then let
X(k) := 0. Otherwise, let x(x) denote the least (finite or infinite) cardinal x < k
such that, for every C-sequence (Cp | 8 < k), there exist A € [k]" and b : K — [K]X
with ANa C Uﬁeb(a) Cj for every a < k.

With this definition in hand, it is also natural to consider the C-sequence spec-
trum of a cardinal k, which can provide additional information.

IWe refer the reader to the ‘Notation and conventions’ subsection at the end of this introduction
for explanation of any nonstandard notation, and in particular for our conventions regarding
elements of [B]? for a set B.
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Definition 1.7 (The C-sequence spectrum of k).

(1) For every C-sequence C = (Cp | B < k), x(C) is the least cardinal x < &
such that there exist A € [£]" and b: k — [&]¥ with AN a € Ugepa) O
for every a < k.

(2) Cspec(k) := {x(C) | C is a C-sequence over £} \ w.

In this paper, we present a number of both ZFC results and consistency results
regarding the C-sequence number and C-sequence spectrum, in particular explor-
ing how these concepts interact with large cardinal notions and square principles.
Among these results are the following.

Theorem A. (1) If the class of k-Knaster posets is closed under w-powers,
then x(k) < 1.
(2) If x(k) < 1, then k is greatly Mahlo.
(3) If x(k) > 1, then min(Cspec(k)) = w and max(Cspec(k)) = x(k).

(4) Every finite family of stationary subsets of E;x(n) reflects simultaneously.

Proof. (1) follows from Fact 1.2 and Lemma 5.8. (2) follows from Lemma 2.12(3).
(3) follows from Lemma 2.2(3), Corollary 5.23 and Theorem 4.7. (4) is Lemma 2.2(4).

O
Theorem B. Any of the following implies that Reg(x) C Cspec(k):
(1) O(k, <w) holds;
(2) K is a successor of a regular cardinal;
(3) & is an inaccessible cardinal which is not Mahlo.
Proof. This is Corollary 5.26. ]

Theorem C. (1) If x(k) = 0, then for every x € {1} UReg(k + 1), there
is a (<r)-distributive forcing extension in which x(k) = x and Reg(x) C
Cspec(k).

(2) It is consistent that x(R,41) = Ny,. Assuming the consistency of a super-
compact cardinal, it is also consistent that x(Ny,11) = w.

(3) If X is a singular limit of strongly compact cardinals, then x(A\T) = cf(\)
and Reg(cf(N)) C Cspec(AT).

(4) If X is a singular limit of supercompact cardinals, then, for every x €
Reg(A) \ cf(N), there is a (<AT)-distributive forcing extension in which
x(AT) = x and Reg(x) C Cspec(AT).

Proof. (1) follows from Corollary 2.6, Theorem 3.3 and Theorem 3.4. (2) follows
from Corollary 2.6 and Theorem 3.12. (3) follows from Theorem 2.14 and Theo-
rem 5.29(1). (4) follows from Theorem 3.6 and Corollary 5.25. O

We then go back to the theme of property (P1) and uncover an unexpected
connection between the C-sequence spectrum and the third (and fourth) parameter
of the principle U(...).

Theorem D. For every 6 € Reg(k), the following are equivalent:
(1) 0 € Cspec(k);
(2) There is a closed witness to U(k, k,0,0).

Proof. This follows from Corollary 5.21. (]
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1.1. Organization of this paper. In Section 2, we introduce the C-sequence
number and prove some basic results regarding it, in particular settling its be-
havior at successors of regular cardinals. In Section 3, we present a number of
consistency results concerning the C-sequence numbers, the principle U(...), and
related matters, at both inaccessible cardinals and successors of singular cardinals.
These consistency results will, among other things, indicate that certain results
both from this paper and from [LHRI18] are sharp. In Section 4, we study the C-
sequence spectrum, which provides more information about a cardinal x than the
C-sequence number alone. In Section 5, we investigate connections between the
C-sequence spectrum and U(...), in particular proving the theorems that yield the
corollaries listed above. In Section 6, we present some open questions and closing
remarks.

1.2. Notation and conventions. When constructing a C-sequence (Cg | 8 < k),
we automatically let Cigyq := {8} for all 8 < & unless we explicitly note otherwise.

We say that k is (<x)-inaccessible iff, for all v < x and A < K, \¥ < k. We
denote by Hy the collection of all sets of hereditary cardinality less than Y, where
T is a regular cardinal sufficiently large to satisfy that all objects of interest are in
Hy.

Card denotes the class of infinite cardinals, and Card(x) denotes Card Nk. Simi-
larly, Reg denotes the class of infinite regular cardinals, and Reg(x) denotes RegNk.
It will frequently be convenient for us to refer to the cardinal sup(Reg(x)), where x
is an uncountable cardinal. Note that if & is a limit cardinal, then sup(Reg(x)) = &,
and if  is a successor cardinal, then sup(Reg(x)) is the immediate predecessor of
K. By denotes the set {a < k| cf(a) = x}, and B, EE,, Ef , etc. are defined
analogously. Unless otherwise specified, we will say that a cardinal « is inaccessible
if it is weakly inaccessible, i.e., if it is a regular limit cardinal, and we will say that
k is Mabhlo if it is weakly Mahlo, i.e., it is inaccessible and Reg(k) is stationary in
K.

For a set of ordinals a, we write ssup(a) := sup{a+1 | a € a}, acc™(a) := {a <
ssup(a) | sup(a Na) = a > 0}, acc(a) := a Nacct(a), nacc(a) := a \ acc(a), and
cl(a) := aUacct(a). For sets of ordinals a and b, we write a < b if, for all @ € a
and all 8 € b, we have a < 8. For a set of ordinals a¢ and an ordinal 3, we write
a < B instead of a < {8} and 8 < a instead of {8} < a. For a set of ordinals A,
Tr(A) denotes the set {5 € E;SEP(A) | AN QB is stationary in S}.

For any set A, we write [A]X := {B C A | |B] = x} and [A]<X := {B C A |
|B] < x}. In particular, [A]? consists of all unordered pairs from A. In some
scenarios, we will also be interested in ordered pairs from A. In particular, if A is
either an ordinal or a collection of sets of ordinals, then we will abuse notation and
write (a,b) € [A]? to mean {a, b} € [A]? and a < b.

2. THE C-SEQUENCE NUMBER

In this section, we initiate our study of the C'-sequence number. Our first lemma
will be useful in our later analysis and asserts that sets A and functions b as in
Definition 1.6 can always be chosen to have certain nice properties. In what follows,
let us call a function b : k — [k]X progressive if min(b(a)) > « for all @ < k.

Lemma 2.1. Suppose that
o (C3| B < k) is a C-sequence;
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o x < sup(Reg(k)) is a cardinal;

o A AT € [k]" are sets;

o b : A— [[]SX is a function satisfying A’ Na C Usep () C for all a € A.
Then the following two statements hold.

K

(1) For every stationary ¥ C E%, , there exist Ao, Ay € [K]", and a progressive
function b : k — [[)SX such that
b AO g A,f'
e acct(A)NEL, C Ay
e ApgNa C Uﬁeb(a) Cs for all o < k;
o Ay N C Ugepa) ace(Cp) for all oo < k;
{a € £ VB € b(a)[sup(Cp Na) = a]} is stationary.
(2) If x is a positive integer, then there exist A € [A']" and a functionb: k — T
such that AN a C Cyay for all a < k.

Proof. Tt is easy to extend dom(d’) to the whole of x by sending each o < k to
b (min(A \ «)). Thus, we shall assume that A = k.

(1) Let X C E%, be stationary. For all a € X, we have cf(a) > x > [0'(«)], and
hence we may define a regressive function f : % — k by letting, for all o € %,

f(a) :=sup({sup(Cs Na) | B €' (a), sup(Cs Na) < a}).
By Fodor’s Lemma, let us fix an ¢ < x for which T' := f~!{¢} is stationary.

For all a < k, set o/ := min(T \ «). Then, consider the progressive function
b: k — [[]=X, defined by letting, for all a < &,

bla) :={B el (a)|sup(Csna’) =a'}.

As o =o' for all @ € T, we have that {o € £ | V3 € b(a)[sup(Cs Na) = a]} covers
the stationary set T'.

To see that Ag := A"\ (e +1) and Ay := E%, Nacct(A"\ €) are as sought, fix
an arbitrary a < k.

> Let § € Ag N« be arbitrary. As § € A’ N/, we may find some § € V(o)
such that 6 € Cg. In particular, sup(CgNa’) > 6 > € = f(a'), meaning that
sup(CsgNa’) =a', s0 B € b(a).

> Let 6 € AjNa be arbitrary. Fix d C A’\e with ssup(d) = 6. Asd C A'Ne/, we
have d C Ugey (o) Cs- But cf(5) > |b'(e)], and hence we may find some 3 € b'(a)
such that sup(d N Cg) = §. In particular, sup(CsNa’) > § > € = f(a'), meaning
that sup(Cs Na’) = o’. Consequently, 8 € b(a) and ¢ € acc(Cjg).

(2) By Clause (1), we may assume that A’ is a club and that ¥’ is progressive.
To avoid trivialities, suppose also that x > 1, and let n:= x — 1.

Clearly, if D := {6 € A" | Va € (6,K)[6 € (Ngep () Cpl} is cofinal in &, then we
may simply take A := D, and then any b : k — T satisfying b(«) € ¥ («) for all
a < K, will do. Thus, suppose that D is bounded below x. We will find an € < k
and a function b : £ — [I']" such that (A"\ €) Na € Ugeya) Cp for all a < k. The
result will then follow by induction.

For each 6 € A"\ D, find as € (4,k) and 35 € V'(as) such that § ¢ Cs;. In
particular, sup(C, Nd) < . Use Fodor’s Lemma to find an & < x and a stationary
T C A’\ D such that sup(Cs, Nd) =¢ forall 6 € T.

Let € := e+ 1, and define b : k — [I']"” by letting, for all « < &,

b(a) = b/ (amin(T\a)) \ {6min(T\a)}~
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To see that € and b are as sought, fix arbitrary o < x and § € (A’ \ €) Na. Set
0" :=min(T\ ). Asd < a < < ay, we have § € A'Nag/, and we may pick some
B € V'(as) such that 0 € Cz. We know that sup(C,, Nd') =e <e<d <a < ¢,
and hence 0 ¢ Cg,,. So f # fBs:, and § € b(a). |

We are now ready to record a few basic facts about x(x).

Lemma 2.2. The C-sequence number satisfies the following properties.
(1) x(r) < sup(Reg(x)).
(2) For every infinite cardinal A, we have cf(\) < x(AT) < A. In particular, if
A is regular, then x(A1) = .
(3) If x(k) > 1, then x(r) > w.
(4) Every finite family of stationary subsets of E
(5) If V=L, then x(r) € {0,sup(Reg(x))}.

K

Sx (k) reflects simultaneously.

Proof. (1) To avoid trivialities, suppose that sup(Reg(x)) < . Then k = AT for
A := sup(Reg(x)). To see that x(k) < A, let C = (Cg | B < k) be an arbitrary
C-sequence, and set A := Uﬁeacc(n) Cp. Clearly, A € [k]". Now, for every o < k,
as |[ANal <, it is trivial to find b(a) € [k]* such that ANa C Useb(a) Cs-

(2) By Clause (1), it suffices to verify that cf(A) < x(AT). To this end, let
k= AT, and let € = (Cs | B < k) be a C-sequence such that otp(Cjs) < X for
all B < k. Fix A € []® and b : & — [k]X(%) such that A Na C Useb(a) Cs for
every a < k. Let a € A be the unique ordinal to satisfy otp(A Na) = A%, so
otp(Ugep(a) C8) = A2. As the union of fewer than cf(\)-many sets, each of order
type less than A%, has order type less than A%, it follows that x(x) = |[b(a)| > cf(N).

(3) This follows immediately from Lemma 2.1(2).

(4) Suppose for the sake of contradiction that n is a positive integer and (S; | i <
n) is a sequence of stationary subsets of E;X(K) that does not reflect simultaneously.
Let (Cg | B < k) be a C-sequence such that, for all 8 < &, for some i(8) < n,
acc(Cp) N S;(g) = 0. For each i < n, let T; := {f € acc(x) | i(B) = i}.

As S is a stationary subset of EZ, ), we know that x(x) < sup(Reg(x)). We
shall show that, for all i < n, there exist A; € [k]* and a function b; : k — [k]X(®)
such that, for all a < &,

o Ajna S Ugep(a) Css

e bi(a)N Uj<7,' T; =0;

e min(b;(a)) > o
AsU, <, Tj = acc(k), this will mean that b, () € nacc(x), and hence | Ugey,, () Csl =
X (k) for all a < k, contradicting the fact that (y(k))" < &.

The proof is by induction on 4.

» For i = 0, we do the following. As (k) < sup(Reg(k)), by the definition
of x(k) and by Lemma 2.1, we may find A € [k]® and a progressive function
b:rk — [k]X() such that ANa C Ugeb(a) Cs for all o < k. Now, let Ag := A
and define by by letting bg(«) := b(a + 1) for all a« < k. Clearly, Ag and by are as
sought.

» Suppose that i < n and that A;, b; have been defined. Define f : S; — & by
setting, for all « € .5;,

f(a) == supfsup(Cs Na) | B € bi(a) NTi}.
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For all a« € S; and 8 € b;(a)NT;, we have 8 > a and o ¢ acc(Cj), so sup(CgNa) <
a. f is therefore regressive, and we may fix some € < & for which A := f~1{e}
is stationary. Let A;11 := A; \ (e + 1) and define b;11 by letting, for all « < &,
bit1(a) := b;(min(A \ a)) \ T;.

To see that A;1q1 and b; 1 are as sought, fix an arbitrary a < k. Set o' :=
min(A\ «), so that min(b;+1(«)) > min(b;(a’)) > o’ > a. Finally, let 7 € A, 11 N
be arbitrary. As 7 € A1 N € A; N/, we may pick 5 € b;(a’) such that 7 € Cp.
Then sup(Cg Na’) > 7 >e€= f(/), so B ¢ T;, and hence § € b;41().

(5) If V = L and & is a regular uncountable cardinal that is not weakly compact,
then, for every x € Reg(k), EY contains a stationary subset that does not reflect.
The result now follows from Clause (4). O

Remark 2.3. e Clause (2) is sharp, as witnessed by Theorem 2.14 below.
e Clause (4) is sharp, as, by Clause (2), for every x which is the successor of
a regular cardinal, E;(K) is stationary and non-reflecting. It is also sharp
in another sense; by Theorem 3.4 below (using 6 := w), it is consistent that
for some strongly inaccessible cardinal k, x(k) = w, and there is a family S
K

consisting of countably many stationary subsets of EZ  such that S does
not reflect simultaneously.

Corollary 2.4. If k = AT and Oy < (n) holds, then x(k) = X. In particular, it is
consistent for x(k) to be a singular cardinal.

Proof. Suppose that £ = A" and 0, () holds. By Clause (2) of Lemma 2.2,
cf(\) < x(k). In particular, we may assume that X is singular. By the proof of
[CM11, Lemma 2.2, Oy < f(x) implies that any stationary subset of AT contains
a stationary subset that does not reflect. Thus, by Clause (4) of Lemma 2.2

x(r) = sup(Reg(x)) = A. 0

Remark 2.5. The preceding result is sharp in the sense that [1y () does not imply
X(AT) = X; this follows from Theorem 3.7 below.

Corollary 2.6. If O(k, <w) holds, then x(x) = sup(Reg(k)).

Proof. By [HLH17, Theorem 2.8], O(k, <w) implies that any stationary set S C k
contains two stationary subsets Sy and S7 such that Tr(Sp) N Tr(S1) = . Now,
appeal to Lemma 2.2(4). O

We next argue that, if x is inaccessible and x(k) is small, then £ must have a
high degree of Mahloness. Before we precisely state and prove this result, let us
recall some facts about canonical functions and the Mahlo hierarchy.

Definition 2.7. Suppose that n < k™. A function f : k — & is a canonical function
on k of rank 7 if there exists a surjection e : Kk — 1 and a club C C « such that,
for all @ € €, we have f(a) = otp(e[a]). We let ) denote the set of all canonical
functions on k of rank 7.

For a function f : k — k, we let f 4+ 1 denote the unique function g : kK = &k
satisfying g(a) = f(a) + 1 for all & < k. For two functions f, g : k = k, we write
f =" g if there is a club C' C k such that f(a) = g(a) for all & € C. It is easily
verified that, if f,g: & — &, n < kT, and f € £, then g € 7 if and only if g =* f.
We now recall some basic facts about canonical functions. For proofs of these facts,
see [Jec84, §3] and [KS11, §1].
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Fact 2.8. (1) For all p < k, the constant function taking value n is in £y
(2) The identity function is in 7.
(3) Ifn < w* and f € £, then f +1 € £y ;.

(4) If n < k™ and f € £, then there is a club C C Kk such that, for all
uncountable o € C NReg(k), fla € )

(5) Suppose that ¢ < n < k% and e : kK — 1 is a surjection. Define f : k — K
by letting f(a) := otp(e[a] NE) for all a < k. Then f € ff.

Let us now recall the definition of the Mahlo hierarchy. The definition is by
recursion.

