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SMALL WIDTH AND GENERAL IDEALS
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This paper is dedicated to W. F. Sierpiński on the occasion of his 140th birthday

Abstract. We continue our study of Sierpiński-type colourings. In contrast
to the prequel paper, we focus here on colourings for ideals stratified by their

completeness degree. In particular, improving upon Ulam’s theorem and its
extension by Hajnal, it is proved that if κ is a regular uncountable cardinal

that is not weakly compact in L, then there is a universal witness for non-weak-

saturation of κ-complete ideals. Specifically, there are κ-many decompositions
of κ such that, for every κ-complete ideal J over κ, and every B ∈ J+, one of

the decompositions shatters B into κ-many J+-sets.

A second focus here is the feature of narrowness of colourings, one already
present in the theorem of Sierpiński. This feature ensures that a colouring

suitable for an ideal is also suitable for all superideals possessing the requisite

completeness degree. It is proved that unlike successors of regulars, every
successor of a singular cardinal admits such a narrow colouring.

1. Introduction

Throughout this paper, κ denotes an infinite cardinal and λ, µ, ν denote infinite
cardinals ≤ κ, and θ is a cardinal with 2 ≤ θ ≤ κ. Also, Jbd[κ] stands for the ideal
of bounded subsets of κ, and we let

J κν := {J | J is a ν-complete ideal over κ extending Jbd[κ]}.

Some additional conventions are listed in Subsection 1.2 below.
In the prequel paper [IR23], we initiated the systematic study of Sierpiński-type

colourings. To exemplify, for an ideal J over κ, the principle onto(J, θ) asserts the
existence of a colouring c : [κ]2 → θ with the property that for every J-positive set
B, there exists some η < κ such that c[{η}~B] = θ.

Sierpiński-type colourings are quite natural, and they can be used to characterize
large cardinals (for example, a regular uncountable cardinal κ is almost ineffable
iff onto(Jbd[κ], 2) fails, and is weakly compact iff onto(Jbd[κ], 3) fails), but our
motivation comes from the problem of finding sufficient conditions for any J-positive
set of a given ideal J ∈ J κκ to have a decomposition into κ-many J-positive sets.
Probably the earliest such sufficient condition was discovered by Ulam in [Ula30].
Ulam proved that any successor cardinal κ = λ+ admits an Ulam matrix, that is,
an array 〈Uη,τ | η < λ, τ < κ〉 of subsets of κ such that:

• For every η < λ, 〈Uη,τ | τ < κ〉 consists of pairwise disjoint sets;
• For every τ < κ, |κ \

⋃
η<λ Uη,τ | < κ.
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In particular, given J ∈ J κκ , each row ~Uη = 〈Uη,τ | τ < κ〉 shatters any B ∈ J+

into κ-many disjoint sets, and there must exist an η < λ such that {τ < κ |
Uη,τ ∩ B ∈ J+} has order-type κ. Put differently, there is a λ-list of candidates
such that any element of J+ is partitioned into κ-many disjoint pieces, κ of which
are in J+, by at least one of the candidates.

Later, in [Haj69], Hajnal extended the idea of Ulam to accommodate some limit
cardinals as well. He showed that for every inaccessible cardinal κ admitting a
stationary set that does not reflect at regulars, there exists a triangular Ulam
matrix, that is, an array 〈Uη,τ | η < τ < κ〉 of subsets of κ such that:

• For every η < κ, 〈Uη,τ | η < τ < κ〉 consists of pairwise disjoint sets;
• For stationarily many τ < κ, |κ \ (

⋃
η<τ Uη,τ )| < κ.

The existence of a triangular Ulam matrix at κ is in fact equivalent to the
existence of a stationary subset of κ that does not reflect at regulars, but our focus
here is its primary consequence. The question we consider is the following: given
an ideal J ∈ J κκ , are there other means to obtain a κ-list of candidates such that
any element of J+ is partitioned into κ-many disjoint pieces, κ of which are in J+,
by at least one of the candidates?

To streamline the discussion, we rephrase things in the language of colourings:

Definition 1 ([IR23]). Let J be an ideal over κ.

• onto+(J, θ) asserts the existence of a colouring c : [κ]2 → θ such that for
every B ∈ J+, there is an η < κ such that

{τ < θ | {β ∈ B \ (η + 1) | c(η, β) = τ} ∈ J+} = θ;

• unbounded+(J, θ) asserts the existence of a colouring c : [κ]2 → θ that is
upper-regressive (i.e., c(α, β) < β for all α < β < κ) with the property
that, for every B ∈ J+, there is an η < κ such that

otp({τ < θ | {β ∈ B \ (η + 1) | c(η, β) = τ} ∈ J+}) = θ.

For a collection J of ideals over κ, we write onto+(J , θ) to assert the existence of
a colouring c : [κ]2 → θ simultaneously witnessing

∧
J∈J onto+(J, κ). The same

convention applies to unbounded+.

