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Abstract. We collect necessary conditions for the successor of a singular

cardinal to be Jónsson.

1. Introduction

Our starting point is Ramsey’s theorem [Ram30] asserting that for every 2-
coloring of the unordered pairs of an infinite set X, c : [X]2 → 2, there exists
an infinite subset Y ⊆ X that is c-homogeneous meaning that c is constant over
[Y ]2. Soon after, Sierpiński [Sie33] demonstrated that Ramsey’s theorem does not
generalize to the uncountable by constructing a coloring c : [R]2 → 2 satisfying that
every uncountable Y ⊆ R is c-omnichromatic, meaning that c � [Y ]2 is a surjection.

Instead of interpreting Sierpiński’s result as a disappointment, set theorists view
witnesses to the failure of generalized Ramsey theorem as strong colorings and set
their goal to make them as strong as possible. A succinct way to state results of
this form is using the following arrow notation:

Definition 1.1 ([EHR65, §18]). For cardinals κ, θ, λ and a positive integer n:

• κ 9 [λ]nθ asserts the existence of a coloring c : [κ]2 → θ such that c � [Y ]n

is surjective for every Y ⊆ κ of size λ;
• κ 9 [λ]<ωθ asserts the existence of a coloring c : [κ]<ω → θ such that
c � [Y ]<ω is surjective for every Y ⊆ κ of size λ.

An infinite cardinal κ is Jónsson iff κ → [κ]<ωκ holds, i.e., κ 9 [κ]<ωκ fails.
Rowbottom [Row71] proved that every measurable cardinal is a (regular) Jónsson
cardinal, and Prikry [Pri70] proved that a measurable cardinal may be turned into
a singular Jónsson cardinal via a cardinal-preserving forcing. Tryba [Try84] and
independently Woodin proved that if κ is a Jónsson cardinal then every stationary
subset of κ reflects. This was then improved by Todorčević [Tod87] who derived the
same conclusion from κ → [κ]2κ. In particular, the successor of a regular cardinal
is never Jónsson. This survey centers around the open problem of whether the
successor of a singular cardinal may consistently be Jónsson.

1.1. Notation and conventions. Throughout this paper, κ denotes a regular
uncountable cardinal, λ and µ denote infinite cardinals, and θ a (possibly finite)
cardinal. Let Eκµ := {α < κ | cf(α) = µ}, and define Eκ≤µ, Eκ<µ, Eκ≥µ, Eκ>µ, Eκ6=µ
analogously. Reg(κ) stands for the set of all infinite regular cardinals below κ.
We identify [κ]2 with {(α, β) | α < β < κ}. For a set of ordinals A, we write
acc(A) := {α ∈ A | sup(A ∩ α) = α > 0} and nacc(A) := A \ acc(A).
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2. Cardinal arithmetic

Theorem 2.1 (Erdős-Hajnal-Rado, [EHR65]). Suppose that λ is an infinite cardi-
nal satisfying that 2λ = λ+. Then λ+ 9 [λ+]2λ+ holds.

Proof. Using 2λ = λ+, let 〈aα | α < λ+〉 enumerate all bounded subsets of λ+. We
shall need the following standard claim concerning disjoint refinements.

Claim 2.1.1. Let β < λ+. There exists a pairwise disjoint subfamily Bβ ⊆ [β]λ

satisfying that for every α < β such that aα ∈ [β]λ, there is b ∈ Bβ with b ⊆ aα.

Proof. To avoid trivialities, suppose that Aβ := {α < β | aα ∈ [β]λ} is nonempty,
so that 0 < |Aβ | ≤ λ. Fix a bijection π : λ↔ λ×Aβ and then recursively construct
an injection f : λ→ β satisfying that for every i < λ:

(π(i) = (j, α)) =⇒ (f(i) ∈ aα).

For every α ∈ Aβ , the set bα := {f(i) | ∃j (π(i) = (j, α))} is a λ-sized subset of aα,
and since f is injective, Bβ := {bα | α ∈ Aβ} is a pairwise disjoint family. �

Let 〈Bβ | β < λ+〉 be given by the preceding claim. Pick a coloring c : [λ+]2 → λ+

satisfying that for every β < λ+ for every b ∈ Bβ , c[b×{β}] = β. To see this works,
let Y be a subset of λ+ of full size, and let τ < λ+ be any prescribed color, and we
shall show that τ ∈ c“[Y ]2.