Definition 2.9. Assume that, for all regular uncountable a < x and all n < a™,
we have already specified what it means for a to be n-Mahlo. By recursion on
n < kT, we say that x is n-Mahlo if

e (7 =0) & is inaccessible;

e (n=¢&+1) the set {a < k| ais f(a)-Mahlo} is stationary in « for some

(any) f € ff;

e (1 limit) s is &Mabhlo for all £ < .

k is said to be greatly Mahlo if it is kT-Mahlo.

Remark 2.10. Tt is also possible to define greatly Mahlo cardinals without explicitly
mentioning canonical functions; see the discussion following Theorem 3 of [MS89].

Proposition 2.11. Suppose that k is inaccessible and, for every sequence (S; |
i < Ky of stationary subsets of k, there exists an inaccessible 8 < k such that S; N
is stationary in B for all i < . Then k is greatly Mahlo.

Proof. We prove by induction on 7 < kT that & is 7-Mahlo. Note that our assump-
tion in fact implies that, for every sequence (S; | i < k) of stationary subsets of s,
there are stationarily many inaccessible 8 < k such that S; N 5 is stationary in S
for all 4 < . In particular, it follows that « is 1-Mahlo. In addition, if n < x™
is a limit ordinal and we have shown that k is &-Mahlo for all £ < 7, it follows by
definition that x is n-Mahlo. There are three remaining cases to consider.

Case 1: = ¢+ 2 for some £ < k* and & is (£ + 1)-Mahlo. Fix f € fe. By
Clause (4) of Fact 2.8, there is a club C' C & such that, for every inaccessible 5 € C,
f1Be ff(ﬂ). Let S :={a < k| ais f(«)-Mahlo}. Since & is (£ + 1)-Mahlo, S is
stationary in x. By our hypothesis, there are stationarily many inaccessible g € C'
such that S N 3 is stationary in 5. It follows that each such S is f(8) + 1-Mahlo.

By Clause (3) of Fact 2.8, f +1 € £, . It follows that & is (§ + 2)-Mahlo.

Case 2: = {+1 for some limit ordinal £ € EQJ; and « is &-Mahlo. Let (&; |
i < cf(€)) be an increasing, continuous sequence of ordinals converging to £. Fix a
surjection e : kK — &, and let f : kK — k be defined by letting f(«) := otp(e[a]) for
all @ < k. For i < cf(&), let f; : kK — K be defined by letting f;(«) := otp(e[a] N &;)
for all @ < k. Then f € ff and, by Clause (5) of Fact 2.8, f; € ff for all i < cf(§).
Note that, for all 8 <k, f(B8) =sup{fi(B) | i < cf(§)}.

For all i < cf(€), let S; := {a < k | ais f;(a)-Mahlo}. Since x is {&-Mahlo,
it follows that each S; is stationary in k. Using our hypothesis and Clause (4) of
Fact 2.8, we see that there are stationarily many inaccessible 8 < & such that, for
all i < cf(¢),

o fil BET] 4
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e S, N B is stationary in S.
Each such S is therefore f;(3)-Mahlo for all i < cf(£), so, since f(5) = sup{f:(8) |
i < cf(€)}, B is in fact f(B)-Mahlo. It follows that x is (£ 4+ 1)-Mahlo.

Case 3: 7 = £+ 1 for some ¢ € E§+ and « is £&~-Mahlo. Let (& | i < k),
e: k=& f:rk— K, and (f; | i < k) be defined as in Case 2. Again, we have
f(B) =sup{fi(B) | i < x} for all 8 < k. But notice that D := {8 < x| e[8] C &z}
is a club in x and, for all 8 € D, we in fact have f(8) = sup{fi(8) | i < B}.

For all i < k, let S; := {a < k | ais f;(a)-Mahlo}. Since k is &-Mabhlo, S; is
stationary in & for all ¢ < k. Using our hypothesis and Clause (4) of Fact 2.8 (and
taking a diagonal intersection of the clubs obtained thence), we see that there are
stationarily many inaccessible 8 € D such that, for all i < j3,

o filBe fﬁ.(ﬁ);

e S, N B is stationary in B.
Each such § is therefore f;(8)-Mahlo for all ¢ < 3, so, since f(8) = sup{fi(8) |
i < B}, B is in fact f(B)-Mahlo. It follows that x is (§ + 1)-Mahlo. O

Lemma 2.12. (1) If k is inaccessible and x(k) < k, then K is w-Mahlo.
(2) If x(k) = 1, then, for every sequence (S; | i < k) of stationary subsets of
K, there exists an inaccessible < k such that S; N B is stationary in B for
all i < 6.
(3) If x(k) =1, then & is greatly Mahlo.

Proof. (1) Suppose that x is inaccessible and x (k) < k. We first show that & is
Mahlo (i.e., 1-Mahlo). Suppose not, and let D be a club in x consisting of singular
cardinals. Let C = (Cs | 8 < k) be a C-sequence such that, for all 5 € acc(x),

e otp(Cg) = cf(B);

e if 5 € D, then min(Cg) = cf(B);

o if 5 ¢ D, then min(Cg) = sup(D N B).

Note that for all 8 € D and nonzero a < 3, we have otp(Cs N «) < «a, since,

otherwise, otp(Cg N ) = o and min(Cg) < a, so that

cf(B) = min(Cp) < a = otp(Cg N ) < otp(Cp) = cf(B),

which gives a contradiction. It follows that, for all & € D and f € [« k), otp(Cg N
) < a.

As x(k) < sup(Reg(k)), we appeal to Lemma 2.1 and fix A € [x]* and a pro-
gressive function b : k — [£]X(®) such that ANa C Upeb(a) Cp for all o < k. For
alla € DNEL (., let € :=sup{otp(Cs Na) | B € b(e)}, and note that eq < .
We can therefore apply Fodor’s Lemma to find a stationary S C DN E;x(n) and
an € < k such that ¢, = € for all « € S. Find a large enough o € S such that
|ANal > max{le], x(k)}. As ANa € Ugepa) Cs N, we get a contradiction to
the fact that |Ugepq) Cs N al < max{[e[, x(k)} < |ANal|. Thus, x is Mahlo.

To finish, suppose there is a positive integer n such that s is n-Mahlo but not
(n + 1)-Mahlo. Let E be a club in x such that F contains no n-Mahlo cardinals,
and let S be the set of (n — 1)-Mahlo cardinals below x (recall that “0-Mahlo” is
the same as “inaccessible”). Then SN E N EX () is a non-reflecting stationary
subset of E;X(H),

(2) Suppose that x(x) = 1. By Clause (2) of Lemma 2.2, £ is not a successor
cardinal, as otherwise x(x) would be infinite. Therefore, x is inaccessible and hence

(%)
contradicting Clause (4) of Lemma 2.2.
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Mahlo by Clause (1) of this lemma. Towards a contradiction, suppose that (S; |
i < k) is a sequence of stationary subsets of k, such that, for every inaccessible
B < &, for some i(B) < B, i) N B is non-stationary in B. Without loss of
generality, we may assume that (J,_,. S; C acc(k). It follows that we may fix a
C-sequence C = (Cj | B < k) such that, for all 3 € acc(k),
e if /5 is singular, then otp(Cj) = min(Cjs) = cf(5);
e if (8 is inaccessible, then Cs N S;(5) = 0 and min(Cg) = i(5).
Next, by Lemma 2.1, and since x(k) = 1, we can fix a club A C x and b :
k — & such that, for all @ < k, ANa C Cy. Let a € acc(A) be an arbitrary
inaccessible cardinal, and let 8 := b(e). As ANa C Cs and a € acc(A), we
have otp(Cs N a) = «a, so min(Cs) < a. If § is singular, then we would get
otp(Cs) = min(Cp) < a < otp(Cg), which yields a contradiction. Therefore, S is
inaccessible and () = min(Cjs) < .
Fix a stationary A C Reg(k) and i < x such that i(b(«)) = ¢ for all a« € A. Pick
6 € ANS;, and then pick o € A above 6. Then, 6 € AN a, whereas § ¢ Cpy(a),
which is again a contradiction.
(3) This now follows immediately from Clause (2) and Proposition 2.11. O

Remark 2.13. It is not the case that x(x) = 1 implies that & is strongly inaccessible.
Indeed, by Corollary 4.9 below, after adding any number of Cohen reals to a weakly
compact cardinal k, x(k) < 1.

We next show that, assuming the consistency of large cardinals, it is consistently
true that there is a singular cardinal for which x(AT) = cf()).

Theorem 2.14. If X is a singular limit of strongly compact cardinals, then x(\T) =
cf(N).

Proof. By Lemma 2.2(2), x(AT) > c¢f(\). To show that x(A1) < cf()), fix an
arbitrary C-sequence C = (Cs | B < AT). We will produce a club A in AT such
that for every a < AT, for some z € [\T]SFN Ana C Uge- Cs-

Claim 2.14.1 (folklore). Let § < A be strongly compact. Then there exists a 0-
complete uniform ultrafilter D over acc(A1) which is moreover weakly normal.?

Proof. Set k := AT. As § is k-strongly compact, let us fix a 6-complete uniform
ultrafilter U over k. We follow the proof of [Jec03, Theorem 10.20]. Define an
ordering <y of "k by letting f <y g iff {a < x| f(a) < g(a)} € U. For each
v < K, let ¢, denote the constant function from s to {v}. It is clear that the
identity function id : k — & satisfies ¢, <y id for all ¥ < k. As U is a o-complete
ultrafilter, <y is well-founded, and it follows that we may fix a function f: xk — &k
satisfying the following two conditions:

o for all v < k, cy <v f;

o for every f': k= K, if ¢y <y f' for all v < k, then {a < k| f(a) < f'(a)}

isin U.

For every a < k, let (Bq,nq) € ({0} Uacce(k)) x w be such that f(a) = Ba + na-
Define f’: k — K via f'(a) := max{w, fo}, and note that ¢, <y f’ for all v < k.

2That is, for every X € D and every regressive function g : X — A+, there exists v < A+ such
that Ay, :={8 € X | g(B) <~} isin D.
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It follows that f’ is U-equivalent to f, so that we may simply assume that Im(f) C
acc(k).

Now, it is easy to see that D := {X C acc(x) | f~'[X] € U} is a d-complete
ultrafilter over acc(k). It is uniform, since otherwise, there exists v < s with f~1[]
in U, contradicting the fact that c,41 <y f. Finally, to see that D is weakly normal,
fix an arbitrary regressive map g: X — s with X € D. Put h:= (go f) | f[X].
As g is a regressive function (defined on a set in U), h <y f. So, by the choice
of f, there exists v < k for which ¥ := {a € dom(h) | h(a) < ¢y(e)} isin U. In
particular, Z := f[Y] N X is in D and, for every 8 € Z, there exists a« € Y such
that 8 = f(«a), so that g(8) = h(a) < ¢y(a) = 7. Consequently, Ay, := {8 € X |
9(B) <~} covers Z, therefore, it belongs to D. X

Claim 2.14.2. Suppose that 6 < A is an uncountable cardinal and that there exists
a uniform §-complete weakly normal ultrafilter D over acc(AT). Then there exists
A€ N such that, for every B € [A]<°, there exists B < At for which B C Cs.

Proof. As D is é-complete, it suffices to prove that the following set has size AT:
A= {a e\ |{B€acc(A\T)|a e Cs} € D}.

To this end, let € < A* be arbitrary, and we shall find o € A above e.

We will recursively define an increasing sequence (7, | n < w) or ordinals below
AT. Let vy := e. Now, suppose that n < w and that v, has already been defined.
Define a regressive function g,, : acc(AT\vy,) = AT via g,(8) := min(Cs \ (7, +1)).
Then, pick Y41 < AT for which Ay, -, ., isin D.

As D is o-complete, A := (), ., Ay, .., isin D. Let a := sup,,_, ,. For every
B € Aand n < w, CsN (Vn,Ynt1) is nonempty, so a € acc(Cg) C Cs. Thus, A
witnesses that a € A. X

Fix a strictly increasing sequence (\; | i < cf(\)) of strongly compact cardinals
that converges to A. By the preceding claim, for each ¢ < cf(}), let us fix A; €
[AT]*" such that for every B € [A]<*, for some 8 < AT, B C Cp.

We claim that A := [,y acc™(4;) is as sought. To see this, let a < A*
be arbitrary. By increasing «, we can clearly assume that otp(A N «a) = a and
cf(a) = w. Now, using the definition of A and the fact that [ANa| < A, fix (B; |
i < cf(A)) such that

o ANa=U, e acct(By);

e for every i < cf(\), B; € [A;]<* and sup(B;) = a.
For each i < cf()), pick 8; < AT such that B; C Cp,. As Cj, is closed below «, we
also have acc™(B;) C Cp,. Altogether, ANa C Ui<et(r) Cg:» as sought. O

Remark 2.15. We briefly remark upon the relationship between the assertion “y(A™)
cf(\)” and two other prominent compactness principles that hold at successors of
singular limits of strongly compact cardinals, namely the tree property and the
existence of scales with stationarily many bad points. Our remarks indicate that
“X(AT) = cf(\)” is somewhat orthogonal to the other two properties.

We first note that the existence of a scale of length N7 with stationarily many
bad points entails the existence of a non-reflecting stationary subset of Eiffl
and hence, by Lemma 2.2(4), it in fact implies that xy(N,41) > w. Similarly, if
cf(A\) < K < X and & is supercompact, then there is a bad scale of length At
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but this situation is certainly compatible with the existence of many non-reflecting
stationary subsets of EQZ and hence with xy(AT) = .

By Theorem 3.7 below, x(AT) = cf(\) is compatible with the existence of a
(special) AT-Aronszajn tree and hence does not imply the tree property at A*. On
the other hand, in all currently known models for the tree property at X1, there
are non-reflecting stationary subsets of Ey“*' and hence X(Nyt1) > w, so the tree
property or even its strengthenings do not imply x (A1) = cf(\).

3. CHANGING THE VALUE OF THE C-SEQUENCE NUMBER

In this section, we prove a number of consistency results regarding the C-
sequence number, square principles, and the principle U(...). We will begin with
consistency results at inaccessible cardinals and then proceed to successors of sin-
gular cardinals. Let us first recall the following result from Part I of this series.

Fact 3.1 ([LHR18]). Suppose that 6 € Reg(k), x < K, and ¢ : [k]?> — 6 witnesses
U(k,2,0,x). For every infinite cardinal 8’ < x,

(1) if 0’ < 0, then T (c) admits no ¢'-ascending path;
(2) if cf(0") # 0, then T (c) admits no 0'-ascent path.

We will also need a certain indexed square principle, which we now recall.

Definition 3.2 ([LH17]). Suppose that § < k are infinite, regular cardinals. Then
Oind(k, §) asserts the existence of a sequence (Cy; | a < K, i(a) < i < ) such that

(1) for all @ < K, we have i(a) < 0;

(2) for all @ € acc(k), (Ca,i | i(a) <i < ) is a C-increasing sequence of clubs
in o

(3) for all @ < @ in acc(k) and all i(8) < i < 0, if & € acc(Cp,;), then
CgiNa=C,,; (and, in particular, ¢ > i(a));

(4) for all & < 8 in acc(k), there is i(8) < i < 8 such that a € acc(Cg;);

(5) there do not exist a club D in k and an ordinal ¢ < @ such that, for all
a€ace(D), DNa=Cy,.

A sequence satisfying these requirements is called a ("4 (x, §)-sequence.

3.1. Inaccessibles. It follows from Corollary 2.6 that it is consistent for an in-
accessible cardinal k that the C-sequence number (k) is equal to . In addition, it
follows from Lemma 2.1(2) that x(x) cannot be equal to an integer greater than 1.
In this subsection we show, among other things, that for an inaccessible cardinal k,
X(k) can consistently take any value in {0,1} UReg(x +1). We begin with a result
that follows almost immediately from analysis done by Cox and Liicke on a model
of Kunen and, among other things, provides a model with an inaccessible cardinal
k for which x(k) = 1.

Theorem 3.3. Suppose that k is a weakly compact cardinal. Then there is a
cofinality-preserving forcing extension in which:

(1) & is strongly inaccessible;

(2) x(r) =1;
(3) there exists a uniformly coherent k-Souslin tree;



KNASTER AND FRIENDS II 13

(4) Pry(k, K, k,w) holds;?
(5) U(k, p,w,w) holds for all p < K;
(6) U(k,k,w,w) fails.

Proof. The desired forcing extension was first isolated by Kunen in [Kun78]. The
key feature of the forcing extension is that there exists a uniformly coherent k-
Souslin tree (T, <) such that forcing with T := (T, >) resurrects the weak compact-
ness of k. Clauses (1) and (3) follow immediately, whereas Clause (4) follows from
Clause (3).

Clause (5) follows from Clause (4) together with Lemma 2.3 and Proposition 2.1(5)
of [LHR18].

Cox and Liicke show [CL17, Theorem 1.14] that in this model, for every v < k
the class of k-Knaster posets is closed under v-support products. Clause (6) then
follows from Fact 1.2.

We now establish Clause (2). Fix a C-sequence C' = (C,, | o < &) in the forcing
extension. By forcing with T, we resurrect the weak compactness of k, so, by
Theorem 1.5, there is a T-name D for a club, every initial segment of which is
equal to the initial segment of a club in C. But, since T has the r-cc, there is a
club A in & such that IFr “A C D”. Then every initial segment of A is covered by
a club in C, so it witnesses this instance of y(k) = 1. O

We next show that, if k is weakly compact, then there are mild forcing extensions
in which x(x) takes any desired value in Reg(x).