By the above-mentioned theorems of Ulam and Hajnal, if κ is a regular uncount-
able cardinal and unbounded+(J κκ , κ) fails, then κ is a Mahlo cardinal all of whose
stationary subsets reflect at inaccessibles.1 The first main result of this paper im-
proves it, deriving that κ is a greatly Mahlo cardinal that is weakly compact in
L, and for every sequence 〈Si | i < κ〉 of stationary subsets of κ, there exists an
inaccessible α < κ such that Si ∩α is stationary in α for every i < α. The result is
obtained by drawing a connection between the theory of walks on ordinals and the
problem of decomposing a positive set of an ideal in J κκ into the maximal number
of positive pieces. It reads as follows.

Theorem A. For a regular uncountable cardinal κ, the following are equivalent:

(1) unbounded+(Jbd[κ], κ) holds;
(2) unbounded+(J κκ , κ) holds;
(3) κ admits a nontrivial C-sequence in the sense of [Tod07, Definition 6.3.1].

1By the work of Mekler and Shelah [MS89], the consistency strength of this reflection principle
is weaker than that of a weakly compact cardinal.
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Corollary 6.4 below gives a pumping-up condition, showing that for every infi-
nite regular cardinal θ such that bθ = θ+, if onto+(Jbd[θ], θ) holds, then so does
onto+(Jbd[θ+], θ+). Corollary 4.18 below uncovers a downward monotonicity fea-
ture, showing that for every J ⊆ J κω , unbounded+(J , θ) implies onto+(J , ϑ) for all
regular ϑ < θ. When put together with Theorem A, this shows that if θ ≤ κ is a
pair of infinite regular cardinals such that onto+(Jbd[κ], θ) fails, then either θ = κ
or κ is greatly Mahlo.

Now, let us address the harder problem of finding disjoint refinements: given

an ideal J ∈ J κκ and a sequence ~B = 〈Bτ | τ < θ〉 of J+-sets, is there a pairwise
disjoint sequence 〈Aτ | τ < θ〉 of J+-sets such that Aτ ⊆ Bτ for all τ < θ?

While (classical and triangular) Ulam matrices provide a disjoint refinement for

any constant sequence ~B, they fail to handle more general sequences. Here, we
show that from the same hypothesis under which Ulam matrices exist, there does
exist a universal refining matrix, as follows.

Theorem B. Suppose that κ is a regular uncountable cardinal admitting a sta-
tionary set that does not reflect at regulars. Then, for every cardinal θ < κ,
onto++(J κκ , θ) holds.2 That is, there exists a colouring c : [κ]2 → θ such that

for every J ∈ J κκ and every sequence ~B = 〈Bτ | τ < θ〉 of J+-sets, there exists an
η < κ such that

{τ < θ | {β ∈ Bτ \ (η + 1) | c(η, β) = τ} ∈ J+} = θ.

Finally, let us turn our attention to narrow colourings. For a principle p ∈
{onto+, unbounded+}, the instance p({λ}, J, θ) is obtained by requiring in Def-
inition 1 that the ordinal η be chosen below λ. By Proposition 2.5 below, if
p({λ}, Jbd[κ], θ) holds for a regular cardinal κ, then θ ≤ κ ≤ 2λ. More importantly,
by Proposition 2.9 below, if θ ≤ λ < κ, then any colouring witnessing p({λ}, Jbd[κ],
θ) moreover witnesses p({λ},J κλ+ , θ). The following provides a sample of the results
obtained here on narrow colourings.

Theorem C. Assume θ < λ < cf(κ) ≤ 2λ.

(1) If λ is singular, then unbounded+({λ}, Jbd[κ], λ) holds for κ = λ+;
(2) If λ is regular, then unbounded+({λ}, Jbd[κ], λ) holds for κ ∈ {bλ, dλ};
(3) If λ is singular, then onto+({λ}, Jbd[κ], θ) holds for κ ∈ PP(λ);
(4) If λ = λθ or if λ is a strong limit, then onto+({λ}, Jbd[κ], θ) holds;
(5) If λ = θ+ and bλ = dλ = κ, then unbounded+({λ}, Jbd[κ], θ) holds;
(6) If λ > θ++, then onto+({λ}, Jbd[κ], θ+) holds for κ = λ+.

1.1. Organization of this paper. In Section 2, we recall the colouring principles
from [IR23, §2], identify some inconsistent instances, and demonstrate the utility
of narrow colourings.

In Section 3, we bring in walks on ordinals in order to improve the results of
[IR23, §3]. The equivalence between Clauses (1) and (3) of Theorem A will be
established there.

In Section 4, we shall draw some implications between the various instances
of our colouring principles. In particular we prove pumping-up theorems for these
principles using the concept of projections, as well as establish a monotonicity result
between them. The equivalence between Clauses (1) and (2) of Theorem A will be
established there.