As |Y | = λ+, we may find a large enough ε < λ+ such that |Y ∩ ε| = λ and then
find an α < λ+ such that Y ∩ ε = aα. Pick β ∈ Y above max{ε, α, τ}. Evidently,
aα ∈ [β]λ, so we may pick b ∈ Bβ such that b ⊆ aα. Altogether, b ⊆ Y and
τ ∈ β = c[b× {β}] ⊆ c“[Y ]2. �

A few remarks are in order here:

(1) The proof of Theorem 2.1 is a template of a proof of anti-Ramsey conse-
quences of the GCH. See, e.g., [Mil78, Theorem 9] and [Kom20, Theorem 2]
for elaborations of this argument.

(2) It is not hard to see that Theorem 2.1 (and its successors) remain valid

after weakening the hypothesis of 2λ = λ+ to the strick principle |•(λ+). In
the special case of λ regular, stronger consequences may be derived — see
[RZ23, Theorem 6.3].

(3) In [Tod87, pp. 290–291], Todorčević shows that the special case of λ = ℵ0 of
Theorem 2.1 follows from a classical theorem of Sierpiński [Sie34] asserting
that the continuum hypothesis gives rise to a sequence 〈fn | n < ω〉 of
functions from ℵ1 to ℵ1 such that for every uncountable Y ⊆ ℵ1, for all but
finitely many n < ω, fn[Y ] = ℵ1. This finding was extended in [KRS23].

(4) A simple stretching argument shows that λ+ 9 [λ+]2θ with θ = λ+ follows
from λ+ 9 [λ+]2θ with merely θ = λ. This was extended in [KRS24, §3].

The upcoming Fact 2.3 reduces the arithmetic hypothesis of Theorem 2.1 to a
postulation coming from pcf theory, as follows. First, given an infinite cardinal λ
and a subset Θ ⊆ Reg(λ), define an ordering <∗ over

∏
Θ by letting f <∗ g iff

sup{θ ∈ Θ | f(θ) ≥ g(θ)} < sup(Θ). Then, let

• b(Θ) denote the least size of unbounded family in (
∏

Θ, <∗), and let
• d(Θ) denote the least size of a cofinal family in (

∏
Θ, <∗).

Fact 2.2 (Shelah, Theorem 1.5 and Claim 2.1 of [She94a]). Suppose that λ is a
singular cardinal. Then:
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(1) There exists a cofinal subset Θ ⊆ Reg(λ) such that d(Θ) = λ+ (and hence
also b(Θ) = λ+);

(2) If cf(λ) > ω, then the above Θ may be taken to be {µ+ | µ ∈ C} for some
sparse enough club C in λ.

Fact 2.3 (Todorčević, [Tod87, pp. 289]; see [BM90, Theorem 4.11] for a proof).
Suppose that λ is a singular cardinal. If there exists a cofinal subset Θ ⊆ Reg(λ)
such that d(Θ) = λ+ and θ 9 [θ]2θ holds for every θ ∈ Θ, then λ+ 9 [λ+]2λ+ holds.1

Recall that by the main result of [Tod87], θ 9 [θ]2θ holds whenever θ is a successor
of a regular cardinal, thus we arrive at the following informative conclusion.

Corollary 2.4. (1) If λ is a singular cardinal satisfying λ+ → [λ+]2λ+ , then λ
is the limit of (weakly) inaccessibles;

(2) If λ is the first cardinal to satisfy λ+ → [λ+]2λ+ , then λ is a singular cardinal
of countable cofinality.

Question 6.7 of the recent preprint [Gil22] is equivalent to asking whether hy-
pothesis of d(Θ) = λ+ of Fact 2.3 may be reduced to b(Θ) = λ+. We answer this
question in the affirmative.

Proposition 2.5. Suppose that λ is a singular cardinal. If there exists a cofinal
subset Θ ⊆ Reg(λ) such that b(Θ) = λ+ and θ 9 [θ]2θ holds for every θ ∈ Θ, then
λ+ 9 [λ+]2λ+ holds.