Theorem 3.4. Suppose that k is a weakly compact cardinal and 0 € Reg(k). Then
there is a cofinality-preserving forcing extension in which:

(1) & is strongly inaccessible;

2) x(k)=0;

) Omd(k, 0) holds;

) every k-Aronszajn tree admits a 0-ascent path;

) there exists a non-reflecting stationary subset of Ej;

) U(k,2,0,0%) fails for all ' € Reg(k) \ {0}. Furthermore, for every ¢’ €
Reg(6) and for every function c : [k]> — @', there is an A C [k]=Y, consist-
ing of k-many pairwise disjoint sets, such that ({cla x b] | (a,b) € [A]*} #
0.

(7) for every poset Q, if Q% has the k-cc, then Q7 has the k-cc for all T < k.

Proof. By using a preparatory forcing if necessary, we may assume that the weak
compactness of x is indestructible under forcing with Add(x, 1) (cf. [Kun78]). Let
P be the standard forcing to add a (4(k, #)-sequence by closed initial segments,
and, for all i < 6, let T, be a P-name for the forcing to thread the i** column of
the generically-added [0™9(k, #)-sequence. (See [HLH17, §3] for more information
on all of these forcing notions.)

Let G be P-generic over V, and, in V[G], let C := (Co; | o < K, i(e) <i < ) be
the generically-added ("4 (k, §)-sequence. We shall show that V[G] is our desired
model. Tt is clear that Clauses (1) and (3) hold. We next verify Clause (5).

3Recall that Pry(k,k,r,w) asserts the existence of a coloring ¢ : [k]2 — & such that, for
every family A C [k]<“ consisting of k-many pairwise disjoint sets, and for every i < k, there is
(a,b) € [A]? such that c[a x b] = {i}.
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Claim 3.4.1. Let S :={a € Ef | Vi € [i(a),0)3In < afotp(Cy,; \n) = 6]}. Then S
is a non-reflecting stationary subset of Ej.

Proof. To see that S does not reflect, fix an arbitrary 8 € ES,. Let B be the
set of a in Cg ;) such that 62 divides otp(Cp,;(g) N a). Then B is club in 3 and
BNS=0,so S does not reflect at 3.

We next show that S is stationary. To this end, let S € V be a canonical P-name
for S, let D € V be a P-name for a club in x, and let p = (CF i la<AP, ()P <
i < 0) € P be an arbitrary condition. Working in V', we will find ¢ <p p such that
qlFp “DN S #0”. By extending p if necessary, we may assume that i(y?)P = 0.

We will recursively construct a decreasing sequence (p, | n < 6) of conditions
in P together with an increasing sequence of ordinals (&, | n < 6) satisfying the
following requirements:

(1) po=p; o
(2) for all n < 6, we have yPn < &, < vP»+1 and pyq1 Fp “&,; € D75
(3) for all n < @, i(yP7)Pn =0 and {¥?¢ | ¢ <n} C acc(C:;’"’o);

(4) for all 1 < n < 0, we have acc(CSZn A\ ={P i< g <nh

The construction proceeds as follows. To start, let pg := p. If n < 6 and we have
constructed (p¢ | ¢ < 1) and (& | ¢ < n) satisfying the above requirements, then
construct &, and py+1 as follows. First, find p;; <p p, and an ordinal &, > 4?7 such
that py IFp “fn € D”. Without loss of generality, we may assume that vPn > &y

We now define p, 41 <p pj, with 4P+t = 4?7 4+ w. To aid in the definition, let ¢*
denote the least ¢ € [, ) such that v € acc (CPZZ ) To define py 41, it suffices
vy 52
to define C’,’;Z;ﬁl ; forall i < 6. If i <i*, then let
ot

If ¥ <i < 6, then let

= C’:;’n’i U{yP" YU {7 +n|n <w).

%

.
Pn+1 P -
Clini ;= CA{;}] U {7 +n|n<w}.
’ k)

It is easily verified that &, and p, 41 are as desired.

If n € acc(f) and (pc,&c | ¢ < 1) have been constructed, then simply define p,,
such that vPn := sup{~?¢ | ¢ < n} and, for all i < 0, ng",i = Ucen Cif,c’i. It is
again easily verified that p, is as desired.

Now define a condition ¢ € P by letting 7 := sup{y?" | n < 0}, i(y9)? := 0,
and, for all i < 0, CI, ; = U,<e C’:;’n i Then ¢ is a lower bound for (p, | n < 6)
and hence, for all n < 6, we have ¢ IFp “én € D”. Since D is forced to be a
club and 79 = sup{&, | n < 8}, it follows that ¢ IFp “¥9 € D”. Also, for all i < 6,
requirement (4) in our construction implies that acc(CJ, ;\v"") = {¥% | i < j < 0}.
In particular, otp(CZ, ; \ v**) = 0. But then ¢ IFp “37 € 57, soqlFp “DNS £ 07,
as desired. X

Clause (4) is precisely Theorem 1.3 of [LHL18]. Together with Clause (1) and
Fact 3.1, this gives a weak form of Clause (6). We next verify Clause (6).

Claim 3.4.2. Let ¢ : [k]?> — 0" be an arbitrary function with 0’ € Reg(x) \ {0}.
Then there is k < 6 and a collection A C [k]<Y of size K, consisting of pairwise
disjoint sets, such that, for all (a,b) € [A]?,
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o if 0 <0, then k € cla x b];
o if 0 >0, then cla x )Nk # 0.

In particular, U(k,2,0",0) fails.

Proof. For every i < 6, we know that, in V, P« T; is equivalent to Add(k, 1), so, in
V|G], forcing with T; resurrects the weak compactness of k. Therefore, it is forced
by 1r, that there is a k < 6" and an unbounded H C  such that ¢“[H 12 = {k}. Let
k; and H; be T;-names for such k and H. Recall that, for any pair (j,4) € [0]2, we
have projection maps 7;; : T; — T, and that, for all j,7' <6, ¢t € T;, and t’' € Ty,
for all sufficiently large i < 0, mji(t) and m;(t') are §Ti—comparable. Fix t € Ty
such that, for all ¢ < 6, mp;(t) decides the value of ki, say as k;.

We now recursively construct a sequence (¢, | v < ) of conditions from Ty and
a matrix (o,; | v < &, i < 6) of ordinals below x. To this end, suppose that § < x
and we have defined (t, | v < 6) and (o, | v < 9, @ < 6). Let 35 := sup{a,; |
v <4, i < 6}, and find a condition t5 <p, t such that, for all i < 0, mg ;(ts) decides
the value of the ordinal min(H; \ (85 + 1)). Call this value oy ;.

For each v < &, let ay := {a,; | i < 6}. It is clear that, for all v < 0 < &, we
have sup(a,) < Bs < min(as). In particular, ay < as. Let A :={a, | v < &}. If
0" < 0, then fix k < 0" and I € [0)Y such that k; = k for all i € I. If §’ > 6, then let
k:=sup{k;+1|i< 0} and I :=0.

We claim that A and k are as desired in the statement of the theorem. To this
end, fix (7,8) € [k]?. For all sufficiently large i < 6, we know that mo, (t.,) and mo; (ts)
are <r,-comparable. We can therefore find ¢ € I such that o, (t ) and mo;(ts) are
<r,-comparable. Without loss of generality, suppose that m;(ts) <t, mo;(ty). Then
moi(ts) Ik, “oy 4,55 € H,.” Since tg <, t, it follows that c({o ., 5,}) = ks If
0’ < 0, then k; = k and, if ¢ > 6, then k; < k. In either case, the fact that o ; € a,
and as; € as leads to the desired conclusion. X

We next verify Clause (2). By Lemma 2.2(4), the existence of a non-reflecting
stationary subset of Ej implies that x(x) > 6. Thus, it remains to show that
Xx(k) < 6. To this end, fix an arbitrary C-sequence (Eg | 8 < k). We must find
A € [k]* and a function b : k — [x]=? such that ANa C Upeb(a) E5 for all a < k.

For each i < 6, forcing over V[G] with T; resurrects the weak compactness of .
In particular, there is a T;-name A; for a club in x such that

Fr, “for all & < K, there is B < K such that A; N C EB”'

Moreover, since, for any pair (i,j) € [0]?, m;; : T; — T; is a projection, we have
that, for all (i,7) € [f]?, A; can be mterpreted as a T;-name. Replacing each
A, with a T;-name for N A , we may assume that IFr, “A; C A ? for all
(i,5) € 01,

Recursively construct an increasing sequence (¢ | £ < k) of ordinals below &
together with conditions (t¢ | € < &) from Ty such that t¢ IFp, “0¢ € Ag” for all
¢ < k. Then let A’ := {§¢ | € < k}. It will clearly suffice to find ¥’ : k — [k]=% such
that, for all { <k, we have {5, | 1 < &} € Upep () Es-

To this end, fix { < k. For all n < &, let oy, < H be such that ¢, = C,, 0. Find
v € acc(k) such that v > a,, for all n < §. For all n < &, let j,, < 6 be least such
that a,, € acc(C, j,). For j € [i(7),0), let X; := {0, | n < { and j, = j}. Clearly,
Ujelicn o) Xi = {0y [ n <&}

1<j<0
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Claim 3.4.3. For all j € [i(7),0), Cy; IFp, “X; C A7,

Proof. Fix j € [i(7),0) and n < & such that 6, € X;. Recall that mp; : To — T; is a
projection, IFr, “Ag € Aj,” and t, IFr, “5,7 € Ay.” Therefore, Cy, ; = mo;(ty) IFr,
“5,, € Aj”. Moreover, we have o, € acc(Cy,j), so C, ; <1, Cq, ;, and hence

C%j “_’]I‘j “577 S Aj”. X

It follows that, for all j € [i(),#), we have C, ; IFr, “for some B <k, X;C Eg”
But then, in V[G], there is a 8; < s such that X; C Eg,. Letting bv'(§) = {5; |
J €li(7),0)}, it follows that {5, | n < &} € Upep (¢ £, and we are done.

We are left with verifying Clause (7). To this end, fix in V[G] a poset Q such
that QY has the k-cc.

Claim 3.4.4. There isi < 0 and t € T; such that t I, “Q has the k-cc”.

Proof. Otherwise, for all ¢ < 6, there is a T;-name A; for an antichain of size k in
Q. For a fixed i < 0, let (n; | @ < k) be a sequence of T;-names for an injective
enumeration of A;. For each a < k, fix a condition ¢, € Ty such that, for all i < 6,
moi(ta) decides the value of ¢, i, say as ¢q,;. Define a condition g, € QY by letting
Ga (1) = qq,; for all i < 0.

We claim that, for all o < 8 < K, G, and gg are incompatible in Q?. To this
end, fix @ < 8 < k. There is a sufficiently large ¢ < 6 such that my;(ts) and mo,(¢3)
are comparable in T;. Without loss of generality, assume that mo;(tg) <t, 70i(ta)-
Then ;(tg) forces go,; and gg,; to be distinct elements of the antichain A;, so they
are incompatible in Q. It follows that g, and g are incompatible. But then {g, |
a < K} is an antichain of size x in Q7, contradicting the assumption that QY has
the k-cc. X

Fix ¢ < 6 and t € T; as given by the claim, and let H be T;-generic over V|[G]
with ¢ € H. Then Q has the x-cc and & is weakly compact in V|G % H]. It follows
that Q" has the s-cc for all 7 < s in V[G * H]. But (Q7)VIE*H = (Q7)VICI for
all 7 < k, and the k-cc is downward absolute, so Q7 has the k-cc for all 7 < k in
VI[G]. O

Remark 3.5. By Corollary 5.24 below, the fact that there is a non-reflecting sta-
tionary set in the model from Theorem 3.4 implies that we in fact have Reg(6™) C
Cspec(r). It is an interesting question whether or not Card(6™) C Cspec(r) neces-
sarily holds in this model.

It will follow from results in Part III of this series that, in the model from
Theorem 3.4, U(k, k, 0, x) holds for all x < k, indicating a way in which Clause (6)
of the theorem is sharp.

3.2. Successors of singulars. We now turn our attention to successors of singular
cardinals. We first prove an analogue of Theorem 3.4, indicating that, if A is a
singular limit of sufficiently large cardinals, then there are mild forcing extensions
in which y(AT) takes any prescribed value in Reg(A™) \ cf()).

Theorem 3.6. Suppose that \ is a singular limit of strongly compact cardinals that
are indestructible under T -directed closed set forcings, and let 6 € Reg(A1)\cf(N).
Then there is a cofinality-preserving forcing extension in which

(1) x(A*) =0;

(2) Ond(\*,0) holds;
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(3) every A*-Aronszajn tree has a 0-ascent path;
(4) UNT,2,0",0") fails for all 8" € Reg(AT) \ {cf(N),0};
(5) there exists a non-reflecting stationary subset of E$‘+,

Proof. The proof is very similar to that of Theorem 3.4, so many details will be
suppressed. Let P be the standard forcing to add a (™4(\*, §)-sequence and, for all
1< 0, let T; be a P-name for the forcing to thread the i*" column of the generically-
added O0"4(k, 0)-sequence (again, see [HLH17, §3] for details). Note that, for all
1< 0, Px T, has a dense A\T-directed closed subset and hence A is still a singular
limit of strongly compact cardinals in VF*T:,

Let G be P-generic over V. In V[G], let C := (Coy | @ < AT, i(e) < i < 6)
be the generically-added [04(k, §)-sequence and, for every i < 6, let T; be the
interpretation of T; in V[G]. We claim that V[G] is the desired model. Clearly,
Ond (A, 6) holds in V[G], and the proof of the existence of a non-reflecting station-
ary subset of E§‘+ is exactly as in the proof of Claim 3.4.1. Also, as in the proof of
Clause (4) of Theorem 3.4, Clause (3) follows immediately from [LHL18, Theorem
1.3).

We now verify Clause (4). Working in V[G], fix 8’ € Reg(AT) \ {cf()\),0} and a
coloring ¢ : [A\*]?2 — ¢'. We will find a family A C [A*]=% consisting of A*-many
pairwise disjoint sets and an ordinal k < 6’ such that, for all (a,b) € [A]?, we have
min(cla x b]) < k. For all i < 6, forcing with T; resurrects the fact that A is a
singular limit of strongly compact cardinals, and so by [LHRI18, Theorem 2.14],
Ik, “UAT, 2,60, cf(A\)T) fails”. In particular, for each i < 6, we can fix a T;-name
A; for a subset of [AF]=fN) consisting of AT-many pairwise disjoint sets and a
T;-name kZ for an ordinal below 6’ such that

lFr, “for all (a,b) € [A;]?, we have min(&[a x b]) < k;”.

Recall that, for any pair (j,7) € [6]?, we have a projection map 7;; : T; — T;.
Fix t € Ty such that, for all i < 6, mp;(t) decides the value of ki, say as k;.

We now recursively construct a sequence (¢, | v < A*) of condition from Ty and
a matrix (a,; | v < A*, i < 6) of elements of [AT]=f(N). To this end, suppose
that 6 < A" and we have defined (t, | v < 6) and (a,; | v < §, i < ). Let
Bs = sup(U{ayi | ¥ < 6, i < 0}). Now use the fact that each A; is forced to
consist of At-many pairwise disjoint elements of [A\*]=¢!(") and the fact that each
T; is <A*-distributive and hence does not add any new elements to [At]=f(N) to
find a condition t5 € Ty and a sequence {as; | i < 6) of elements of [AT]=f(}) such
that, for all i < 0,

o 35 < as;
o o;(t;) IFr, “as,: € A7

For each v < AT, let ay := [J; 4 a+,i, and note that a, € [AT]=?. Note also
that, for all (v,8) € [A\T]?, we have a, < as. Since 6’ # 0, we can fix a k < 6 and
an unbounded I C 6 such that, for all i € I, we have k; < k. We claim that &
and A := {ay | ¥ < AT} are as desired. To verify this, fix (v,d) € [AT]?. For all
sufficiently large i < 6, we know that mo,(t,) and m;(¢5) are <r,-comparable. We
can therefore find ¢ € I such that m;(¢,) and 7o, (ts) are <r,-comparable. Without
loss of generality, suppose that mo;(t5) <t, m0;(t,). Then mo;(ts) IFr, “@v, G5 €
A;”. Since tg <r, t, it follows that min(cfa, ; x as;]) < k; < k. Since a,; C ay and
as,; C a., the conclusion is immediate.
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We finally turn to Clause (1). To prove that x(A*) < 6, note that by Theorem
2.14, for all i < 6, we have b, “x(AT) = ¢f(\)”. Now proceed as in the proof of
Theorem 3.4, making adjustments analogous to those made between the proofs of
Clause (6) of Theorem 3.4 and Clause (4) of this theorem. O

The following theorem is proven in a similar manner. The theorem and proof
use an indexed square principle known as Di\ngf(/\). As the notation suggests, it

is a strengthening of both Oy c¢(y) and O™4(AT,cf(X)). For information about
this square principle and the related standard forcing notions that are used in the
following proof, see [CFMO1, §9].

Theorem 3.7. Suppose that X\ is a singular limit of strongly compact cardinals v,
each of which is indestructible under v-directed closed set forcings. Then there is a
cofinality-preserving forcing extension in which

(1) Di;(cif()\) holds;

(2) x(A") =cf(N);
(3) UNT, AT, 0,cf(N)T) fails for all 0 € Reg(\) \ {cf(\)}.