2Here, one cannot take θ = κ, since, by [IR23, Proposition 9.11], onto++(Jbd[κ], κ) fails.
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In Section 5, we compare our colouring principles with other well-studied prin-
ciples such as κ 9 [κ]2θ and U(κ, µ, θ, χ), improving upon results from [IR23] that
were limited to subnormal ideals. It is proved that onto++([κ]κ,J κκ , θ) holds for
κ = θ+ with θ regular, that unbounded++([κ]κ,J κκ , θ) holds for κ = θ+ with θ
singular, and that onto+(J κκ , ω) holds for every regular cardinal κ ≥ d that is not
weakly compact. Additional instances are shown to hold in the presence of Shelah’s
Strong Hypothesis (SSH). The proof of Theorem B will be found there.

In Section 6, we obtain narrow colourings using scales for regular and singular
cardinals. Some of the clauses of Theorem C are proved there.

In Section 7, we obtain more narrow colourings, this time using independent
families, almost-disjoint families, and trees. The remaining clauses of Theorem C
are proven there. We also show that in contrast with the monotonicity result of
Section 4, narrow colourings are not downwards nor upwards monotone.

In the Appendix, we provide a concise index for many of the results of this paper.

1.2. Notation and conventions. The dual filter of an ideal J over κ is denoted
by J∗ := {κ \ X | X ∈ J}, and the collection of J-positive sets is denoted by
J+ := P(κ) \ J . Let Reg(κ) denote the collection of all infinite regular cardinals
below κ. Let Eκθ := {α < κ | cf(α) = θ}, and define Eκ≤θ, E

κ
<θ, E

κ
≥θ, E

κ
>θ, E

κ
6=θ

analogously. For a set of ordinals A, we write ssup(A) := sup{α + 1 | α ∈ A},
acc+(A) := {α < ssup(A) | sup(A ∩ α) = α > 0}, acc(A) := A ∩ acc+(A), and
nacc(A) := A \ acc(A). For a stationary S ⊆ κ, we write Tr(S) := {α ∈ Eκ>ω |
S∩α is stationary in α}. A (ξ-bounded) C-sequence over S is a sequence ~C = 〈Cβ |
β ∈ S〉 such that, for every β ∈ S, Cβ is a closed subset of β with sup(Cβ) = sup(β)
(and otp(Cβ) ≤ ξ). For A,B sets of ordinals, we denote A~B := {(α, β) ∈ A×B |
α < β} and we identify [B]2 with B ~B. In particular, we interpret the domain of
a colouring c : [κ]2 → θ as a collection of ordered pairs. In scenarios in which we are
given an unordered pair p = {α, β}, we shall write c({α, β}) for c(min(p),max(p)).
We also agree to interpret c({α, β}) as 0, whenever α = β. For θ 6= 2, [κ]θ stands
for the collection of all subsets of κ of size θ.

The definitions of cardinal invariants such as t, b, d and their higher generaliza-
tions may be found in [CS95, SS02, Bla10]. The definitions of square principles
such as �(κ,<µ) may be found in [BR19, §1]. Our trees conventions follow that of
[BR21, §2.1]. Our walks on ordinals notation follows that of [LHR18, §4.2], and the
reader is further referred to [Tod07] for a comprehensive treatment of the subject.

2. Colouring principles and the utility of narrowness

In this section, we recall the colouring principles from [IR23, §2], identify a few
inconsistent instances, and demonstrate the utility of narrow colourings.

Definition 2.1. For a family A ⊆ P(κ) and an ideal J over κ:

• onto++(A, J, θ) asserts the existence of a colouring c : [κ]2 → θ with the
property that, for every A ∈ A and every sequence 〈Bτ | τ < θ〉 of elements
of J+, there is an η ∈ A such that {β ∈ Bτ \ (η+ 1) | c(η, β) = τ} ∈ J+ for
every τ < θ;
• onto+(A, J, θ) asserts the existence of a colouring c : [κ]2 → θ with the

property that, for all A ∈ A and B ∈ J+, there is an η ∈ A such that, for
every τ < θ, {β ∈ B \ (η + 1) | c(η, β) = τ} ∈ J+;
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• onto(A, J, θ) asserts the existence of a colouring c : [κ]2 → θ with the
property that, for all A ∈ A and B ∈ J+, there is an η ∈ A such that

c[{η}~B] = θ;

• onto−(A, J, θ) asserts the existence of a colouring c : [κ]2 → θ with the
property that, for all A ∈ A and C ∈ J∗, and for every regressive map
f : C → κ, there are η ∈ A and κ̄ < κ such that

c[{η}~ {β ∈ C | f(β) = κ̄}] = θ.