Proof. Suppose that Θ is a cofinal subset of Reg(λ) such that b(Θ) = λ+ and
θ 9 [θ]2θ holds for every θ ∈ Θ. By possibly passing to a cofinal subset, we may
assume that otp(Θ) = cf(λ), and let 〈λi | i < cf(λ)〉 be the increasing enumeration
of Θ. For each i < cf(λ), let ci : [λi]

2 → λi be a witness for λi 9 [λi]
2
λi

.

Using b(Θ) = λ+, we may fix an unbounded sequence ~f = 〈fα | α < λ+〉 of
functions in

∏
Θ satisfying, in addition, that fα <

∗ fβ for all α < β < λ+. This
buys us the following standard feature.

Claim 2.5.1. For every subset Z ⊆ λ+ of full size, the following set

IZ := {i < cf(λ) | sup{ε < λi | sup{β ∈ Z | fβ(i) = ε} = λ+} = λi}

is cofinal in cf(λ).

Proof. Let Z ⊆ λ+ of full size be given. Fix a function g ∈
∏
i<cf(λ) λi satisfying

that for every i ∈ cf(λ) \ IZ :

g(i) := sup{ε < λi | sup{β ∈ Z | fβ(i) = ε} = λ+}+ 1.

As ~f is unbounded, there exists some α ∈ λ+ such that {i < cf(λ) | fα(i) ≥ g(i)} is
cofinal in cf(λ). Recalling that fα <

∗ fβ for all α < β < λ+, we infer the existence
of a final segment I of {i < cf(λ) | fα(i) ≥ g(i)} such that, for cofinally many
β ∈ Z,

I ⊆ {i < cf(λ) | fβ(i) ≥ g(i)}.
By the pigeonhole principle, I ⊆ IZ . In particular, IZ is cofinal in cf(λ). �

1An analogous pump-up fact holds true for Jónsson-ness. See [She94a, Conclusion 4.6(γ)].
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Next, by [Eis13, Theorem 1], we may fix a map d : [λ+]2 → [λ+]2 × cf(λ)
satisfying that for every Y ⊆ λ+ of full size, there is a stationary Z ⊆ λ+ such that
d“[Y ]2 covers [Z]2×cf(λ). Recall that by a stretching argument, it suffices to prove
that λ+ 9 [λ+]2λ holds. To this end, we define a coloring c : [λ+]2 → λ by letting

c(α, β) := ci(fγ(i), fδ(i))

whenever d(α, β) = (γ, δ, i).
To see this works, suppose that we are given Y ⊆ λ+ of full size, and a prescribed

color τ < λ. Pick Z ⊆ λ+ of full size such that d“[Y ]2 covers [Z]2 × cf(λ). Pick
a large enough i ∈ IZ such that τ < λi. Since Ei := {ε < λi | sup{β ∈ Z |
fβ(i) = ε} = λ+} is cofinal in λi, we may find a pair ε < ε′ of ordinals in Ei such
that ci(ε, ε

′) = τ . Pick γ ∈ Z such that fγ(i) = ε and then pick δ ∈ Z above γ such
that fδ(i) = ε′. Let α < β be a pair of ordinals in Y such that d(α, β) = (γ, δ, i).
Then

c(α, β) = ci(fγ(i), fδ(i)) = ci(ε, ε
′) = τ,

as sought. �

Recall that the singular cardinals hypothesis (SCH) is the assertion that SCHλ
holds for every singular cardinal λ, where SCHλ means that if 2cf(λ) < λ, then
2λ = λ+. Motivated by Proposition 2.5, we formulate the following particular
failure of the SCH:

Definition 2.6. For a property ϕ of a cardinal (such as being inaccessible) and a
singular cardinal λ, the ϕ failure of SCHλ asserts that for every cofinal Θ ⊆ Reg(λ)
with b(Θ) = λ+, it is the case that co-boundedly many θ ∈ Θ has property ϕ.

Problem 1. Is the weakly compact failure of SCHλ consistent (from a large cardi-
nals hypothesis)?

Note that by [Sol74, Theorem 1], the strongly compact failure of SCHλ is incon-
sistent. Adolf informed us that the consistency of the weakly compact failure of
SCHλ requires a Woodin cardinal.