Proof. Fix an increasing sequence (\; | ¢ < cf(\)) of indestructibly strongly com-
pact cardinals, with Ag > cf(}), that converges to A. Let I be the standard forcing
to add a D‘/\ngf( »)-sequence such that, for all i < cf()\), all clubs in the i*® column

of the square sequence have order type less than A;. For all i < cf()), let T, be a
P-name for the forcing to thread the i*" column of the generically-added Di/\“‘if( e

sequence. Note that, for all ¢ < cf(X), P T, has a dense \;-directed closed subset
and thus preserves the strong compactness of \; for all j <.

Let G be P-generic over V. In V[G], let C := (Cu; | @ < A, i(a) < i <
cf(\)) be the generically-added Di/\“,‘gf(/\)—sequence7 and, for all ¢ < 6, let T; be the

interpretation of T; in V[G]. We claim that V[G] is the desired model. Clearly,
Di)fi‘gf()\) holds in V[G]. The proof of the failure of UAT, A", 0, cf(A)T) for all
0 € Reg(A) \ {cf(N\)} is similar to the proof of the analogous fact in Theorem 3.6,
making adjustments similar to those made below in the proof that x(AT) = cf()\),
so we leave it to the reader.

We end by proving that x(A1) = cf(\). By Clause (2) of Lemma 2.2, we have
X(AT) > cf(A\). To prove the other inequality, work in V[G] and fix a C-sequence
(Eg | B < AT). We will find A € AT]*" and b : AT — [AT]SF) such that
ANaC Ugepa) Ep for all a < AT

Fix ¢ < cf(\). Since forcing with T; resurrects the strong compactness of \;, the
proof of Claim 2.14.2 shows that, in the extension by T;, there is an unbounded
subset A; € (AT)VIC] such that, for all B € [4;]<*, there is < (AT)VIC] such
that B C Eg. Let A; be a T;-name for A;.

As usual, for (j,i) € [cf(\)]?, we have a projection map 7j; : T; — T; given by
C, ; — C, ;. Using the fact that Ty is < cf(\)T-distributive, recursively construct a
sequence (t5 | 6 < AT) of conditions from Ty and a matrix (as; | § < AT, i < cf(N))
such that:

e for all (6,6") € [AT]? and all 4,7’ < cf(\), we have as,; < g i
e for all § < A\ and all ¢ < cf()), we have m;(ts5) IFr, “as,; € A,
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For all i < cf()), let A; := {as; | § < AT}, and then let A :=)

+ +
B2 (- Clearly, A € AT]A
To finish, we need to find, for every a < AT, a set b(a) € [AF]f™) such that

ANa C Usepa) Es- To this end, fix @ < AT and let 6 < AT be the least limit
ordinal such that o < as« o. For all § < §*, let 75 be the unique element of acc(A™)
such that t5 = C,, 0. Choose v € acc(A™) such that v5 < v for all § < §*. For
all i < cf(X), let B; == {as, | § < 0* & 75 € acc(C,;)}. Clearly, |B;| < A; for all
i < cf(N).

Claim 3.7.1. ANa C U, acct(B;).

(v ace(Aq) N

i<cf

Proof. Fix n € A Na. By the construction of A, there is § < §* such that cf(d) =
cf(n) and, for all i < cf(N), n = sup{ae; | € < 0}. Since cf(d) > cf(A), there is
i < cf(A\) such that

o sup{e < 4 | 7. € acc(Cy;)} = J; and

e there is € € (4,0*) such that 7. € acc(Cy ;).

Then 7 € acc™ (B;). X

For each ¢ < cf(\) and each § < §* such that o5, € B;, we have C,; <r,
moi(ts). In particular, C, ; Ik, “B; € [Ai]<)‘i”. It follows that there is 8; such that
B; C Eg,. Since Eg, is closed, we in fact have acct(B;) C Ep,. But then, letting
b(a) := {B; | i <cf(N)}, we have ANa C Ugepa) Es- O

We now turn to using Prikry-type forcings to obtain models with singular cardi-
nals A for which x(A*) = cf(\). We focus on the case in which cf(\) = Rg. These
methods allow us to obtain results from weaker large cardinal assumptions than
those of the previous two results and will also allow us to bring these results down
to smaller singular cardinals, such as X,,. We refer the reader to [Git10] for more
information about the Prikry-type forcings used in this section. Since the results
at W, will require additional technical arguments that may obscure the main ideas,
we begin by presenting results about singular cardinals that remain limits of large
cardinals. For our first such result, we need the following large cardinal notion. It
was introduced by Neeman and Steel in [NS16], where it goes by the name “II3-
subcompact”. We use the alternative name introduced by Hayut and Unger in
[HU18].

Definition 3.8. A cardinal \ is AT-II}-subcompact if, for every set A C H(\T)
and every II} statement ® such that (H(A"),€, A) | @, there are p < A\, B C
H(p"), and an elementary embedding j : (H(p"), €, B) — (H(A"), €, A) such that
crit(j) = p and (H(p*), €, B) - ®.

It is easily proven (see [HU18, Lemma 36]) that, if A is A*-II{-subcompact, then
A is measurable.

Theorem 3.9. Suppose that \ is AT -II}-subcompact and U is a normal measure
over \. Then, in the extension by the Prikry forcing defined from U, we have
X(AT) = Ro.

Proof. For the duration of this proof, let [A\]<“ denote the set of finite increasing
sequences from A. Let P’ be the Prikry forcing defined from U. Fix, in V, a C-
sequence (Cg | B < AT) such that otp(Cp) = cf(B) for all § € acc(A1). Let D be a
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P-name for a C-sequence over A, and for § < A\*, let Dg be a P-name forced to
be the 8™ entry of D. We will in fact show that there is A € [AT]*" in V which is
forced to witness the instance of x(At) = Rg for D in V¥,

Let T':= {8 < A" | w < cf(B) < A}. Since shrinking the clubs in a C-sequence
only makes it harder to witness the value of the C-sequence number, we can assume
without loss of generality that, for all § € T, it is forced that DB C Cp.

For all z € [A\T]<*, let F, denote the set of p € P such that, for some 3 < AT,
plhp “5 C Dy".

Claim 3.9.1. There is A € AT such that, for every x € [A]<*, F, is dense in
P.

Proof. Suppose not. Then, for every A € [AT]}7, there is = € [A]<* such that F,
is not dense in P. This is a 1} statement, which we will call ®, which is satisfied by
the structure (H (A1), €, A), where A C H(AT) codes the pair (P, D) in a natural
way. By the fact that A is AT-II}-subcompact, we can find p < A, B C H(p"), and
an elementary embedding j : (H(p"), €, B) — (H(\T), €, A) such that crit(j) = p
and (H(pT), €, B) satisfies ®. By elementarity, B naturally codes a pair (P, D),

where PP is a Prikry forcing at p and D is a P-name for a C-sequence over p*.
Let v := sup(j“p™), so that v € E;‘I CT. As |C,| < A and forcing with P adds

no new bounded subsets of A and hence no new subsets of C, we infer that Dny is
forced to be a member of V. Moreover, by the Prikry property and the fact that
|P(C,)| < A, it follows that, for every p € P, there is ¢ <} p that decides the value
of D,. Thus, for every s € [A]<“, there is A, € U such that (s, A,) decides the
value of D, say as D¥. Since cf(y) = pT, D* := Nsefp<w Ds is a club in v. Since
j4ptis a (<p)-club in v, A == {a < pt | j(a) € D*} is a (<p)-club in p*. In
particular, A € [pt]e".

Fix an arbitrary x € [A]<, and let F, denote the set of p € P such that, for

some B < pt, plrp “& C Dg”. We will show that F), is dense in P. To this end,
fix po = (s,A4) in P. In P, p* := (s,j(A) N As) extends both j(py) and (s, Ay).
In particular, since j(z) = j“z C j“A, it follows that p* IFp “j(x) C Dﬂ,”. By
elementarity, there is p <p po in Fj,. But this implies that A witnesses the failure
of ® in (H(p"), €, B), which is a contradiction and finishes the proof of the claim.
X

Fix A € [AT]*" as given by the claim. For each a < AT, fix a surjection
Yo 1 A = a. Let G be P-generic over V and work in V[G]. Let {\, | n < w} be
some cofinal subset of A, and let (Dg | B < AT) be the interpretation of D. By
the choice of A, for every x € [A]<* NV, there is 8 < AT such that # C Dg. In
particular, for all @ < AT and n < w, there is 84, < AT such that A N @, “\, is
covered by Dg .. Define b: AT — [AT]=% by letting b(a) := {Ba.n | n < w} for all
a < AT. Then A and b witness this instance of x(A1) = Ry. O

We next obtain a similar result about a non-trivial failure of U(AT,...), starting
from a large cardinal notion weaker than strong compactness. It is analogous to
Theorem 2.14 of [LHR18].
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Theorem 3.10. Suppose that X is a measurable cardinal and there is a A-complete
uniform ultrafilter over A\*. Then, in the extension by the Prikry forcing defined
from a normal measure on X\, UA',2,0,8y) fails for all € Reg(AT) \ {cf()\)}.

Proof. Let U be a normal measure on A, let P be the Prikry forcing defined from U,
and let 0 € Reg()\) \ {Ro}. Set x:= AT, and let ¢ be a P-name for a function from
[k]? to . The Prikry property implies that, for every p € P and every («, 8) € [x]?,
there is ¢ < p that decides the value of ¢(c, 3). Therefore, for every stem s € [\]<*
and every (a B) € [k]?, we can fix a condition pap = (5,45 5) € P and a color

5.5 < 0 such that p;, 5 IFp “c(a, B) = i5 5"

Let W be a A-complete uniform ultrafilter over k. Since W is, in particular,
6" -complete, we can fix, for each stem s € [\]<¥ and each « < k, a color i, < 6
such that the set X3 :={B € r\ (a+1) i} 5 =13} isin W.

Next, given v < k and E € [y]<*, let
Clearly, D(v, E) is dense in P. For each v < &, fix a surjection ¢, : A — =, and
then let D'(7y,v) := D(v, ¢, “v) for all v < A.

Let G be P-generic over V, let (A, | n < w) be the Prikry sequence, and, for all
m < w, let s, := (A, | n < m). We now recursively construct a sequence ((ac,i¢) |
¢ < ) such that, for all (£,¢) € [A]?, we have ag € [k]=N0, i¢ < 0, and a¢ < ac.

Suppose that ¢ < s and that {as | & < (} have been chosen. Let v, :=
ssup(Ug ¢ ag), noting that ssup(f)) = 0. For each n < w, since D'(7¢,An) is
dense, fix pc, € GND'(ye, A\n), and let B¢, be a witness to the fact that p¢, €
D (¢, 9 “An). Finally, let a¢ := {B¢n | n < w} and i¢ := ssup{iy™ | @ € a¢, m <
w}. This completes the description of the construction.

Fix i < 6 and Z € [k]" such that ic =1 for all ( € Z, and set A := {a¢ | ( € Z}.
Let ¢ : [k]> — 0 be the interpretation of ¢ in V[G]. We shall show that c fails to
witness U(k, 2,6, ;) by proving that for all (a,b) € [A]?, there are o € a and 3 € b
such that c(«, 8) < i.

Fix (a,b) € [A]?, along with (&£,¢) € [Z]? such that a = a¢ and b = ac. Let
a € a be arbitrary, and let n < w be large enough so that a € ¢, [Az]. In our
construction of a., we found a condition p¢ ,, € GN D' (¢, Ap) with a witness S¢ .
As pen € G, let m < w and A € U be such that pe,, = (5m,A). As B := fen
witnesses that (s, A) is in D(v, o, “An) and a € @4 “Ay, we have that g € X5
and A C AS’" . As (sm,A) € Gand A C ASm , we also have p’™. s € G, and thus
c(a, B) = zs"k Since 8 € X5m it follows that zs”}a =% < i¢ = 1. We have thus

o )

found « € a and B € b for which ¢(«, 8) < 7, as desired. O

IBe () X\

acl

AC ﬂ AL

acl

D(v,E) = {(S,A) epP

Remark 3.11. Note that in the model of Theorem 3.10, cf(x(A1)) = Ng. Indeed, by
Lemma 2.2(2) together with Theorems 4.7 and 5.11 below, UAT, AT, x(AT), x(AT))
hold. So, if @ := cf(x(AT)) is uncountable, then, in particular, U(AT, 2,0, R;) holds,
while 6 € Reg(AT) \ {cf(N\)}.

We now show that the preceding results can be brought down to X, 1 by starting
with a supercompact cardinal and performing a Prikry forcing with interleaved
collapses.
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Theorem 3.12. Suppose that X is a supercompact cardinal. Then there is a forcing
extension in which

(1) A=Ry;

(2) Xx(Nuq1) = No;

(3) UNy11,2, Vg, Ry) fails for all 1 < k < w.

(4)

Proof. Let V denote the universe in which we begin. We may assume without loss
of generality that, in Vp, 2* = A*. Let Uy be a normal, fine ultrafilter over Py (A1),
and let jo : Vo — My be the corresponding ultrapower map. Let Py be the Easton-
support forcing iteration of length A 4+ 1 in which, for every strongly inaccessible
a < )\, we add a*t-many Cohen subsets to o. Let V be an extension of Vj by
Py, and work now in V. By standard arguments (see, e.g., [GS08]), we can find an
extension of jy to an elementary embedding j : V' — M and a sequence of functions
(fs| B < j(A)) from A to A such that, for all 5 < j(A), we have j(f3)(A\) = 8.

Claim 3.12.1. For every ¢ € Coll(A**, < j(A\)M, there is a function f €V such
that

There exists a non-reflecting stationary subset of Efj“’“,

° dom(f) = \;
o for all a <\, f(a) € Coll(a™, < \);
° j(f)(N) =c.

Proof. Let F' be a function with domain A such that, for all a < A, F(a) = (¢g |
¢ < A) is an enumeration of Coll(a**, < X). Then j(F)(A) = (¢ | £ < j(N)) is
an enumeration of Coll(A**, < j(A\))M. Now, given an arbitrary ¢ € Coll(A\*tH, <
FONM, let € < j()\) be such that ¢ = cé\, and let f be a function with domain
A such that, for all & < A, f(a) = . (a)- Then JHN) = c;‘(ff)()\) = cg‘ = ¢, as
desired. X

The poset Coll( AT+, < 5(A))M is AT+-closed in M. Moreover, from the point of
view of M, the poset has j(\)-many maximal antichains. But since |j(\)| = A*TT
and M is closed under A*-sequences, we can build in V an M-generic filter H for
Coll( AT+, < j(A\)M.

For later use, fix in V a well-ordering <1 of Px(AT) and a sequence (pg | 8 < AT)
such that, for all 8 < AT, ¢ : A — 3 is a surjection.

Let U be the normal, fine ultrafilter over Py(AT) derived from j, and let U* be
the normal measure over A obtained by projecting U. Note that U concentrates on
the set of x € Py(AT) such that A\, := 2 N X is a strongly inaccessible cardinal, so
we will implicitly assume that all elements of Py(AT) that we work with are of this
form. We now let P be the Prikry forcing with interleaved collapses defined from
U* and H (see [Git10, §4] for further information about Prikry-type forcings with
interleaved collapses). More precisely, conditions of P are all sequences

b= <C(),CK0,Cl7C¥1,CQ, e ,Oénfl,Cn,A,C>
satisfying the following conditions.
(1) n < w.
(2) (a; | © < n) is an increasing sequence of strongly inaccessible cardinals
below A. For ease of notation, set a_1 := w.
(3) For all i < n, ¢; € Coll(aj T}, < ay).
(4) ¢n € Coll(af ™, < N).

n—1
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(5) Ae U~
(6) C is a function such that
o dom(C) = A4;

e forall o € A, C(a) € Coll(a™t, < \);
e j(C)(\) € H.
The number n is referred to as the length of p, or lh(p), and (co, ag, 1, ..., An—1,Cn)
is the stem of p, or s(p). We will sometimes write p as s(p)”~ (A4, C). Since lh(p)
depends only on the stem, we can also refer to it as Ih(s(p)). Given a condition p,
its constituents will sometimes be referred to as (af | i < lh(p)), (¢! | i < lh(p)),
AP and CP. The same will be done for stems. If s is a stem for P and i < lh(s),
then we will let s | ¢ denote (c§,a,...,af_1,cf). If s is a stem of length n and
a < A, then we will say that s is below « if ¢ € Coll(af_;, < ).
To define the ordering on P, let us first define an ordering on stems. If s and ¢
are two stems, then we let ¢ < s if
e 1h(t) > Ih(s);
e for all i <Ih(s), af = of;
e for all i <1h(s), ¢! < ¢ (note that, if Ih(¢) > lh(s), then Clh(s) 18 being seen

here as an element of Coll((ay, 1), < ajyy))-

Moreover, we define a notion of direct extension by letting t <* s if ¢ < s and
Ih(t) = 1h(s).
Now, if p,q € P, then we let ¢ < p if

s(q) < s(p);

for all 7 € [lh(p),1lh(q)), af € AP;

for all i € (1h(p),1h(q)], ¢! < CP(al );
A1 C AP;

for all « € A1, Cl(a) < CP().
Finally, ¢ <* p if ¢ < p and lh(q) = lh(p).