Convention 2.2. (i) For a principle p ∈ {onto++, onto+, onto} and a collec-
tion of ideals J over κ, we write p(A,J , θ) to assert the existence of a
colouring simultaneously witnessing p(A, J, θ) for all J ∈ J ;

(ii) If we omit A, then we mean that A := {κ};
(iii) If we put 	 instead of A, then we mean that the sets A and B in the

definition of the principle p coincide. So, for example, onto(	, J, θ) asserts
the existence of a colouring c : [κ]2 → θ with the property that for every
B ∈ J+ there is an η ∈ B such that c[{η}~B] = θ.

Recall that a colouring c : [κ]2 → θ is upper-regressive if c(α, β) < β for all
α < β < κ.

Definition 2.3. For a family A ⊆ P(κ) and an ideal J over κ:

• unbounded++(A, J, θ) asserts the existence of an upper-regressive colouring
c : [κ]2 → θ with the property that, for every A ∈ A and every sequence
〈Bτ | τ < θ〉 of elements of J+, there is an η ∈ A and an injection h : θ → θ
such that, for every τ < θ, {β ∈ Bτ \ (η + 1) | c(η, β) = h(τ)} ∈ J+;
• unbounded+(A, J, θ) asserts the existence of an upper-regressive colouring
c : [κ]2 → θ with the property that, for all A ∈ A and B ∈ J+, there is an
η ∈ A such that

otp({τ < θ | {β ∈ B \ (η + 1) | c(η, β) = τ} ∈ J+}) = θ;

• unbounded(A, J, θ) asserts the existence of an upper-regressive colouring
c : [κ]2 → θ with the property that, for all A ∈ A and B ∈ J+, there is an
η ∈ A such that

otp(c[{η}~B]) = θ.

The conventions of Convention 2.2 also apply to the principles of Definition 2.3.

Remark 2.4. For p ∈ {onto, onto+, unbounded, unbounded+}, p(J+, J, θ) implies
p(	, J, θ) which implies p(J∗, J, θ) which in turn implies p(J, θ); in case J extends
[κ]<κ then also p([κ]κ, J, θ) implies p(J+, J, θ).

By Ulam’s celebrated theorem, unbounded+({ν}, Jbd[κ], κ) holds for every suc-
cessor cardinal κ = ν+. In Corollary 2.10 below, we present a consistent strength-
ening of this result, but let us first point out that Ulam’s theorem is optimal in the
sense that, by the next proposition, unbounded({ν}, Jbd[κ], κ) fails whenever κ is a
regular cardinal greater than ν+.

Proposition 2.5. Suppose that unbounded({ν}, Jbd[κ], θ) holds for κ regular. Then:

(1) θ ≤ κ, and if ν < cf(θ), then θ = κ;
(2) cf(θ) ≤ ν+;
(3) κ ≤ 2ν .
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Proof. Let c : [κ]2 → θ be a colouring witnessing unbounded({ν}, Jbd[κ], θ).
(1) As (Jbd[κ])+ contains a set of size κ, the choice of c implies that θ ≤ κ.

Suppose that ν < cf(θ). Then, for every β ∈ κ \ ν, σβ := sup{c(η, β) | η < ν} is
less than θ. Now, if θ < κ, then ν < θ < κ, and for some σ < θ, B := {β ∈ κ \ ν |
σβ = σ} is a Jbd[κ]-positive set that satisfies otp(c[{η}~B]) ≤ σ+ 1 < θ for every
η < ν. This is a contradiction.

(2) Suppose that cf(θ) > ν+. Then by Clause (1), κ = θ > ν+, so that S := Eκν+

is stationary. As c is upper-regressive, for every β ∈ S, σβ := sup{c(η, β) | η < ν} is
less than β. By Fodor’s lemma, find some σ < κ such that B := {β ∈ S | σβ = σ}
is stationary. In particular, otp(c[{η}~ B]) ≤ σ + 1 < κ = θ for all η < ν. This is
a contradiction.

(3) Let T be a cofinal subset of θ of order-type cf(θ). By Clause (2), |T | ≤ ν+.
As inferring κ ≤ 2ν from κ ≤ ν is trivial, we may assume that ν < κ. For every
β ∈ [ν, κ), define a function gβ : ν → T via gβ(η) := min(T \ c(η, β)). Towards a
contradiction, suppose that κ > 2ν . As |νT | = 2ν , we may pick a cofinal subset
B ⊆ κ\ν on which the map β 7→ gβ is constant, and let g ∈ νθ denote this constant
value. So, for every η < ν, sup(c[{η} ~ B]) ≤ g(η) < θ. In particular, for every
η < ν, otp(c[{η}~B]) ≤ g(η) + 1 < θ. This is a contradiction. �

Proposition 2.6. Suppose that J is an ideal over κ such that κ /∈ J .
For every ν ≤ θ, unbounded++({ν}, J, θ) fails.