Ben-Neria suggested that an affirmative answer to Problem 1 may be obtained
using the forcing of Merimovich from [Mer11]. Specifically, suppose j : V → M
is a V -definable nontrivial elementary embedding with critical point λ. Denote

µ := j(λ) and κ := j(µ) and further assume <µM ⊆ M and Vκ ⊆ M . Let ~E

be the extender derived from j with measures ~E(d) for d ∈ [κ]<µ, and finally let
P~E be the associated extender-based Prikry forcing of [Mer11]. Merimovich proved
that this forcing changes the cofinality of λ to ω, does not add bounded subsets of
λ, collapses the cardinals in the interval (λ, µ) and only those, and adds κ-many
ω-sequences to λ. Ben-Neria claims that V P~E witnesses the measurable failure of
SCHλ.

3. Compactness and incompactness

We mentioned in the introduction that the existence of a nonreflecting stationary
subset of κ implies that κ 9 [κ]2κ holds. This was extended in [Rin14b]. In the
context of successors of singulars, a stronger consequence may be derived from the
failure of κ9 [κ]2κ, as follows.
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Fact 3.1 (Eisworth, [Eis12]). Suppose that λ is a singular cardinal such that λ+ →
[λ+]2λ+ holds. Then every family S of less than cf(λ)-many stationary subsets of
λ+ reflects simultaneously, that is, there exists an ordinal δ < λ+ of uncountable
cofinality such that S ∩ δ is stationary in δ for every S ∈ S.

The combination of the preceding fact with the results of the previous section
prompts the study of models in which there exists a singular cardinal λ of countable
cofinality such that SCHλ fails and simultaneous reflection of stationary subsets of
λ+ holds. The existence of such a model was demonstrated only very recently. In
[PRS22], Poveda, Rinot and Sinapova obtained such a model using iterated Prikry-
type forcing, continuing the work of Sharon [Sha05]. In [BHU24], Ben-Neria, Hayut
and Unger obtained such a model using iterated ultrapowers. A third model was
constructed by Gitik in [Git22].

A possible explanation of the difficulty in getting such a model is in the fact
that the failure of SCH implies the failure of reflection of two-cardinal stationary
sets. Specifically, the failure of SCHλ implies the existence of a so-called better scale
at λ which the proof of [CFM01, Theorem 4.1] shows to imply the combinatorial
principle ADSλ. Finally, by [CFM01, Theorem 4.2], if ADSλ holds for a singular
cardinal λ of countable cofinality, then the reflection principle Refl∗([λ+]ℵ0) fails.

Problem 2. Find combinatorial consequences of the weakly compact failure of
SCHλ.

We continue with two more facts connecting incompactness to strong colorings.

Fact 3.2 (Jensen, [Jen72, Lemma 6.6]; Shore [Sho74, Lemma 1]).
If there is a κ-Souslin tree, then κ9 [κ]2κ holds.

Fact 3.3 ([Rin14a]). If �(κ) holds,2 then so does κ9 [κ]2κ.

The hypotheses of the last two facts have to do with particular forms of κ-
Aronszajn trees. So, we ask:

Problem 3. Suppose that λ is a singular cardinal and there exists a λ+-Aronszajn
tree. Does λ+ 9 [λ+]2λ hold?

Taking into account all of the results discussed so far, we arrive at the following
difficult problem:

Problem 4. Modulo a large cardinals hypothesis, is the conjunction of the follow-
ing consistent for some singular cardinal λ?

• Weakly compact failure of SCHλ;
• TP(λ+), i.e., there are no λ+-Aronszanjn trees;
• Every finite family of stationary subsets of λ+ reflect simultaneously.

The first model to satisfy the (usual) failure of SCHλ together with TP(λ+)
holding was constructed by Neeman in [Nee09]. More recent works in this vein
include [CHM+20].

We end this section by pointing out that the combination of Fact 3.2 and Prob-
lem 3 gives rise to the following problem (a variation of [Sch05, Problem 1] that we
studied in [BR19c]):

2The conclusion follows from weaker hypotheses such as �(κ,<ω,vν) whose definition may
be found in [BR19a, Definition 1.16].
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Problem 5. Suppose that λ is a singular cardinal and there exists a λ+-Aronszajn
tree. Does there exist a λ+-Souslin tree?