Note that, if p,q € P and s(p) = s(gq), then p and ¢ are compatible in P. In fact,
if D is a collection of fewer than A-many conditions in P, each of which has the same
stem, then D has a lower bound in P. In particular, since there are only A-many
stems, P has the AT-cc. Also, P satisfies the Prikry property: for every sentence
¢ in the forcing language and every condition p € P, there is ¢ <* p such that ¢
decides the truth value of ¢. With these facts, standard arguments show that, in
the extension by P, the only cardinals collapsed are those explicitly in the scopes
of the interleaved collapses, and hence A = N, and ()\+)V = Ny41. In addition,
if pe P, i< lh(p), and S C (af)" is stationary, then p forces that S remains
stationary in the extension by P.

V¥ will be our desired model. Let us first deal with Clause (4) of the theorem.
Let S := (Ef\‘+)v. In V, S is clearly a non-reflecting stationary subset of A*. Since
P has the A*-cc and since being non-reflecting is upward absolute, S remains a
non-reflecting stationary subset of A™ in V. Since A = R, in V¥, it follows that S
is a non-reflecting stationary subset of Efj‘““, as desired.

We now show that y(R,41) = Rg in V. To this end, let C' be a P-name for a
C-sequence over At and, for all B < A\t let Cs be a P-name for the 8™ entry of
C. For all z € [\T]<*, let F, denote the set of p € P such that, for some v < A,
plk“x C C’,Y”.
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Claim 3.12.2. There is A € [\T]*" such that F is dense in P for every x € [A]<*.

Proof. Let n:=sup(j“\T) < j(AT). Note that, if s is a stem for P, then j(s) = s,
and hence s™(\, () is a valid stem for j(P). Fix a stem s for P, let n := lh(s),
and let p € j(P) be a condition of the form s~(\, 0, A, C'). Working in M, define a
sequence (pg | B < A1) of conditions in j(P) such that, for all 8 < AT,

(1) ps <* p and pg decides the truth value of the statement “j(5) € j(C),”;
(2) ¢, € H.

This is possible due to the following facts.

e j(P) satisfies the Prikry property in M.
e Because of the Prikry property, the set of ¢ for which there is ¢ <* p such
that
— ¢ decides the truth value of “j(8) € 5(C),”;
— 1 =6
is dense in Coll(A\*tH, < j(\))M.
e H is M-generic for Coll(A*™, < 5(A))™ and hence meets this dense set.

At the end of the process, since each ¢, comes from H, we can find a lower
bound ¢; € H for (¢}’ | 8 < AT). In addition, for each 3 < AT, s(pg) | n is
a stem for P. Since there are only A-many stems for P, we can find a stationary
S C Eg\ and a stem t for P such that s(pg) [ n =t for all 5 € S. For all 8 € S,
let pj :=t7 (A, 5, AP?,CP#).

Using the fact that each pj has the same stem and that any collection (in M)
of fewer than j(A)-many conditions in j(P) with the same stem has a lower bound,
we can find a single condition p; such that p; < pj for all § € S. We can also

assume that cﬁil = c}. It follows that, for all 5 € S, p¥ decides the truth value

of the statement “j(3) € j(C),” in the same way that ps does. Moreover, for
every stationary subset T C Eg\, p* forces that T remains stationary in AT and
hence, since j is continuous at ordinals of V-cofinality less than A, that j“T remains
stationary in 7 in the extension by j(PP).

Let S’ := {8 €S |p: - “j(B) €4(C),"}. Clearly, S is stationary, as otherwise
we would have p} I “j(C')77 N 7%S is nonstationary”, contradicting the fact that
p* forces j“S to remain stationary in 7. In particular, S’ is unbounded in AT.
Moreover, since j(C'), is forced to be a club in 7, it follows that, letting Dy denote
the ordinal closure of S in 7, we have p* IF “Dy C j(C),”.

Next, let D := ({Ds | s is a stem for P}. Since each D is club in 7, cf(n) = AT,
and there are only A-many stems for P, it follows that D is a club and that, for
every stem s, pt Ik “D C j(0),”. Let A := {8 < AT | j(B) € D}. Since j is
continuous at points of cofinality less than A, A is (<A)-club in AT.

We claim that A witnesses the conclusion of the claim. To this end, fix z € [A]<*
and p € P. We must find ¢ < p with ¢ € F,,. By the definition of P, we have

* j(p) = s(p)”(i(AP), 5 (CP));

o )\ € j(AP);

e j(CP)(N\) € H.
Let n := lh(p). We can now find p < j(p) in j(IP) such that lh(p) =n+ 1, s(p) |
n = s(p), a® = A, and & = j(CP)(\). It follows that p and Py are compatible
in j(P), so we can find a common extension, ¢*. Note that j(z) = j“x C D, so,
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since ¢* extends p;‘(p), we have ¢* IF “j(x) C j(C’)n”. In particular, ¢* € j(F,). By
elementarity, there is ¢ < p in F. X

Let A € [)\JFP‘+ be as given by the claim, let G be a P-generic filter over V,
and let (v, | n < w) be the associated Prikry sequence. Let (Cg | 8 < AT) be the
interpretation of C' in V[G]. By the claim, we know that, for every z € [A]|<* NV,
there is v < AT such that  C C,. In VI[G], for all B < At and n < w, let
Tgn = AN s a,. Then x5, € [A]<* NV, so there is v5, < AT such that
285 C Cy,,. Define b : AT — [AT]S by letting b(8) = {8, | n < w}. For
every B < AT, we have AN S = Un<w Z,ns 50 A and b witness this instance of
X(AT) =R in V[G].

We finally show that U(R,1,2, R, R;) fails in VF for all 1 < k < w. To this
end, fix such a k, and, in V, let d be a P-name for a function from [AT]? to NXP.
Work below a condition pg € P that has sufficient length so that there is a cardinal
0 in V that is forced by pg to be NXW. For ease of notation, we will take k = 1, so
that we may let pg = 1p and § = R}. The general case will follow from the same
arguments, with appropriate bookkeeping.

Fix a stem s for P, and let n := lh(s). Let p € j(P) be a condition of the form
s~(\,0,A4,C), and, for each 8 < AT, find a condition pg such that pg <* p, ps
decides the value of j(¢)(j(8),n), say as ts g, and such that ¢, ; € H. As in the
proof of Claim 3.12.2, we can find ¢, € H such that ¢, < ¢}, for all 8 < AT. Let
Cs be a function as given by Claim 3.12.1 such that j(Cs)(\) = cs.

For all B < A*, let X, g be the set of € Py(A1) for which 3 € = and there is a
condition g = '~ (A;, Cs(Az), 4, C) such that

o s/ <*s;

o qIF “d(B,sup(z)) = 155"
By the discussion in the previous paragraph, we have j“\* € j(X; 5), so X5 3 € U.
Note that, if ¢ is such a condition, then s’ is below A,. If A, is strongly inaccessible,
then the number of stems below )\, is precisely A,. Therefore, since U is a normal
ideal, there is in fact a set X[ 5 € U and a single stem t55 <* s such that,
for every z € X;”B, there is a condition q = t537(As, Cs(Ay), 4, C) such that
gk “d(B,sup(x)) = ts5”.

Let G be P-generic over V, let (a, | n < w) be the associated Prikry sequence,
and let d be the realization of d in V[G]. We now recursively construct a family
A :={a¢ | ¢ < AT}, consisting of non-empty elements of [A\*]=¥0 with the property
that ac < ag for all (¢,€) € [A\T]%. To aid us, let (so | @ < A) be an enumeration
in V of all stems for P, and recall that we fixed in V' a sequence of surjections
(pg: A= BB < AT).

Begin by letting ag = {0}. Suppose now that £ < A" and that {a¢ | ( < £} has
been defined. First, let 7¢ := ssup(U. ac). For each n < w, let E¢;, := @y, [an],
and, if there is ¥ € ({X{ 5 | @ < a,, B € E¢n} such that sup(z) > ¢ and
Az = O, then let x¢ , be the <-least such . Otherwise, let ¢, be an arbitrary
element = of Py(A1) with sup(z) > v¢. Finally, let ag = {sup(z¢,) | n < w}.

We must thin out A to obtain a family witnessing this instance of the failure
of U(Ny11,2,Ng,81). Let us say that two stems s and ¢ of the same length are
compatible if there is a single stem that is a direct extension of both. Note that this
amounts to saying that af = af for all ¢ < lIh(s) and that ¢{ and ¢! are compatible
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for all ¢ < lh(s). Note also that any two conditions with compatible stems are
themselves compatible in P. Let us additionally say that a stem s is compatible
with G if there is a condition in G whose stem is s. Note that, if two stems of
the same length are both compatible with G, then they are compatible with one
another.

Claim 3.12.3. Suppose that 3 < A\t and that so and s1 are stems for P of the
same length such that ts, g and ts, g are compatible. Then ts, 8 = s, 8.

Proof. Recall that j(Cs,)(\) and j(Cs,)(A\) are in H, so the set of z € Py(AT)
for which Cs,(\;) and Cy, (A,) are compatible is in U. We can therefore fix z €
Xeo.5 N Xy, 5 such that x is in this set.

We now have conditions p; = ts, 87 (As, Cs,(As), A, Cp) for £ < 2 such that
pe IF “d(B,sup(x)) = s, 5.” But ty, s and t,, g are compatible stems and Cs, (\,)
and Cy, (\;) are compatible, so pg and p; are compatible in P. It follows that

lso, = ls1,B8- X
For each ¢ < AT, let

te :=sup{is g | B € ac, sis astem, and ¢, g is compatible with G}.

By the claim, ¢¢ is the supremum of a countable set and is thus below Xj. Fix an
¢ < Ny, and an unbounded B C A* such that ¢ = ¢ for all ¢ € B, and let B := {a¢ |
¢ € B}. We claim that B is as desired, as witnessed by ¢.

To show this, fix (¢,&) € [B]2. We must find (8o, 81) € ac X ag such that
d(Bo, B1) < t. Begin by letting 8y € a¢ be arbitrary.

Claim 3.12.4. There are a natural number n < w and a stem s of length n satis-
fying all of the following statements.
(1) « is large enough so that s € {sq | @ < a,} and By € Eg .
(2) ts,p, is compatible with G.
(3) There is an x € ({X_ 5| a < an, B € Egn} such that sup(x) > ¢ and
Az = . Moreover, d(Bo,sup(z)) = s g, for the <-least such x.

Proof. Work in V| and let pg = s~ (A, Cp) be an arbitrary condition in P. We will
find ¢ < pg forcing the claim to be true for s and n :=1h(s). Fix a* < A such that
§ = 8o+; We may assume that min(Ag) > max {a*, min ((p;; [{[30}]> }

For all a € Ao, let Xo := X , 5| a <a, B € ¢yla]}. Note that Xo € U.
Let X be the collection of € Py(A") such that sup(z) > ¢ and = € X, for all

a < Ay. By the normality of U, we have X € U as well. Let A* := {)\,; | z € X}.
We can now find a condition p; = ts 37 (A1, C1) such that

® p1 <" po;
o Ay C A%
e forall « € Ay, C1(a) < Cy(a).

Next, choose o € Ay and let py = t5 537 (e, C1 (), Az, Ca) extend p;. By our
choice of X, there is x such that A\, = a, sup(z) > ¢, and © € [\ Xar =
(WX, 5l <a, Bepyla]}. Let 2 be the <-least such z. Since z* € X{ 4,
we can find Az and Cs so that ¢ := ¢, 37 (o, C1(a), As, C3) extends py and ¢ I-
“d(Bo,sup(z”)) = ts,p,-"



KNASTER AND FRIENDS II 27

Since ¢ forces that o, = a, and x* is the <-least x such that z € [, ., Xo =
(WX, , 510 <a, BEpy|a}, sup(r) > 7, and A\, = a, the fact that g forces the
conclusion of the claim follows from the construction. X

Let n and s be given by the claim, and let $; := sup(z¢ ). By the claim and our
construction of A, x¢, is the <-least « such that sup(z) > v¢ and A\; = oy, and
d(Bo, B1) = ts,8,- Moreover, since t g, is compatible with G, we have s g, < t,, = ¢,
50 (Bo, 1) is as desired, thus finishing the proof. O

4. THE C-SEQUENCE SPECTRUM

To obtain a finer understanding of the C-sequence number, we shall want to study
the whole spectrum of C-sequence values. As we shall see in the next section, this
study will also allow us to prove new results about U(...). We begin this section by
giving more general versions of the definitions from the Introduction of this paper.

Definition 4.1. Let ' be a set of ordinals. A C-sequence over I' is a sequence
C = {(Cg | B € T) such that, for all 3 € T, Cs is a closed subset of 5 with
sup(Cp) = sup(f).

Definition 4.2. Given a C-sequence C over a stationary subset I of x, we let x(
denote the least (finite or infinite) cardinal x < & such that there exist A € [«]
and b: k — [['X with Ana C Uﬁeb(a) Cp for every a < K.

—

)

Following [BR19, Proposition 1.6], we say that C is amenable if for every A €

[]%, the set {8 € T' | AN B C Cpg} is nonstationary. In particular, if x(C) > 1,
then C' is amenable.

Definition 4.3. Cspec(r) := {x(C) | C is a C-sequence over £} \ w.

By Lemma 2.1(2), Cspec(x) = 0 iff x(x) € {0,1}. The first result of this section
asserts that if x(k) > 1, then, in fact, x(x) = max(Cspec(x)). Later on, we shall
establish that if x(x) > 1, then min(Cspec(k)) = w. We begin with two technical
lemmas.

Lemma 4.4. Suppose that T C k, C = (Cg | BeT) is a C-sequence, D C Kk is a
club, and v is a cardinal for which T'N E%, is stationary. If both

(1) otp(Cp) <v for all B €T\ EX, and

(2) min(Cg) > sup(D N ) for all nonzero B € T'\ D

— —

hold, then x(C) = x(C' | (DN E%,)).

Proof. Let x := x(C). Clearly, x < x(C | (DN E%,)) < sup(Reg(x)). Suppose
now that xy < sup(Reg(x)), and that Clauses (1) and (2) above are satisfied. We
shall show that x(C | (DN E%,)) < x.
As¥:=DNEY, NEL, is stationary, Lemma 2.1 provides us with A € [s]* and
b: k — [[']X such that:
e ANa S Ugepa) Cp for all a < k;
o A:={aeX|V3eb(a)sup(CsNa)=al} is stationary.
Let o € A and 8 € b(«) be arbitrary.
» As sup(Cs Na) = a and cf(a) > v, we have otp(Cg) > v, so, by Clause (1)
above, cf(8) > v.
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» Assup(CgNa) = a and o > 0, we have sup(CgNer) > min(Cp). Now, if 5 ¢ D,
then since a € D, we have sup(D N ) > «. Putting this together with Clause (2)
above, we infer that if 8 ¢ D, then a = sup(CgNa) > min(Cg) > sup(DNP) > «,
which is impossible.

Thus we have shown that, for all & € X, b(a) CT'NDNEL,. Define v : K —
TN DN EE X via ¥(a) := b(min(A \ @)). Then A and b’ witness together that

—

x(CT(DNEL,)) <x. U

Lemma 4.5. Suppose that C = (Cj | B < k) is a C-sequence with x(C) = x(k).
For every family S of stationary subsets of x, if ¥ := E£, N(Ngcs Tr(S) is station-

ary, then x(C) = X(C_" I'Y).

In particular, for every stationary S C EX ., x(C) = x(C | Tx(S)).

Proof. Let x := x(k), and fix a family S C P(k) for which ¥ := E%, N(\gcs Tr(S)
is stationary. In particular, we assume that y(k) < x. Pick a C-sequence D = (Dg |
B < k) such that for all 8 < k:

® Dpy1={B};

o if € Tr(X), then Dg = Clp;

e if 3 € acc(k) \ Tr(X), then Dg C Cs and Dz N'X = .

— —

As Dg C Cj for every B < &k, it follows that x(C [ T) < x(D [ T) for every
T € [k]*. In particular (using T := k), x(D) = x(x). Now, by Lemma 2.1, there
exist A € [k]® and a function b : x — [k]<X(%) such that:

(1) AN S Ugep(a) Dp for all o < k;
(2) A:={aeX|Vpebla)sup(DgNa)=qal} is stationary.

It follows from the definition of D together with Clause (2) that, for all o € A
and 8 € b(«), either 8 = a or 8 € Tr(X). It is not hard to see that Tr(X) C X,
and hence A and the function v’ : k — [£]=X(%) defined via b'(a) := b(min(A \ «))
witness together that x(D | £) < x(x). Altogether,

X(C) <x(C %) <x(D[E) < x(k) = x(C).

Now, the “in particular” part follows from Lemma 2.2(4). O

Corollary 4.6. If x(k) = 1, then for every C-sequence C over k and every sta-

—

tionary S C K, x(C | Tr(S)) = 1. O
Theorem 4.7. Suppose that x(k) > 1. Then x(x) = max(Cspec(k)).

Proof. Since x(x) > 1, Clause (3) of Lemma 2.2 implies that x(x) > w, in which
case, by the definitions of x(k) and Cspec(k), we have x(xk) = sup(Cspec(k)). If
X(k) = w, then Cspec(k) = {w}, so the theorem holds. Similarly, if x(k) = 6
is a successor cardinal, then we must have 7 € Cspec(k), as otherwise we would
have sup(Cspec(x)) < 0, so the result again holds. Also, if x is the successor of a
regular cardinal, then the theorem follows immediately from the proof of Clause (2)
of Lemma 2.2 (cf. Lemma 4.11 below). We may therefore assume that x (k) is an
uncountable limit cardinal and that Reg(x) has no maximal element.