Proof. Given infinite cardinals ν ≤ θ, we fix a map f : θ → ν such that f−1{η}
is infinite for every η < ν. Next, given a colouring c : [κ]2 → θ, for every η < ν,
if there exists τ < θ for which {β < κ | c(η, β) = τ} is in J+, then let ξη be the
least such τ , and then let Bη := {β < κ | c(η, β) = ξη}. Otherwise, let ξη := 0 and

Bη := κ. Finally, for every τ < θ, let Bτ := Bf(τ).
Towards a contradiction, suppose that there exists η < ν and an injection h :

θ → θ such that, for every τ < θ, {β ∈ Bτ | c(η, β) = h(τ)} ∈ J+. In particular,
Bη ∈ J+\{κ}. By the choice of f , let us fix τ0 6= τ1 in θ such that f(τ0) = η = f(τ1).
For each i < 2:

{β ∈ Bη | c(η, β) = h(τi)} = {β ∈ Bτi | c(η, β) = h(τi)} ∈ J+,

and hence h(τi) = ξη. So h(τ0) = h(τ1), contradicting the fact that h is injective.
�

Proposition 2.7. Suppose that κ ∈ Et
ω. Then onto(Jbd[κ], ω) fails.

Proof. Let c : [κ]2 → ω be any colouring. Fix an injective map π : ω → κ whose
image is cofinal in κ. We shall recursively construct a sequence of infinite subsets
of ω, 〈Xη | η ≤ κ〉, as follows.
I Let X0 := ω.
I For every η < κ such that Xη has already been defined, pick Xη+1 ∈ [Xη]ω

such that ω \ c[{η}~ π[Xη+1]] is infinite.
I For every η ∈ acc(κ + 1) such that 〈Xη̄ | η̄ < η〉 has already been defined,

since η ≤ κ < t, we may find some set Xη ∈ [ω]ω such that Xη \Xη̄ is finite, for all
η̄ < η.

This completes the recursive construction. As Xκ ∈ [ω]ω, B := π[Xκ] is Jbd[κ]-
positive. Now, for every η < κ, B \π[Xη+1] is finite, and hence c[{η}~B] 6= ω. �
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A similar idea shows that onto([ω]ω, Jbd[κ], 2) fails for every infinite cardinal κ <
t. By the main result of [GS12], it is also consistent for onto([λ]λ, Jbd[λ+], 2) to fail
at a singular cardinal λ. In contrast, by Theorem 7.5 below, onto({λ}, Jbd[λ+], 2)
does hold for every infinite cardinal λ.

Definition 2.8. A colouring witnessing a principle p(A, J, θ) as in Definitions 2.1
and 2.3 is said to be narrow iff there is an A ∈ A with |A| < |

⋃
J |.

By an argument from [Tod87, p. 291], if κ = ν+ for an infinite regular cardinal
ν, then for every p ∈ {unbounded, onto}, if p([ν]ν , Jbd[κ], θ) holds, then so does
p([κ]ν , Jbd[κ], θ). The same implication remains valid after replacing the regularity
of ν by �∗ν . The next proposition motivates our interest in narrow colourings.

Proposition 2.9. Suppose that J ∈ J κν+ for an infinite cardinal ν < κ, and let

A ⊆ [κ]≤ν be nonempty. Consider the collection J := {I ∈ J κν+ | I ⊇ J}.
(1) For every θ ≤ ν, unbounded(A, J, θ) implies unbounded+(A,J , θ);
(2) For every θ ≤ κ, onto(A, J, θ) implies onto+(A,J , θ);
(3) For every θ ≤ κ, onto++(A, J, θ) implies onto++(A,J , θ).

Proof. Suppose that we are given a colouring c : [κ]2 → θ. For all B ⊆ κ, η < κ
and τ < θ, denote Bη,τ := {β ∈ B \ (η + 1) | c(η, β) = τ}.

(1) Suppose that c witnesses unbounded(A, J, θ) for a given cardinal θ ≤ ν. We
claim that c moreover witnesses unbounded+(A,J , θ). Suppose not, and fix A ∈ A,
I ∈ J and B ∈ I+ such that, for every η ∈ A, the set Tη := {τ < θ | Bη,τ ∈ I+}
has size less than θ. As I is θ+-complete, for every η ∈ A, Eη := κ\

⋃
τ∈θ\Tη B

η,τ is

in I∗. As I is |A|+-complete, B′ := B ∩
⋂
η∈AEη is in I+. In particular, B′ ∈ J+.

So, by the choice of c, there is an η ∈ A such that c[{η} ~ B′] has ordertype θ.
In particular, we may pick τ ∈ c[{η} ~ B′] \ Tη. Fix β ∈ B′ above η such that
c(η, β) = τ . Then β ∈ B′ ⊆ Eη. On the other hand, as τ ∈ θ \ Tη, Eη ∩ Bη,τ = ∅.
This is a contradiction.