We find the preceding problem to be of interest even in the context of GCH. The
point is that the main result of [BR19b] shows that in this context, singularizations
of a regular cardinal λ tend to do introduce λ+-Souslin trees. Finally, in view of
the fact that the existence of a λ+-Aronszajn tree is equivalent to �(λ+, λ), the
following variation of Problem 5 emerges:3

Problem 6. Suppose that λ is a singular cardinal and �(λ+, <λ) and GCH both
hold. Does there exist a λ+-Souslin tree?

In [Rin17], an affirmative answer is given under the stronger hypothesis of �(λ+).
By [BR19a, Corollary 2.24], the hypothesis of Problem 6 is sufficient for the con-
struction of a distributive λ+-Aronszajn tree.

4. Reductions and approximations

We mentioned earlier that λ+ 9 [λ+]2θ with θ = λ+ follows from λ+ 9 [λ+]2θ
with merely θ = λ. We now recall a further reduction.

Fact 4.1 (Eisworth, [Eis13]). Suppose that λ is a singular cardinal. If λ+ 9 [λ+]2θ
holds for arbitrarily large θ < λ, then λ+ 9 [λ+]2λ holds.

Fact 4.2 (Shelah, [She94a, Conclusion 4.1]).
For every singular cardinal λ, λ+ 9 [λ+]2cf(λ) holds.

In view of the last two facts, we ask:

Problem 7. Suppose that λ is a singular cardinal. Does λ+ 9 [λ+]2cf(λ)+ hold?

Note that λ+ 9 [λ+]2cf(λ)+ is equivalent to the syntactically-weaker principle

U(λ+, 2, cf(λ)+, 2) of [LHR18, Definition 1.2]. We do not know whether this equiv-
alency remains true replacing cf(λ)+ by an arbitrary regular cardinal θ < λ.

Definition 4.3. Given a coloring c : [λ+]2 → θ and a cardinal µ ≤ λ, consider the
following notion of forcing

Pc,µ := ({x ∈ [λ+]<µ | c � [x]2 is constant },⊇)

for adding a large c-homogeneous set, so that c will not witness λ+ 9 [λ+]2θ.

Fact 4.4 ([Rin12, Theorem 1]). Suppose that λ is a singular cardinal and θ ≤ λ+

is any cardinal. If λ+ 9 [λ+]2θ holds, then it may be witnessed by a coloring
c : [λ+]2 → θ for which Pc,µ has the λ+-cc for every cardinal µ such that λ<µ = λ.

This ensures that cardinals above λ will not be collapsed. But what about the
ones from below? Here, we have some bad news indicating that Pc,µ is not the right
poset for this task.

Fact 4.5 ([RZ23, Proposition 2.10 and 2.12]). Suppose that c : [λ+]2 → 2 is a
coloring for some singular cardinal λ. Then:

• Pc,λ has an antichain of size λ+ consisting of pairwise disjoint sets;
• If λ is the limit of strongly compacts, then the above is true already for
Pc,cf(λ)+ .

3Furthermore, the implication of Problem 6 for λ regular and uncountable holds true [Rin19].
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Problem 8. Given a coloring c : [λ+]2 → θ witnessing λ+ 9 [λ+]2θ, is there a
cofinality-preserving notion of forcing for killing c? Identify additional features of
c that would enable an affirmative answer.

To demonstrate the difficulty in solving Problem 8, examine the very proof of
Fact 4.2 and see what it takes to kill the particular coloring constructed there.

The next reduction tells us that we may focus our attention on sets thicker than
just cofinal.

Fact 4.6 ([Rin12, Theorem 2]). Suppose that λ is a singular cardinal. If there
are a cardinal µ < λ and a coloring c : [λ+]2 → θ such that c“[S]2 = θ for every

stationary S ⊆ Eλ+

>µ, then λ+ 9 [λ+]2θ holds.

Problem 9. Identify interesting ideals J over λ+ for which ZFC proves the existence
of a coloring c : [λ+]2 → λ satisfying c“[B]2 = λ for every B ∈ J+.