Let p := cf(x(x)), and let (x, | n < p) be a strictly increasing sequence of
infinite cardinals that converges to x (k). For each n < p, let C" = (C} | B < k) Dbe

a C-sequence with X(é") > Xn-
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» Suppose first that u < k. Form a C-sequence C = (Cg | B < k) such that
otp(Cp) < p for all g € EZ,,, and such that Cg = ﬂn<” Cg for all 8 € E%,,.

We claim that x(C) = x(k). Trivially, x(C) < x(x). Also, by Lemma 4.4 (using

—

v =pt and D := k), we have x(C) = x(C' | E%,). Thus, it suffices to show that
Xn < X(C_" I E;H) for all n < p. But this is clear, as for all n <y and 8 € EZ |, we
have Cg C C}, so that x;, < x(C) < x(Cn [ EL,) < x(C I EZ,).

» Suppose now that u = k. It follows that x is (weakly) inaccessible. For each
B € acc(k), let mg : cf(8) — B be a strictly increasing and continuous function
whose image is a club in 8. Form a C-sequence C' = (Cs | B < k) such that
otp(Cs) = w for all B € Ef and such that Cs = 7s[A, crs) w5 ' [CH]] for all
B8 € E%,,. Towards a contradiction, suppose that x := X(é) is smaller than k.

As x < k = sup(Reg(x)) and otp(Cy) = cf(B) for all 8 € acc(k), Lemma 4.4
(using v = xT and D := k) implies that y(C | E%) = x(C). Thus, let us fix
A€ [s]" and b: k — [EX, [X such that AN C Uggy(a) Cp for all o < k.

Let o € E%, be arbitrary, and set e, := sup{sup(ms[x + 1]Na) | B € b(a)}. As

ANacC U CsnaC U (malx + 1] Na) U (Cp \ max + 1)),
Beb(a) Beb(a)

we have AN (ea, @) € Ugep(a) (Cp \ malx + 1]).
Use Fodor’s lemma to find € < k and a stationary A C EQX such that ¢, = € for
all « € A. Let A’ := A\ (e +1). Then, for all « € A,

A Nnac U (Cp\mglx +1)).
Beb(a)

Finally, note that for all @« € A and § € b(a), by definition of Cg, any v €
Cs \ mg[x + 1] is of the form m(&) for some & € (x, cf(B3)) such that & € ﬂ'gl[C’g]
for all n < & In particular, v € C’g. It follows that for all & € A, we have
A'Na C Uﬁeb(a) C’g‘. Thus, by appealing with b | A and A’ to Lemma 2.1, we
obtain b* : k — [k]<X and A* g [K]* such that A*Na C Ugepe (o) CF for all a <k,
contradicting the fact that x(CX) > xy > x. O

Corollary 4.8. If k is a Mahlo cardinal, then there exists a C-sequence C over k

for which x(C | Reg(k)) = x(k). O
Corollary 4.9. Suppose P is a v-cc poset for an infinite reqular cardinal v. Let
x = max{1, x(x)}.

(1) Ifv <k, then VF = x(k) < x;

(2) If v < x < K, then VF |= x(k) = x.

Proof. (1) Assume that v < &, and suppose that C = (C | 8 < ) is a P-name for
a C-sequence. Using the fact that P has the v-cc, we may find a C-sequence (Dg |
B < k) in V such that

e forall B € E%,, otp(Dg) < v;
o forall B € E%,, IFp “Ds C Cp”".
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— —

By Lemma 4.4, we have x(D [ EX,) = x(D) < max{1, x(k)} = x, so we may fix
A€ [r]" and b: Kk — [EL, X with ANa C Ugeyq) Dp for every o < k. But then,

for every a < k, we have IFp “ANa C Uﬁel}(a) C’g”. So, IFp “X(C_") <x".

(2) Assume that v < x < &, and let us show that VF = x(k) = x. If k = At is
the successor of a regular cardinal, then this remains the case in V¥, so it follows
from Lemma 2.2(2) that x(x) = X in both V and V¥, so there is nothing further
to prove. We may therefore assume that x is either an inaccessible cardinal or the
successor of a singular cardinal. In particular, the regular cardinal v is smaller
than A := sup(Reg(x)). As P has the v-cc, VF |= sup(Reg(x)) = A. In V, using
Theorem 4.7, let us pick a C-sequence C = (Cp | B < k) with X(é) = x. Towards
a contradiction, suppose that V¥ |= x(k) < ¥, so that, in particular, VF = x(k) <
sup(Reg(k)). Let x' := (X(m))vp. In V¥ using Lemma 2.1, let us fix A; € [k]* and
a function b : k — [k]=X" such that

o acct(A)NEL, CAy;
* A1 N C Ugepa) ace(Cp) for all o < k.

As P has the k-cc, let us fix in V' a subclub D of acc™(A1). In V, we let A :=
DO EY vy As max{yv,x'} < A = sup(Reg()) and A is a limit cardinal, A

forms a cofinal subset of A;. In VT, for every o < , we have

ANaCAiNacC U acc(Cg) C U Cg.
Beb(a) Beb(ar)

» If v < )/, then since P has the v-cc, any set of ordinals of size y’ in VF is
covered by a V-set of size x’. This means that, in V, for every a < k, there exists
b € [k]<X with Ana C Upep, Cp- This contradicts the choice of C and the fact
that x' < x.

» If X’ < v, then since v is regular, the union of ¥’ many sets, each of size < v,
is of size smaller than v. This means that, in V, for every a < k, there exists
bo € [K]=” with AN a C Use,, Cp. This contradicts the choice of C and the fact
that v < x < k. O

Remark 4.10. Theorem 3.9 describes a case in which y < v = k, witnessing that
the preceding is optimal.

Lemma 4.11. For every infinite cardinal X, cf(\) € Cspec(AT).

Proof. If X\ is a regular cardinal, then the conclusion follows immediately from
the proof of Lemma 2.2(2). Thus, suppose that A is a singular cardinal, and let
{N\i | i < cf(A\)} be a cofinal subset of Reg()\). For each a < AT, fix a surjection
©a : A — . Also fix an arbitrary progressive function b: AT — [AT]f(N) such that
otp(b(a)) = cf(A\) and b(a) Nb(a’) = @ for all (o, ') € [A\T]2. For every B < AT,
let a(B) denote the unique « such that 8 € b(a), if such « exists; otherwise, a(f)
is undefined. Let € = (Cz | B < AT) be a C-sequence satisfying the following
conditions:

o for all B < AT, otp(Cp) < A;
o for all 3 < AT, if a(3) is defined, then Cps 2 o (s)[Aotp(b(a(8))ns)]-

—

By the proof of Lemma 2.2(2), x(C) > cf(\). To see that x(C) < cf(\), fix an
arbitrary o < A*. Let {8; | i < cf(\)} be the increasing enumeration of b(«).
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Then Ugcpa) Cs = Uicern) i 2 Uich @ali] = a, so AT and b witness that

X(C) < cf(X). U

As one might expect, there are finer connections between the C-sequence number
and square principles. Let us note a few of them here.

Lemma 4.12. Suppose that C = (Cy | B € T) is a transversal for O(k, <u,C,),
with o € Reg(k) and p < k. Then, for every stationary I" C T,

—

e X(CTV) > w;
o if x(C [ T) < sup(Reg()), then x(C [ T) < p.

Proof. Recalling the definitions from [BR19, §1], the hypothesis amounts to assert-
ing the existence of a sequence (Cg | 8 < k) such that

for every 8 € acc(k), Cg is a collection of fewer than p clubs in j;

for every 8 € acc(k), every C € Cg, and every « € acc(C), either CNa € Cq
or (otp(C) < ¢ and nacc(C) consists only of successor ordinals);

for every club D C &, there exists 8 € acc(D) such that (DN g) ¢ Cg;

o I'={f €acc(k) | VC € CgVa € acc(C)[C Na € Cyul};

for every B € I', Cg € Cg.

Now, let TV be an arbitrary stationary subset of T

—

Claim 4.12.1. x(C | TV) > w.

Proof. Suppose not. By Lemma 2.1(2), then, we may fix A € [k]" and a function
b:k — I such that ANa C Cy) for all o < k. Let D := acc(A). For every
a € D, we have b(a) € I' and sup(Cy(q) N @) = a, so C§, := Cyq) N is in Cq, and
ANa C C2. So A witnesses that (C3 | a € D) is not amenable. As C2 € C, for all
a € D, we thus get a contradiction to [BR19, Lemma 1.23] (cf. [HLH17, Corollary
2.6]). X

Next, suppose that y := X(é I T’) is smaller than sup(Reg(x)). In particular,
Y= EY, is stationary.

—

Claim 4.12.2. x(C [ TV) < p.
Proof. By Lemma 2.1(1), we can fix A € [£]" and a function b : kK — [[]X such
that
e ANa € Ugepa) Cp for all a < k;
o A:={aeX|V3ebla)sup(CsNa)=al} is stationary.
For every a € A and S € b(a), we have § € T, so Cg Na € Cy. It follows that we
may pick b’ : A — [IV]<# such that, for all a € A:
o V() € [b(a)]<*, and
e {CsNa|Bev(a)={CsnalBeba)
Fix A’ € [A]* on which o +— |bl(0i)| is constant, with value, say, /. Then ANa C
Uﬁeb,(a)C'g foralla € A’ so x(C I TV) </ < p. X O
Corollary 4.13. Suppose that O(k, <p,C,) holds, with o € Reg(k).
(1) If p < K, then x(k) > w;
(2) If p < w, then x(r) = sup(Reg(x)).
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Proof. Fix a transversal C = (Cy | 8 € T) for O(k, <pt,C,). As &\ C E%_, let
us fix an extension C* = (Cs | B < k) of C such that otp(Cj) < o for all § € x\T.
Let IV := Ef_. Then I” C T, so by Lemma 4.4, x(C* | T') = x(C*) < x(C) <
(C I T") = x(C*® | T’). That is, x(C*) = x(C).

(1) If 4 < K, then by Lemma 4.12(1), we have X( ) > x(C*) = x(C) > w.

(2) Suppose that X( ) < sup(Reg(x)). Then x(C) = x(C*) < sup(Reg(x)), so,
by Lemma 4.12(2), x(C) < p. It now follows from Lemma 4.12(1) that p > w. O

5. THE C-SEQUENCE SPECTRUM AND CLOSED COLORINGS

The upcoming subsections will uncover some connections between elements of
Cspec(x) and the third and fourth parameters in closed instances of U(k,...). Be-
fore getting to those connections, let us recall some relevant definitions and results
from [LHR18].

Definition 5.1 ([LHR18]). For a subset ¥ C r, we say that c : [k]? — 0 is X-closed
if, for all 8 < k and ¢ < 6, the set D,(8) = {a < B | ¢(a, ) < i} satisfies
acct (DS, (B)) NS C DS,(B). We say that ¢ is somewhere-closed if it is X-closed for
some stationary ¥ C &, that c is tail-closed if it is E% -closed for some o € Reg(k),
and that c is closed if it is k-closed. -

Fact 5.2 ([LHR18]). Suppose that X is an uncountable cardinal and 6 € Reg(A\™T).

(1) There exists a closed witness to UAT, AT, A\, \);

(2) If X is regular, then there exists a closed witness to UAT, AT 0, \);

(3) If there exists a tail-closed witness to U(AT, 2,0, 2), then there exists a closed
witness to UNT, AT, 0, cf(N)).

Fact 5.3 ([LHR18]). Suppose that c: [k]?> — 6 is a coloring and w < x < k. Then
(1) = (2) = (3):

(1) For some stationary ¥ C EX ., cis a X-closed witness to U(k,2,0,x).

(2) For every family A C [k]<X consisting of k-many pairwise disjoint sets, for
every club D C k, and for every i < 0, there exist y € D, a € A, and e <~y
such that

o v<ua;
o for all a € (¢,7) and all B € a, we have c(a, B) > i.

(3) ¢ witnesses U(k, k, 0, x).

We next recall some of the basic definitions from the theory of walks on ordinals,
which is our primary technique for constructing witnesses to U(k, .. .).

Definition 5.4 ([Tod87]). Given a C-sequence (Cy, | a < k), we derive various
functions as follows. For all a < 8 < k,

e Tr(a, 8) € “k is defined recursively by letting, for all n < w,

B if n=0;
Tr(a, B)(n) := § min(Cry(a,8)(n-1) \ @) ifn>0& Tr(e, B)(n — 1) > ;
« otherwise;

e (Number of steps) pa(a, 8) := min{n < w | Tr(a, B)(n) = a};
o (Upper trace) tr(«, 8) := Tr(a, 5) | p2(a, 5).



KNASTER AND FRIENDS II 33

Remark 5.5. To avoid notational confusion, note that there is no relationship be-
tween the two-place instance Tr(«, 5) and the one-place instance Tr(S).

Definition 5.6 ([Rinl4a]). For v < 8 < &k, let

A2(7, B) = sup(y N {sup(C- N~) | 7 € Im(tr(v, 8))}).

Note that Az2(7,5) < v whenever 0 < v < 8 < k. To motivate the preceding
definition, let us point out the following fact.

Fact 5.7 ([LHR18]). Suppose that Aa(7,8) < a < v < B8 < k. Then tr(y,5) C
tr(a, B) and one of the following cases holds:
(1) v € Im(tr(e, B)); or
(2) v € acc(Cs) for § := min(Im(tr(y, 5))). In particular, v € acc(Cs) for
some § € Im(tr(a, B)).
As a consequence, ps : [K]? — w is closed.

5.1. From C-sequences to closed colorings. In this subsection, we derive closed
witnesses to U(k,...) from the existence of C-sequences witnessing that certain
infinite cardinals are in Cspec(k). As we shall see, there is a relationship between
elements of Cspec(k) and the third and fourth parameters of U(k,...).

Lemma 5.8. There exists a closed witness to U(k, k,w, x(K)).

Proof. To avoid trivialities, suppose that x(x) > 1, so that x(k) > w. The proof
strategy is identical to that of [Tod07, Theorem 6.3.6]. Using Theorem 4.7, let us
fix a C-sequence C' = (Cy | B < k) with x(C) = x(k). Let ps : [k]?> = w denote
the characteristic function derived from walking along C. By Fact 5.7, ps is closed.
We will show that ps witnesses U(k, K, w, x(&)).

Claim 5.8.1. For every x < x(k), every family A C [k]X consisting of k-many
pairwise disjoint sets, and every club D C k, there exist vy € DN EL, and a € A
such that

o v < ay

* v ¢ Upea Cs-

Proof. Since x < x(k), and by the choice of C_", we may pick a < k such that, for
alla € A, DNES, € Uge, Cp. Pick an arbitrary a € A with a > «, and then pick
v € DNE2, \Uge, Cs- b

Claim 5.8.2. For every x < x(k), every family A C [k]X consisting of k-many
pairwise disjoint sets, and every n < w, there exist B € [A]"® such that min(pa[a X
b]) > n for all (a,b) € [A]%.

Proof. We proceed by induction on n. Suppose that n < w and that the claim
holds for n. Fix a family A C [k]X consisting of xk-many pairwise disjoint sets. By
the preceding claim, we may find a stationary set I' C EX, along with a sequence
(ay [y € T) such that for all v € I, we have ay € A, v < ay, and v ¢ Uge,, Cs-
For each v € T, let ar := J{Im(tr(~,3)) | B € a~}.

Define f:I' = K, g: ' - k and h: I" — x(k) by setting, for all v € T,

o f(v) :=sup{sup(CsN~v)| B € a,};
e g(7) :=sup(ay);
o h(7) = las].
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Pick € < k and x’ < x(x) for which

A={yel|f(y)=c& gl Cv & h(y) =X}

is stationary. By the hypothesis on n, there exists B € [A]* such that for every
(v,7') € [B)?, we have min(ps[a, x a>]) > n. We claim that B := {a, | v € B} is
as sought. To see this, fix arbitrary (v,7') € [B]? and (a, 8) € ay X a..

Let 6 := min(Cpg \ 7). Thene < v < o < v < § < B and min(Cg \ a) =
min(Cs \ 7') =9, so tr(a, B) = tr(d, B)" tr(e, ). Since (a,d) € ay X a5, we have
p2(a, ) > n, and hence pa(a, f) > n+ 1. X O

Remark 5.9. The preceding construction is not the only way of obtaining instances
of U(k, k, 0, x) with 6 := w. By an analysis from the forthcoming Part III of this
series, in the model of Theorem 3.4, in which x(x) = w, there is a closed witness
to U(k, k,w, k). Also, by Theorem 2.14, if X is a limit of an w-sequence of strongly
compact cardinals, then x(A") = w, but, by [LHRI18, Corolllary 4.13], there is a
closed witness to UAT, AT w, \).

Corollary 5.10. Suppose that k is strongly inaccessible and ¢’ € E% | is a cardinal.
If every k-Aronszagn tree admits a 0'-ascent path, then x(k) < ¢'.

Proof. Suppose that x := x(k) is greater than €. Then, by Lemma 5.8, some
coloring ¢ witnesses that U(k, &, 8, x) holds for § := w. But, then, by Fact 3.1(2), the
k-Aronszajn tree T (¢) cannot admit a 6’-ascent path. This is a contradiction. [

Theorem 5.11. If x € Cspec(k), then there exists a closed witness to U(k, K, X, X)-

Proof. Fix x € Cspec(k). As c: [k]? — k defined by letting c(«, 8) := min{a, 8} is
a closed witness to U(k, k, Kk, k), we may assume that x < x. By Fact 5.2, we may
furthermore assume that ™ < k. So, by Lemma 5.8, we may altogether assume
that w < x < xT < k.