(2) Suppose that c witnesses onto(A, J, θ) for a given cardinal θ ≤ κ. We claim
that c moreover witnesses onto+(A,J , θ). Suppose not, and fix A ∈ A, I ∈ J and
B ∈ I+ such that, for every η ∈ A, there is τη < θ such that Eη := κ \ Bη,τη is in
I∗. As before B′ := B ∩

⋂
η∈AEη is in I+, and hence B′ ∈ J+. By the choice of

c, there is an η ∈ A such that c[{η} ~ B′] = θ. In particular, we may pick β ∈ B′
above η such that c(η, β) = τη. But β ∈ B′ ⊆ Eη, contradicting the fact that
Eη ∩Bη,τη = ∅.

(3) Suppose that c witnesses onto++(A, J, θ) for a given cardinal θ ≤ κ. We
claim that c moreover witnesses onto++(A,J , θ). Suppose not. Fix A ∈ A, I ∈ J
and a sequence 〈Bτ | τ < θ〉 of I+-sets such that, for every η ∈ A, there is τη < θ
such that Eη := κ \ (Bτη )η,τη is in I∗. As I is ν+-complete, for every τ < θ,
B′τ := Bτ ∩

⋂
η∈AEη is in I+, and hence J+ as well. By the choice of c, there is

an η ∈ A such that (B′τ )η,τ is J-positive for all τ < θ. In particular, we may pick
β ∈ (B′τη )η,τη . Then β ∈ Eη ∩ (Bτη )η,τη . This is a contradiction. �

In [Sie34, p. 12], Sierpiński proved a theorem asserting that “H→ P3”. A modern
interpretation of this theorem reads as follows.

Corollary 2.10 (Sierpiński). Assuming κ = ν+ = 2ν , onto+([κ]ν ,J κκ , κ) holds.

Proof. By [IR23, Lemma 8.3(1)], κ = ν+ = 2ν implies onto([κ]ν , Jbd[κ], κ), and
then, by Proposition 2.9(2), onto+([κ]ν ,J κκ , κ) follows. �
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Remark 2.11. A simple elaboration on the proof of [IR23, Lemma 8.3(2)] shows

that |•(κ) implies onto+([κ]κ,J κκ , κ) for every infinite successor cardinal κ.

3. Subnormal ideals revisited

By [IR23, Lemma 4.4], unbounded(NSκ, κ) implies unbounded+(NSκ, κ), and it
remained open whether likewise unbounded(Jbd[κ], κ) implies unbounded+(Jbd[κ], κ).
In fact, in the original version of [IR23], we claimed to have also proved the second
implication, but the referee generously provided a counterexample to that proof.
Here we establish the implication we were after.

We discuss first the difference between the two statements. Evidently, for any
upper-regressive colouring c : [κ]2 → κ and any fixed η < κ, the induced one-
dimensional map cη : κ \ (η + 1)→ κ defined via cη(β) := c(η, β) is regressive. So,
to put our finger on the difference between the two tasks, note that in proving the
first implication, given a stationary B ⊆ κ, if one can find an η such that cη attains
κ many colours over B, then Fodor’s lemma will readily ensure that some of these
colours will be repeated stationarily often; on the other hand, in trying to prove
the second implication, one may face a witness c to unbounded(Jbd[κ], κ) and an
unbounded B ⊆ κ such that cη is injective over B for all η < κ. It follows that
to compensate for the lack of Fodor’s feature, there is a need to give more sincere
weight to the fact that the colourings under considerations are two-dimensional.
We do this by incorporating walks on ordinals.

In this section, we study the behavior of our colouring principles over the class
Sκν of all ν-complete subnormal ideals over κ extending Jbd[κ].

Definition 3.1 ([IR23, §2]). An ideal J over κ is said to be subnormal if for every
sequence 〈Eη | η < κ〉 of sets from J∗, the following two hold:

(i) for every B ∈ J+, there exists B′ ⊆ B in J+ such that, for every (η, β) ∈
[B′]2, β ∈ Eη;

(ii) for all A,B ∈ J+, there exist A′ ⊆ A and B′ ⊆ B with A′, B′ ∈ J+ such
that, for every (η, β) ∈ A′ ~B′, β ∈ Eη.

As examples, note that Jbd[κ] is always a subnormal ideal, and in case κ is an
uncountable regular cardinal, then every normal ideal is subnormal as well.

The main result of this section reads as follows:

Corollary 3.2. Suppose that κ is a regular uncountable cardinal.

(1) For θ ∈ [3, κ), unbounded(Jbd[κ], θ) implies unbounded+(Jbd[κ], θ);
(2) For θ < κ, unbounded(	, Jbd[κ], θ) implies unbounded+(	, Jbd[κ], θ);
(3) For θ = κ, unbounded(Jbd[κ], θ) implies unbounded+(	, Jbd[κ], θ).