The next reduction tells us that instead of implementing prescribed colors as
c(α, β) for some pair α < β of ordinals from a given large set Y , it suffices to do so
as c(i, β) where only β is required to come from Y .

Fact 4.7 ([IR23, Lemma 8.9(2)]). Suppose a singular cardinal λ is a strong limit
or satisfies ℵλ > λ. If there exists a coloring c : λ × λ+ → λ such that for every
Y ⊆ λ+ of full size, there is i < λ with c[{i} × Y ] = λ, then λ+ 9 [λ+]2λ holds.

Unfortunately, in [IR22b] it was shown that in the model of [GS12] there is no
such coloring c : λ× λ+ → λ. But we do get two approximations of such a coloring
in ZFC:

Fact 4.8 ([IR22b, §6]). Suppose that λ is a singular cardinal.

(1) There is a coloring c : λ× λ+ → λ such that for every Y ⊆ λ+ of full size,
there is i < λ with otp(c[{i} × Y ]) = λ;

(2) For every cardinal θ < λ, there is a coloring c : λ × λ+ → θ such that for
every Y ⊆ λ+ of full size, there is i < λ with c[{i} × Y ] = θ.

To appreciate the fact that Clause (1) holds in ZFC for λ singular, note that the
same assertion for λ regular is equivalent to bλ = λ+ (see [IR22b, Lemma 6.1]).

5. Club guessing

For a set of ordinals S, a C-sequence over S is a sequence ~C = 〈Cδ | δ ∈ S〉
satisfying that for every δ ∈ S, Cδ is a closed subset of δ with sup(Cδ) = sup(δ).

Definition 5.1 (Shelah). A C-sequence ~C = 〈Cδ | δ ∈ S〉 over a stationary subset
S ⊆ κ is said to guess clubs iff for every club D ⊆ κ, there is some δ ∈ S with
Cδ ⊆ D.

By [She94b, §1], for every stationary S ⊆ κ such that sup{cf(δ)+ | δ ∈ S} < κ,
there exists a C-sequence over S that guesses clubs.

Definition 5.2. A C-sequence ~C = 〈Cδ | δ ∈ S〉 is uninhibited iff for club many
δ ∈ S, for every µ ∈ Reg(δ), sup(nacc(Cδ) ∩ Eδ≥µ) = δ.

Definition 5.3. Given a C-sequence ~C = 〈Cδ | δ ∈ S〉 over some stationary S ⊆ κ,
consider the following corresponding ideal:

J(~C) := {A ⊆ κ | ∃club D ⊆ κ∀δ ∈ S∃µ ∈ Reg(δ)[sup(nacc(Cδ)∩Eδ≥µ∩D∩A) < δ]}.
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By [She94b, Claim 2.4] and [ES09, Theorem 2], for every cardinal λ of uncount-

able cofinality, there exists an uninhibited club-guessing C-sequence ~C over Eλ
+

cf(λ).

In particular, in this case, the corresponding ideal J(~C) is a proper ideal. The
following is Question 2.4 of [ES09] and is still open:

Problem 10. Suppose that λ is a singular cardinal of countable cofinality. Must

there exist an uninhibited club-guessing C-sequence over Eλ
+

cf(λ)?

A pump-up result (proved using a simple stretching argument) asserts that if
λ is not a Jónsson cardinal, then neither is λ+. In [She94b, Lemma 1.9], Shelah
proved a deep pump-up theorem asserting that for every singular cardinal λ, if there

exists a C-sequence ~C over Eλ
+

cf(λ) for which there exists a J(~C)-positive subset of

{β < λ+ | cf(β) is not Jónsson}, then λ+ is not Jónsson.

Problem 11. Is λ+ → [λ+]2λ equivalent to the Jónsson-ness of λ+? to λ+ → [λ+]nλ
for some positive integer n?