Fix a C-sequence (Cg | f < k) with x(C) = x. Fix A € [5]" and b : k — Xk
such that, for all @ < k, a < Im(b(a)) and AN (@ +1) € Ugerm(p(a)) Cs- As
x < sup(Reg(k)), by Lemma 2.1, we may assume that the stationary set ¥ :=
acct(A) N EL, is a subset of A. Define a coloring c: [k]? — x by stipulating that

c(7,6) == min{i < x | min(X\ 7) € Cy(min(z\6))(3) }-
Claim 5.11.1. ¢ is X-closed.

Proof. Suppose that § < x, i < x, and A C D<,(0), with v :=sup(A4) in XN J\ A.
We shall show that ¢(v,d) < i. We commence with a few simplifications.

e By the definition of ¢, we may assume that 6 = min(X \ 9).
e We may assume that min(3 \ a) < v for all & € A, as otherwise we would
have min(X\ @) = min(X\ ), and hence ¢(v, ) = ¢(«, ) <. In particular,
by replacing each element a € A with min(X \ a), we may assume that A
is a cofinal subset of ¥ N ~.
e As cf(y) > x, we can thin out A and assume that there is i* < ¢ such that
c(a,d) =i* for all a € A.
It follows that A C Ciys)(i-). As the latter is closed, we conclude that v €
Cb((;)(i*), SO C(’y, (S) < 1. X
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Claim 5.11.2. Suppose that w < X' < x, A C [k]X is a family consisting of k-
many pairwise disjoint sets, D C k is a club, and i < x is a prescribed color. Then
there exist v € DNXY and a € A such that

o v < ay

e forall B €a, c(v,B) >i.

Proof. Suppose not, and set V := D N 3. We shall obtain a contradiction to the
choice of €' by showing that for every o < k, there exists some b, € [£]<X such
that VNa C Use,, Cs-

To this end, let a < k be arbitrary. Pick a € A with a > «, and set

bo = {b(min(X\ 8))(j) | B € a, j < i},
s0 |bo| < x. Now, let v € VN« be arbitrary. As a > « > v, we may find some
B € a such that c(vy, ) < 4. As min(X\ v) = v, this means that v € Cy(min(z\))(5)
for some j <. That is, v € Cs for some ¢ € b,, as sought. X

As cis Y-closed and ¥ C E%, , the preceding claim, together with the implication
(2) = (3) of Fact 5.3, implies that ¢ witnesses U(k, k, X, x). By Lemma 5.17
below, then, there exists a closed witness to U(k, &, X, X)- O

Corollary 5.12. Suppose that k is strongly inaccessible, and every k-Aronszajn
tree admits an w-ascent path. Then Cspec(k) Nk C Ef.

Proof. Let x € Cspec(k) N k be arbitrary. Set 6 := cf(x), so that 8 € Reg(k). By
Theorem 5.11, U(k, &, 8, x) holds.

Let ¢ := w. Now, if cf(x) # w, then x > 6" and cf(’) # 6, so that, by
Fact 3.1(2), the k-Aronszajn tree 7 (c) cannot admit a #’-ascent path. This is a
contradiction. O

5.2. From closed colorings to C-sequences.
Definition 5.13. A coloring ¢ : [k]> — 6 is said to have the covering property
if, for every a < k, there is an injection f, : 8 — acc(k \ a) N E%y such that

a\ U,y DZ,(fa(i)) is bounded below a.

In the next subsection, we shall see how, in certain circumstances, we can derive
colorings with the covering property that witness U(...). For now, we show that the
existence of such colorings provides information about the C-sequence spectrum.

Lemma 5.14. Suppose that w < x <0 = cf(0) < k, ¥ C EX  is stationary, and

c: [k]?> — 0 is a coloring. Then there exists a corresponding C-sequence C over k

satisfying the following conditions.
(1) If ¢ is a S-closed witness to U(k,2,6,x), then x(C) > .

-

(2) If ¢ has the covering property, then x(C) < 6.
Proof. Define f : acc(k) — 6 + 1 by letting, for all 8 € acc(k),
f(B) :=min{i <6 | sup(D<;(B)) = B}
Let ' := {8 € acc(k) | f(B) < 0}. Note that acc(k)\I' C Ejj. At this stage, for each
B eT, we fix i(8) € [f(B),0) arbitrarily. Later on, in our handling of Clause (2),

we shall make a more educated choice of i(3). Now, pick a C-sequence C = (Cp |
B < k) such that, for all 8 € T', Cg = cl(D<, 4 (8)), and for each 8 € acc(k) \ T,

<i(B)
otp(Cp) = 6.
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(1) Suppose that ¢ is a Y-closed witness to U(k, 2,6, x). Towards a contradiction,
suppose that x/ := X(é) is smaller than y. In particular, ¥ is a stationary subset
of EX ,. Using Lemma 2.1, fix A € [x]" and a progressive b : kK — [k]X" such
that acct(A)NEL , C Aand ANa C Usep(a) Cs for all @ < k. Note that for
every a < K, by = {a} Ub(«) has cardinality less than x and hence less than the
regular cardinal 0. In particular, we may find an ¢ < 0 for which the following set
is stationary:

S:={acacct(A)NYT | sup{i(B) | B € bsNT} =i}

Pick a sparse enough A € [S]” such that, for every (o, a’) € [A]?, we have b, < o/.

Then A := {b, | & € A} consists of k-many pairwise disjoint sets.

As, by the implication (1) = (3) of Fact 5.3, ¢ witnesses U(k, &, 8, x), we can
find B € [A]" such that min(c[by, X by/]) > i for every (o, ') € [B]?.

Let o/ € B be such that otp(BNa’) = 6% Since

BCACS Cacct(A)NY Cacct(A) NEL,, CA,

we have BNa' C Ugg , Cs. As [bar| < 0 = cf(f) and otp(BNa') = 62, we may
find some 3 € b, such that otp(B Na’ N Cy) = 6% In particular, otp(Cp) > 6, so
g € T and hence i(3) <i. Pick a € BNa’NCs. Then a € XN Cs C DE,(B), so
c(a, B) < i, contradicting the fact that (a,a’) € [A]? and («, 8) € by X by

(2) Suppose that ¢ has the covering property, as witnessed by a sequence of
functions (f, | @ < k). Fix € < k and a stationary S C & such that, for all « € S,
sup(a\U; <9 D<;(fa(i))) = €. Asmin(Im(f,)) > a for all @ < &, let us pick a sparse
enough A € [S]® such that, for all (a,a’) € [4]2, we have Im(f,) N Im(fo) = 0.
In particular, for every § < k, there exists at most a single pair («,j) € A x 6
satisfying f,(j) = 8. Now, let us revisit our definition of i(3) from the beginning
of our proof, requiring, for all 8 € T, not only that i(5) > f(5), but also that if
a € A and f,(j) = B, then i(8) > j.

Let A :=k\ (¢ + 1), and define b : & — [T]% by letting b(ct) := Im(fimin(a\a))-
The function b is well-defined, since, for all a < x, Im(f,) C acc(x) \ Ef CT'. We
claim that A and b witness that X(C_”) < 0. To see this, let o be arbitrary, and
write o’ := min(A4 \ «). By the choice of A and €, we have

Anacand €Dy () C | Pup® < U G
)

j<0 Beb(a Beb(a)

as sought. 0

Corollary 5.15. Suppose that w < x < 0 = cf(0) < k and there exists a X-closed
witness to U(k,2,0,x) for some stationary ¥ C EX, . Then x(k) > x. O

Remark 5.16. The hypothesis “x < c¢f(0)” in the preceding corollary cannot be
waived. Indeed, by a result from Part IIT of this series, (™d(k,#) implies the
existence of a closed witness to U(k, k, 8, sup(Reg(k)), but in the model of Theorem
3.4, we have x(k) < sup(Reg(rx)).

5.3. From colorings to closed colorings. Fact 5.2 shows that, at the level of
successor cardinals, the existence of a tail-closed witness to U(...) entails the exis-
tence of fully closed witnesses. The next lemma provides certain circumstances in
which we can improve certain somewhere-closed witnesses to U(...) to fully closed
witnesses, while also gaining the covering property.
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Lemma 5.17. For every coloring c : [k]* — 0, there exists a corresponding coloring
d : [k]? — 0 satisfying the following conditions.
(1) d is closed;
(2) If K > Ng, then d has the covering property;
(3) For every infinite cardinal x < x(k), if ¢ is a X-closed witness to U(k, 2,6, x)
for some stationary ¥ C E, , then d witnesses U(k, k,0,X).

Proof. To avoid trivialities, suppose that x (k) is an infinite cardinal. By Fact 5.2(2),
we may also assume that x > No. As the function d : [k]?> — & defined by letting
d(a, B) := min{a, } is a closed witness to U(k, k, k, k) that has the covering prop-
erty, we may also assume that 6 € Reg(k).

Claim 5.17.1. There exists a C-sequence C = (Cg | B < k) such that x(C) = x(k),
and, for all a € Ef, there are stationarily many B € E%, such that Co = CgNa.

Proof. Let (S, | a < k) be a partition of E%, into stationary sets. For every
8 € Ely, let a(B) denote the unique ordinal o < & such that g € S,. Using
Theorem 4.7, fix a C-sequence C = (Cg | B < k) such that x(C) = x(x). Now,
define a C-sequence C* = (CF | B < k) by setting, for all 8 < &,

oo . [ Catp U{a(B)} U (Cs\ a(B)) if § € ace(n) N By and o(B) € By
e Cs otherwise.

Clearly, for every a € Ejf, for a tail of 8 € S,, we have a(8) = o < f, so
Cina=(CoU{atU(Cs\a))Na = Co = 9; In a(idition, every club in C* is
covered by at most three clubs from C, so x(C*) = x(C) = x(k). X

Let C be given by the claim. Walk along C and derive d : [k]?> — 0 by setting,
for all @ < B < &,

max{c(tr(a, 8)(n), tr(e, B)(1)) [ 1 <n < p2(a,B)} if pa(e, B) > 2;
0 otherwise.

Claim 5.17.2. d is closed.

Proof. Suppose that 8 < k, i < 6, and A C Ddgi(ﬁ)7 with v := sup(A) a limit
ordinal less than 5. To see that v € D‘éi(ﬂ), fix o € A above A\y(7y, 8). By Fact 5.7,
tr(v, 8) C tr(a, 8), and hence, by definition of d, we have d(v, 8) < d(a,f) <i. K

Claim 5.17.3. d has the covering property.

Proof. Let @ < & be arbitrary, and put o/ := min(E4 \ a). By the choice of C,
we can fix an injection fo : 0 — acc(k \ a) N EY, with the property that for all
B € Im(fs), we have Cg N’ = Cyr. To see that a = U,y D,(fa(i)), let n <
be arbitrary and set ¢ := d(n,¢’) and 8 := f,(i). Asnp <o’ and CgNa’ = Cy,
we have Tr(n, 8)(n) = Tr(n,a’)(n) for all n > 1, so d(n,8) = d(n,a’) and hence
1 € DZ;(fa(i). X

Suppose now that x < x(k) is an infinite cardinal, that ¥ C EY, is stationary

(in particular, y < &), and that ¢ is a Y-closed witness to U(k,2,6,x). By the
implication (1) == (3) of Fact 5.3, to show that d witnesses U(k, &, 8, x), it
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suffices to verify that d witnesses U(k, 2,6, x). To this end, suppose that i < 6 is a
prescribed color, ¥’ < x, and A C [/{}X/ is a family of k-many pairwise disjoint sets.
By Claim 5.8.1, we may fix a sequence (a, | ¢ € H) such that H is a stationary
subset of £, and, for all « € H, we have a, € A, a, > ¢ and ¢ ¢ UﬁeaL Cs. Let
B = {{t} U{min(Cs\¢) | S €a,} |t € H}. By shrinking H, we may assume that
e 3 consists of pairwise disjoint sets, and
o there exists € < & such that, for all « € H, sup{sup(CsN¢) | B €a,} =c¢.

Claim 5.17.4. There is a stationary set I' C X such that for all v € T, there are
by € B and e, < Kk with by, > v > €, such that for all n € (e,,7] and all B’ € b, we
have ¢(n, 8") > i.

Proof. Let D be an arbitrary club in k. Find Y C P(k) consisting of x-many
pairwise disjoint sets such that every y € Y is of the form {~}Ub for some v € ¥ ND
and b € B. As c witnesses U(k,2,60,x), we may pick (z,y) € [V]? such that
min(clz x y]) > i. Fixy € (END)Nzx and b € BNP(y). Clearly, v < b and
[b] < x < cf().

Now, let 8’ € b be arbitrary. Since (v, 8') € x Xy, we have ¢(v, 8') > i. Then, as
v € X, there must exist e(v, 8") < v such that, for all n € (e(v,8),7), c(n,B') > 1.
Since cf(y) > x > |b|, we know that € := sup{e(y, ") | 8’ € b} is less than . So v
isin XN D, and b, := b and €, := € are as sought. X

Fix ((b,,€y) | v € T') as in the preceding claim. For all v € T', set a” := amin(s,)-
Define f,g : T' — k by setting, for all v < &,
o f(v) =sup{ey, A2y, 8) [ B € a”};
e g(v) := sup(a”).
Pick € < v for which

S={vel[f(v)=c& gl <}

is stationary, and consider the stationary set A :=acc™ (S '\ e) N EX, .
Claim 5.17.5. There exist y € S and 7 € AN~y such that min(d[{7} x a7]) > 1.

Proof. Suppose not, and define b : kK — [/{]SX/ as follows. For each a < k, set
Yo 1= min(S \ @), and then let b(a) := {min(Im(tr(va, 3))) | 8 € a”=}. We claim
that ANa C Uaeb(a) Cjs for all a < &, contradicting the fact that x' < x(C).

Let a < k and 7 € AN« be arbitrary. We shall find § € b(a) with 7 € Cs. For
notational simplicity, set v := 7, and ¢ := min(b,). Note that

by ={¢} U{min(Cs \¢) | B € a,}.

As vy € S and 7 € AN+, our supposition of the claim’s failure provides us with
some 3 € a” such that d(7, ) <. Let 5/ := min(Cg \ ¢). Clearly, 5’ € b,. Also, as

sup(CsNi) <e<min(A) <t <vy<i1<f <8,
we have tr(7, £)(1) = min(Cg \ 7) = 8/ = min(Cs \ ) = tr(7, 8)(1). In particular,
n = pa(v, B) is greater than 1. Set ¢ := tr(vy, 8)(n — 1), so that § € b(a)). We have
A2(7,8) < e <min(S) < min(A) <7 <y < S,

so, by Fact 5.7, tr(v, 8) C tr(r, 8) and v € Im(tr(r, 8)) U acc(Cs).
» If v € Im(tr(7, 8)), then v = tr(r, 8)(n) and 1 < n < po(7, §), meaning that
d(r,B8) > c(v,8") > 4, which is not the case.
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> If v € acc(Cs), then we claim that 7 € Cs, as desired. Indeed, otherwise,
for n := tr(r,8)(n), we would have e, < 7 <7 < 7,50 1 < n < pa(7, ) and
d(r,B8) > ¢(n, 8) > i, which is not the case. X

Let v € S and 7 € AN~ be given by the preceding claim. Since d is closed,
for each B € a”, there exists €(8) < 7 such that, for all « € (e(8),7), d(«, ) > i.
Since cf(7) > x > |a”], we know that supge,, €(8) < 7. As 7 € A C acct(S), we
may then find some 7' € S with supge,, £(8) <7’ < 7. As 7 € acc™(S) and every
element of S is a closure point of g, we infer that g[r] C 7, and hence a’ C (', 7).
It follows that, for all & € a¥ and 8 € a7, we have e(f) <y <a<T<ps0
d(a, B) > 1. O

The next two corollaries show that, contrary to initial appearances, there is in-
deed some monotonicity in the third parameter of U(...). Namely, certain instances
of U(k, k, 0, x) imply analogous instances of U(k, k,w, ).

Corollary 5.18. If w < x < 6 = cf(0) < k and there is a X-closed witness
to U(k, k,0,x) for some stationary ¥ C E%. . then there is a closed witness to
U(~, K, w,X)

Proof. This follows from Corollary 5.15 and Lemma 5.8. O

Corollary 5.19. The following are equivalent:
(1) x(r) = w;
(2) There is a closed witness to U(k, k,w,w);
(3) There is a somewhere-closed witness to U(k, 2,0, w) for some infinite 0 < k.

Proof. (1) = (2) follows from Lemma 5.8, (2) = (3) is trivial, and (3) = (1)
follows from Corollary 5.15. (]

We also obtain the following corollary improving both the closure and the second
coordinate of an instance of U(...).

Corollary 5.20. If there exists a tail-closed witness to U(k, 2,0, x) with an infinite
X < x(k), then there exists a closed witness to U(k, K, 0, x).

Proof. This follows from Lemma 5.17. (]

5.4. The structure of the C-sequence spectrum.

Corollary 5.21. For every 6 € Reg(k), the following are equivalent:
(1) 8 € Cspec(k);
(2) There is a closed witness to U(k, K, 0,0);
(3) There is a X-closed witness to U(k,2,0,0) for some stationary ¥ C E%,.