Proof. (1) The case that θ is an infinite cardinal less than κ is covered by [IR23,
Proposition 2.26(3)]. By Theorem 7.5 below, onto++(Jbd[κ], θ) holds for every
finite θ, provided that κ is not strongly inaccessible. So suppose that κ is strongly
inaccessible and 2 < θ < ω. By [IR23, Corollary 10.8], unbounded(Jbd[κ], θ) implies
that κ is not weakly compact, and then the fact that κ is strongly inaccessible
together with [IR23, Theorem 10.2] imply that moreover onto+(Jbd[κ], ω) holds.

(2) By Lemma 3.6 below.
(3) By Corollary 3.18 below. �

In this section, κ denotes a regular uncountable cardinal. The utility of subnor-
mal ideals is demonstrated in the following series of lemmas. Loosely speaking, the
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first lemma shows that an upper-regressive colouring that is (≥2)-to-1 over positive
sets of an ideal J ∈ Sκκ will witness unbounded+ over all I ∈ Sκκ extending J .

Lemma 3.3. Suppose that J ∈ Sκκ .
For A ⊆ P(κ) and a colouring c : [κ]2 → θ, the following are equivalent:

(1) c witnesses unbounded+(A, J, θ);
(2) for all A ∈ A and B ∈ J+, there is an η ∈ A such that

otp({τ < θ | |{β ∈ B \ (η + 1) | c(η, β) = τ}| ≥ 2}) = θ;

(3) c witnesses unbounded+(A, I, θ) for every I ∈ Sκκ extending J .

Proof. Only the implication (2) =⇒ (3) requires an argument, so suppose that
(2) holds. For all B ⊆ κ, η < ν and τ < θ, denote Bη,τ := {β ∈ B \ (η + 1) |
c(η, β) = τ}. Towards a contradiction, suppose that I is a κ-complete subnormal
ideal over κ extending J and yet for some A ∈ A, B ∈ I+, for every η ∈ A,
Tη := {τ < θ | Bη,τ ∈ I+} has order-type less than θ. As I is κ-complete, for every
α < κ, Eα := κ \

⋃
η∈A∩α

⋃
τ∈θ∩α\Tη B

η,τ is in I∗. As I is subnormal, we may fix

B′ ⊆ B in I+ such that, for every (α, β) ∈ [B′]2, β ∈ Eα. As B′ ∈ I+, in particular,
B′ ∈ J+. Now pick some η ∈ A such that the following set has order-type θ:

T := {τ < θ | |{β ∈ B′ \ (η + 1) | c(η, β) = τ}| ≥ 2}.
Fix τ ∈ T \ Tη, and find (α, β) ∈ [B′ \ (η + 1)]2 such that c(η, α) = τ = c(η, β). As
c is upper-regressive, τ = c(η, α) < α. Altogether, η ∈ A ∩ α and τ ∈ θ ∩ α \ Tη.
As β ∈ Eα, it follows that β ∈ κ \Bη,τ , contradicting the fact that c(η, β) = τ . �

For a cardinal θ < κ, we get a free upgrade from unbounded to unbounded+,
while settling for θ+-completeness, as follows.

Lemma 3.4. Suppose that J ∈ Sκθ+ with θ < κ.
For a colouring c : [κ]2 → θ, the following are equivalent:

(1) c witnesses unbounded(J+, J, θ);
(2) c witnesses unbounded+(I+, I, θ) for every I ∈ Sκθ+ extending J .

Proof. Only the forward implication requires an argument. For any B ⊆ κ and for
ordinals η < κ and τ < θ, denote Bη,τ := {β ∈ B \ (η + 1) | c(η, β) = τ}.

Suppose that c : [κ]2 → θ witnesses unbounded(J+, J, θ). Fix I ∈ Sκθ+ extending

J , and we shall show that c witnesses unbounded+(I+, I, θ). To this end, fix A,B ∈
I+. Towards a contradiction suppose that for every η ∈ A there is some Tη ∈ [θ]<θ

such that, for every τ ∈ θ \ Tη, Bη,τ ∈ I. As I is θ+-complete, for every η ∈ A,
Eη := κ\ (

⋃
τ∈θ\Tη B

η,τ ) is in I∗. As I is subnormal, let us fix A′ ⊆ A and B′ ⊆ B,

both in I+, such that β ∈ Eη for all (η, β) ∈ A′~B′. As A′, B′ are both in particular
in J+, let us now fix η ∈ A′ such that otp(c[{η}~B′]) = θ. In particular, we may
pick β ∈ B′ above η such that c(η, β) /∈ Tη. So, β /∈ Eη, contradicting the fact that
(η, β) ∈ A′ ~B′. �

The proofs of Lemmas 3.3 and 3.4 make it clear that the following analogous
results hold, as well.