Jónsson cardinals are known to have tight connections to problems in algebra.
By [FR17, Corollary 2.8], κ is not Jónsson iff the following strong failure of the
higher analog of Hindman’s theorem holds true: for every Abelian group G of size
κ, there exists a coloring c : G→ κ such that for every Y ⊆ G of full size, c �FS(Y )
is surjective, where FS(Y ) stands for the set of all finite sums y1+· · ·+yn of distinct
elements of Y . A particularly nice witness to a cardinal κ not being Jónsson is the
existence of a Shelah group of size κ, that is, a group G (of size κ) for which there
exists a positive integer n such that for every Y ⊆ G of full size, every element of
G may be written as a group word of length n in the elements of Y . In [She80],
Shelah proved that 2λ = λ+ entails the existence of a Shelah group of size λ+. In
[PR23], it was shown that the arithmetic hypothesis is redundant in the case that
λ is regular. Thus, we ask:

Problem 12. Suppose that λ is a singular cardinal such that λ+ is not Jónsson.
Does there exist a Shelah group of size λ+?

Coming back to the context of coloring pairs, we have the following result con-
cerning the ideal of Definition 5.3:

Fact 5.4 (Eisworth, [Eis09]). Suppose that λ is a singular cardinal, ~C = 〈Cδ |
δ ∈ Eλ+

cf(λ)〉 is a C-sequence such that otp(Cδ) < λ for all δ ∈ Eλ+

cf(λ). Whenever

there are θ-many pairwise disjoint J(~C)-positive sets, λ+ 9 [λ+]2θ holds.4

Corollary 5.5 (Eisworth). Suppose that λ is a singular cardinal, and ~C = 〈Cδ |
δ ∈ Eλ+

cf(λ)〉 is a club guessing C-sequence such that otp(Cδ) = λ for all δ ∈ Eλ+

cf(λ).

Then λ+ 9 [λ+]2λ holds.

Proof. Using a general partition theorem for club guessing [IR22a, §4.4], we may

fix a partition 〈Sτ | τ < λ〉 of Eλ
+

cf(λ) such that ~C � Sτ guesses clubs for each τ < λ.

By Corollary 2.4(1), we may assume that λ = ℵλ, hence, we may find a pairwise

disjoint sequence ~K = 〈Kτ | τ < λ〉 of cofinal subsets of Reg(λ) of order-type cf(λ).

For every τ < λ, set Bτ := {β < λ+ | cf(β) ∈ Kτ}, and note that ~B = 〈Bτ | τ < λ〉
is a sequence of pairwise disjoint stationary subsets of λ+.

4Compare with [She03a, Remark 2.10(2)].
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Next, for all τ < λ and δ ∈ Sτ , let Dδ be the closure below δ of the following set

{γ ∈ Cδ | otp(Cδ ∩ γ) ∈ Kτ},

so that Dδ is a subclub of Cδ of order-type cf(λ). In particular, ~D := 〈Dδ |
δ ∈ Eλ+

cf(λ)〉 is an uninhibited club-guessing C-sequence such that otp(Dδ) < λ for

all δ ∈ Eλ
+

cf(λ). A moment’s reflection makes it clear that, for every τ < λ, Bτ

is J( ~D � Sτ )-positive. In particular, ~B consists of λ-many pairwise disjoint J( ~D)-
positive sets. By Fact 5.4, then, λ+ 9 [λ+]2λ holds. �

The preceding motivates the following stronger form of Problem 10:

Problem 13. Suppose that λ is a singular cardinal. Is there a club guessing

C-sequence ~C = 〈Cδ | δ ∈ Eλ
+

cf(λ)〉 such that otp(Cδ) = λ for all δ ∈ Eλ+

cf(λ)?

To compare, a negative answer is known for λ regular, as Abraham and Shelah
proved [AS86] it is consistent for a regular cardinal λ to have λ++ many clubs in
λ+ such that the intersection of any λ+ many of them has size < λ.

Problem 13 bears similarity to questions concerning the failure of diamond at
successor of singulars; results in this direction may be found in [She84, She03b,
GR12].

An affirmative answer to Problem 13 (or Problem 10) under the additional as-
sumption of �∗λ is of interest, as well.

We conclude this paper by reiterating Question 2 from [Rin14c]:

Problem 14. Suppose that λ is a singular cardinal. Assuming �λ holds, may it

be witnessed by C-sequence ~C = 〈Cδ | δ < λ+〉 with the property that for every
club D ⊆ λ+, there exists some δ ∈ acc(λ+) such that otp(Cδ ∩D) = λ?

By the main result of [Rin15], an affirmative answer to the preceding holds
assuming 2λ = λ+.
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