Proof. (1) = (2) follows from Theorem 5.11, and (2) = (3) is trivial.
It remains to prove (3) == (1). If K = 6%, then by Lemma 4.11, we have
0 € Cspec(k). Thus, suppose that 67 < x and that there is a Y-closed witness to
U(k, 2,0, 0) for some stationary ¥ C E%,. By Corollary 5.15 (using x = ), we have
x(k) > 6. So, by Lemma 5.17, there exists a closed witness to U(k, &, 6, 0) that
moreover has the covering property. It now immediately follows from Lemma 5.14

that 6 € Cspec(k). O
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Remark 5.22. The hypothesis that 6 is a regular cardinal cannot be removed from
the implication (3) = (1). For instance, if X is a singular limit of strongly
compact cardinals, then there is a closed a witness to UAT, AT, A \), but A ¢
Cspec(AT).

Corollary 5.23. If Cspec(r) # 0, then min(Cspec(k)) = w.
Proof. This follows from Lemma 5.8 and Corollary 5.21. a
Corollary 5.24. If x € Cspec(k), then cf(x) € Cspec(k).

Proof. There is an elementary proof for this, but let us derive it from previous
results. Suppose that y € Cspec(k). By Theorem 5.11, there exists a closed
witness to U(k, &, x,X). It follows easily that there exists a closed witness to
U(k, k, cf(x),cf(x)). So, by (2) = (1) of Corollary 5.21, cf(x) € Cspec(k). O

Corollary 5.25. Suppose that x € Reg(k) and there exists a non-reflecting sta-
tionary subset of EX, . Then Reg(x™*) C Cspec(k).

Proof. By [LHR18, Corollary 4.10], the hypothesis implies that, for every 6 €
Reg(k), there exists a closed witness to U(k, &, 6, x). Now, appeal to (2) = (1)
of Corollary 5.21. O

Corollary 5.26. Any of the following implies that Reg(k) C Cspec(k):

(1) K is a successor of a regular cardinal;
(2) K is an inaccessible cardinal which is not Mahlo;
(3) O(k, <w) holds.

Proof. (1) This follows from Corollary 5.25.

(2) This follows from Corollary 5.21, using [LHR18, Theorem 4.23]. Note,
however, that there is a typo in the opening sentence of the proof of [LHR18,
Theorem 4.23]; instead of “By Corollary 4.19”, it should say “By Corollary
4.127.

(3) Let 6 € Reg(k) be arbitrary. By the upcoming Theorem 5.27, using I' :=
Ej, we may find a O(k, <w)-sequence (C, | @ < k) such that, for every
i <6, H = {a € Ej | VC € Co[min(C) = i]} is stationary. Fix a C-
sequence (Cy, | a < k) with C, € C,, for all a < k. For every a € acc(k),
we have that {i < 6 | acc(C,) N H; # 0} is a subset of the singleton
{min(Cy)}. So, by [LHR18, Theorem 4.11], there exists a closed witness to
U(k, K, 6,0). Then, by Corollary 5.21, § € Cspec(k). ]

The next theorem is motivated by Clause (3) of the preceding. It simultaneously
improves [Rinl4a, Lemma 3.2] and [HLH17, Theorem 2.8] by blending the original
proofs together with some arguments from [BR19, §1].

Theorem 5.27. Suppose that (Co | o < k) is a O(k, <w)-sequence. For every
stationary I' C &, there exists a O(k, <w)-sequence (CS | a < k) such that:

(1) for all a < k, |C| < |Cul;

(2) foralli <k, {a €| VC € Comin(C) = ]} is stationary.

Proof. Let T' be an arbitrary stationary subset of k, and, for all ¢,§ < k, set
Ies:={a el |VC € Co[min(C \ €) > ]}

Claim 5.27.1. There exists an ordinal € < K such that, for all § < K, I'cs is
stationary.
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Proof. Suppose not. Then, for every € < k, we fix §(¢) < k and a club D, such that
Le 50N De = 0. Consider the club D := {a € A._, D. | Ve < afd(e) < of}.

e<K

Subclaim 5.27.1.1. There exist « € DNT and 8 € DN a such that 8 ¢ |JCq.

Proof. Suppose not. Then, for every « € DNT, we have DNa C |JCy. In
particular, there exists a least positive integer n, along with C!, € [C,]™ such that
Dna\JC, is bounded below . Fix a stationary S C I'N D and some n such that
ne = n for all @ € S. By possibly shrinking S, we may also assume the existence
of some € < « such that, for all & € S, we have DNa\|JC, Ce.

Consider the stationary sets B := acc™ (S \ )N S and A := acct(B)N S. Let
a € Aand 8 € BN a be arbitrary. As aw € S, we have DNa\|JC, Ce. In
particular, DN\ U{C NG| C eC.} Ce. But 8> e and C) is finite, and hence
also

Dnp\|J{Cnp|Cecy, sup(Cnp) =B}

is bounded below 8. Let Dg :={C N | C € Cl,sup(C N B) = S}. By coherence,
Dg C Cg, and as DN B\ |JDg is bounded below S, the fact that 5 € S implies that
|Dg| = ng =n =ny =|C,|. It follows that, for all C' € C/,, we have 8 € acc(C).

Thus, we have established that for every C-sequence C' = (Cy, | o € acc(r)) such
that:

o for all a € acc(k), Cy € Cq;
e forallae S, C, €Cl,

we have that {o € acc(k) | BNa C Cy} covers the stationary set A, so, C is not
amenable. However, this contradicts [BR19, Lemma 1.23]. B

Fix a € DNT and 8 € DNa such that 8 ¢ |JCo. As f < a and a € D,
we know that a € D, for all ¢ < . So, for all € < (3, there is C° € C, with
min(Ce \ €) < §(e) < B, since § € D. As 8 is a limit ordinal and C,, is finite, we
may find C* € C, such that C° = C* for cofinally many ¢ < 3. So, for cofinally
many € < 3, we have min(C* \ €) < 3, and hence § is an accumulation point of the
club C* from C,, contradicting the fact that 8 ¢ (JCa. X

Fix an ordinal € < k as in the claim. By Fodor’s lemma, for every § < k, we
may fix some x5 € [k \ §]<“ for which

:={acl\(e+1) | {min(C\e€)|C € Cu} =25}

is stationary. Consider the clubs E := {y < x | V0 < v[zs C v]|} and E’ := acc(FE).
For every a < k, let

{0} if a = 0;
)¢, if a € acc(e+1);

{(C'\ ) U {sup(otp(min(C \ e)NE"))} | C € Cq} otherwise.

It is clear that |C3| < |Cq| and that each C* € C? is closed and satisfies sup(C*®) =
sup(a).

Claim 5.27.2. Suppose that a < k, C* € C, and & € acc(C*®). Then C*Na € C:.
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Proof. To avoid trivialities, suppose that a € acc(x \ €). Pick C' € C, such that
C* = (C\ €) U{sup(otp(min(C \ €) N E))}. Clearly, a € acc(C'\¢€),s0 C:=CNa
isin Cs, and C* Na = (C \ €) U {sup(otp(min(C' \ €) N E’))} is in C3. X

Claim 5.27.3. Leti < k. Then {a € T | VC® € C2[min(C*®) = i]} is stationary.

Proof. Let 6y be the unique element of E’ such that otp(E’' N dp) = i. Let §; :=
min(E \ (0g + 1)) and 3 := min(E" \ (dp + 1)), and note that dy < x5, < d2. Let
a € T'%t be arbitrary. For each C € C,, we have min(C'\ €) € x;5,, so

sup(otp(min(C'\ €) N E’)) = sup(otp((dp + 1) N E')) = sup(i + 1) = i.

Consequently, {a € T' | YO* € C[min(C*®) = i]} covers the stationary set I':.
X O

Corollary 5.28. Suppose that O(k, <w) holds. Then for every stationary I' C k,
there exists a partition (I'; | ¢ < k) of T into stationary sets such that Tr(I';) N
Tr(T;) =0 for alli < j < k.

Proof. Let T be an arbitrary stationary subset of k. By Theorem 5.27, we may
fix a O(k, <w)-sequence (C, | & < k) such that, for every i < x, H; := {a € T |
VO € Co[min(C) = i)} is stationary. As G :=T"\ |J,_, H; has cardinality at most
K, it is easy to find a partition (I'; | ¢ < k) of I such that, for all i < k, H; C T;
and |H; N G| < 1. To see that (I'; | i < k) is as sought, we are left with verifying
the following.

Claim 5.28.1. Leti < j < k. Then Tr(I';) N Tx(T;) = 0.

Proof. Suppose not. Fix g € Tr(I';) N Tr(I';). Fix a club C' € Cg. Pick o; €
acc(C) N H; and a; € acc(C) N H;. By coherence, we have C' N a; € C,, and
CnNaj € Cyy, s0 i = min(CNa;) = min(C) = min(C Nay) = j. This is a
contradiction. X O

By Lemma 4.11, cf()\) € Cspec(A") for every infinite cardinal A. In addition,
by Corollary 5.23(1), Reg(\) € Cspec(AT) for every infinite regular cardinal \.
This, together with Theorem 2.14, suggests that Reg(cf(\)) C Cspec(AT) for every
singular cardinal A. The following theorem is a step in the right direction.

Theorem 5.29. Suppose that X is a singular cardinal.
(1) If 25F) < X or 2 = At then Reg(cf()\)) € Cspec(At);
(2) If cf(X) = u™ is a successor cardinal, then Reg(u) C Cspec(A1). If, in
addition, 2<* ) < X, then Reg(cf(\)) € Cspec(AT).

Proof. Let 8 € Reg(cf(A)) be arbitrary. By Corollary 5.21, to show that 6 €
Cspec(AT), it suffices to prove that there exists a closed witness to U(AtT, AT, 0,0).

(1) If 2¢f) < X or 22 = AT then by [LHR18, Theorem B], there indeed exists a
closed witness to U(AT, A", 0,0).

(2) Suppose that v := cf()) is a successor cardinal, say v = pT. Recalling the
proof of [LHR18, Theorem 4.21], to prove that there exists a closed witness to
UM, AT,0,0), it suffices to prove that the ideal Z defined there in “Case 1: Un-
countable cofinality” is not weakly 6-saturated. For this, let us recall the definition
of the ideal Z. We first fix a stationary subset A C Ei‘ftk) and a sequence € = (e; |

0 € A) such that
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e for every § € A, es is a club in § of order type cf(\);
o for every 6 € A, (cf(y) | v € nacc(es)) is strictly increasing and converging
to A;
e for every club D in A\*, there exists § € A such that es C D.
Then, the ideal Z consists of all I' C At for which there exists a club D C At such
that sup(nacc(es) N DNT) < § for every 6 € AN D.
The following analysis of the saturation degree of Z is inspired by the work in
[LR20, §3]. Let (A;; | i < p,j < v) be an Ulam matrix over v, that is:
o foralli<pandj<v, A4 ; Cuv;
e forall j <v, \V\UKM Ai gl <
o foralli<pand j<j <v, A, ;NA;,; =0
Fix a club A in X of order-type v. For any subset A C v, let

(A)s := {v € nacc(es) | otp(ANcf(y)) € A}.

Claim 5.29.1. There erists i < u satisfying the following: For every club D C AT,
there exist 6 € A with es C D such that sup((Ai j)s) = ¢ for cofinally many j < v.

Proof. Suppose not. Then, for every i < p, fix a club D; € At with the property
that, for every 6 € A, either e5 € D; or sup{j < p | sup((4;;)s) = 6} < p. Let
D = ﬂi<u D;. Pick 6 € A such that es C D. It follows that, for all i < u, there
exists j; < v, such that, for all j € (ji,v), sup((Ai;)s) < 8. Let j := (sup,.,, ji) +1.
Then, j < v and for every i < p, sup((4;;)s) < 6. As cf(0) = v > p, it follows
that 7 := sup,; ., sup((A; ;)s) is below J. Consequently,

sup{~ € nacc(es) | otp(A Ncf(y)) € U A} =
i<p
supsup{y € nacc(es) | otp(ANcf(y)) € A;;} =
i<p
supsup((A4; ;)s) = n.
<[
Fix e < v such that e UJ;, Aij; = v. Pick € € A with otp(A Ne€) > e. Finally,
pick v € nacc(es) with v > 7 and cf(y) > e. As otp(A Ncf(y)) > ¢, we have
otp(A Ncf(y)) € U<, Aij- Pick i < p such that otp(A Ncf(y)) € A; ;. Then
v € (A ;)s, contradicting the fact that v > n. X

Let C(v, 0) denote the least size of a subfamily C C [v]? with the property that for
every club bin v, there is ¢ € C with ¢ C b. By the third bullet of [LR20, Lemma 3.1],
if & € Reg(u), then C(v,0) = v. In addition, it is clear that C(v,0) < v?, so that
V0 = (upt)* = 2# = 2<°fN) if § = . Thus, in any case, we may let C be a A-sized
subfamily of {¢ C v | otp(c) = 8} with the property that for every club b in v, there
is c € C with ¢ C b.

Let i* be given by Claim 5.29.1. For every ¢ € C, define a function h. : AT — 0,
as follows. Given v < AT, if there exists j < sup(c) such that otp(ANcf(y)) € A« ;,
then j is unique, and we let h.(y) := sup(otp(c N j)). Otherwise, let h.(v) := 0.

For every ¢ € C and every 7 < 0, let T'7 := {y < AT | he(y) = 7}.

Claim 5.29.2. There exists ¢ € C such that, for all T < 0, 'L is T-positive.

Proof. Suppose not. Then, for every ¢ € C, we may find 7. < § and a club D, C AT
such that sup(nacc(es) N D. NT7e) < § for every 6 € AN D,.. Let D := () cc De.
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By the choice of i*, let us pick § € A with es C D for which J := {j < v |
sup((As=,;)s) = 0} is cofinal in v. In particular, 6 € acc(D) C D.

As acc™(J) is a club in v, we may find ¢ € C with ¢ C acc™(J). As otp(c) =
6 > 1., we may let j/ denote the unique element of ¢ to satisfy otp(cNj’) = 7.
Now, let j := min(J \ (5 + 1)). As ¢ C acc™(J), we know that [j’,7) Nc = {j'},
so that otp(cNj) = otp(eN (5’ + 1)) = 7.+ 1. As ¢ C acct(J), we also know that
J < sup(c).

Asé € AND C AND,, we infer that sup(nacc(es)ND.NI'Te) < & = sup((A;- 5)s),
so we may pick v € (A;+ ;)5 above sup(nacc(es) N D.NI'7e). Recall that the former
means that v € nacc(es) and otp(A Ncf(y)) € A+ ;. In effect, he(y) = sup(otp(cnN
j)) = sup(re + 1) = 7. So, v € nacc(es) NT'7e. Recalling that es C D C D,
we infer that v € nacc(es) N D, N T'7e, contradicting the choice of v to be above

c

sup(nacc(es) N D, NT7e). O

Let ¢ be given the preceding claim. Then (I'] | 7 < ) is a partition of A* into
0 many Z-positive sets, witnessing that Z is indeed not weakly #-saturated. (I

6. CONCLUDING REMARKS

We end with some some questions that remain open, followed by a couple of
brief remarks connecting the topics of this paper with previous works. First, we
present a conjecture of a connection between the C-sequence number and the infinite
productivity of the xk-Knaster property.

Conjecture 6.1. For any regular uncountable cardinal k, the following are equiv-
alent:
o x(k) <1;
o for every k-Knaster poset P, P is k-Knaster, as well.
A number of fundamental questions about the C-sequence number and C-sequence
spectrum remain open. In addition to the above conjecture, here are a few that

we find especially interesting. The first set of questions concerns the structure of
Cspec(k).

Question 6.2. Must Cspec(k) be an interval? Must Cspec(x) be closed? If 6 €
Reg(r) and 6% € Cspec(k), must we have 6 € Cspec(k)? If € Cspec(k) is an
uncountable limit cardinal, must it be an accumulation point of Cspec(x)?

Our next question deals with the connections between the C-sequence spectrum
and U(...).

Question 6.3. Must it be the case that U(k, &, x(k),sup(Reg(x))) holds? If 6, x €
Cspec(k), must it be the case that U(x, &, 6, x) holds?

The next question deal with the connections between the C-sequence numbers
and k-Aronszajn trees.

Question 6.4. Suppose k is strongly inaccessible. If x(k) = 1, must there be a
coherent k-Aronszajn tree? If 1 < y(k) < k, must there be a k-Aronszajn tree with
a x(r)-ascent path?

Another question has to do with a singular value for the C-sequence number.

Question 6.5. Suppose that x(k) is singular. Must it be the case that cf(x(k)) =
cf(sup(Reg(x)))?
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The main result of [Rin14b] states that if @ and & are regular cardinals, x > 67,
and E%, admits a non-reflecting stationary set, then Prq(k, &, &, 0) holds. Theo-
rem 3.4 above shows that this result is optimal:

Corollary 6.6. Suppose that k is a weakly compact cardinal, and 8 € Reg(k).
Then there is a cofinality-preserving forcing extension in which:

(1) k is strongly inaccessible;
(2) Ej admits a non-reflecting stationary set, so Pri(k, k, k,0) holds;
(3) Pri(k,k,0",0%) fails.

Proof. Work in the model of Theorem 3.4. By its Clause (6), Pri(x,x,0%,0T)
fails. O

Finally, we note that the combination of Fact 5.7, Lemma 5.15 and Theorem 2.14
implies that, in the statement of Theorem 6.3.6 of [Tod07], “of size < x” should
have been “of size < cf(k)”.
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