Lemma 3.5. For J ∈ Sκκ , a colouring c : [κ]2 → θ witnesses unbounded+(	, J, θ)
iff it witnesses unbounded+(	, I, θ) for every I ∈ Sκκ extending J . �

Lemma 3.6. Suppose that J ∈ Sκθ+ with θ < κ.
For a colouring c : [κ]2 → θ, the following are equivalent:
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(1) c witnesses unbounded(	, J, θ);
(2) c witnesses unbounded+(	, I, θ) for every I ∈ Sκθ+ extending J . �

Lemma 3.7. Suppose that θ is infinite. Consider J = {I ∈ Sκκ | I ⊇ J} for a
given J ∈ Sκκ . Then:

(1) onto(J, θ) implies onto+(J , θ);
(2) onto([κ]κ, J, θ) implies onto+([κ]κ,J , θ).

Proof. Let c : [κ]2 → θ be any colouring. Fix a 2-to-1 map π : θ → θ. Set d := π ◦c.
For all B ⊆ κ, η < κ, and τ < θ, denote Bη,τ := {β ∈ B \ (η + 1) | d(η, β) = τ}.

(1) Suppose that c witnesses onto(J, θ). Let I ∈ J . Towards a contradiction,
suppose that B ∈ I+ is such that for every η < κ, there is a τη < θ such that
Eη := κ \Bη,τη is in I∗. As I is subnormal and κ-complete, we can find B′ ⊆ B in
I+ such that, for all (α, β) ∈ [B′]2, β ∈

⋂
η<αEη. As B′ is in particular in J+, we

may fix an η < κ such that c[{η} ~ B′] = θ. We may pick (α, β) ∈ [B′]2 above η
such that d(η, α) = τη = d(η, β). As β ∈ B′ and β > α > η, we have that β ∈ Eη,
contradicting the fact that Eη ∩Bη,τη = ∅.

(2) The proof is similar. �

Remark 3.8. In the special case of A = 	, in the above proof, the κ-completeness
of I won’t play any role. Namely, for an infinite θ and J ∈ Sκω , onto(	, J, θ) implies
onto+(	,J , θ) for J := {I ∈ Sκω | I ⊇ J}.

Definition 3.9 ([IR23, §3]). Let S ⊆ κ. A C-sequence ~C = 〈Cβ | β ∈ S〉 is strongly
amenable in κ if for every club D in κ, the set {β ∈ S | D ∩ β ⊆ Cβ} is bounded in
κ. Let SAκ := {S ⊆ κ | S carries a C-sequence strongly amenable in κ}.

Recall that for a set of ordinals S, Jbd[S] stands for the ideal of bounded subsets
of S. By [IR23, Lemma 3.4], SAκ ∩ [κ]κ = {S ∈ [κ]κ | unbounded(Jbd[S], κ) holds}.
In this section, we shall be interested in the stronger principle unbounded+. To
appreciate the difference, note that even if unbounded(Jbd[κ], κ) fails, for the set
S of all successor ordinals below κ, it is easy to construct a colouring c witnessing
unbounded([κ]κ, Jbd[S], κ) that does not satisfy the proposition of Lemma 3.3(2)
with θ := κ, whereas, unbounded+ enjoys the following equivalency:

Proposition 3.10. unbounded+(Jbd[S], θ) holds for some S ∈ [κ]κ iff it holds for
all S ∈ [κ]κ.

Proof. Given c : [κ]2 → θ witnessing unbounded+(Jbd[S], θ) with S ∈ [κ]κ, let
π : κ → S denote the inverse collapse. Then pick an upper-regressive colouring
d : [κ]2 → θ such that d(η, β) := c(η, π(β)), provided that the latter is less than β.
It is not hard to verify that d witnesses unbounded+(Jbd[κ], θ). �

Definition 3.11 ([LHR21, §4]).

• Given a C-sequence ~C = 〈Cβ | β ∈ S〉 over a subset S of κ, χ(~C) stands
for the least cardinal χ ≤ κ such that there exist ∆ ∈ [κ]κ and b : κ→ [S]χ

with ∆ ∩ α ⊆
⋃
β∈b(α) Cβ for every α < κ.

• Cspec(κ) := {χ(~C) | ~C is a C-sequence over κ} \ ω.
• If κ is weakly compact, then χ(κ) := 0. Otherwise, χ(κ) := max({1} ∪

Cspec(κ)).
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Remark 3.12. The third bullet is actually a claim established as [LHR21, Theo-
rem 4.7], where the original definition of χ(κ) is slightly different [LHR21, Defini-
tion 1.6]. By [LHR21, Lemma 2.12], if χ(κ) ≤ 1, then κ is a greatly Mahlo cardinal
that is weakly compact in L, and for every sequence 〈Si | i < κ〉 of stationary
subsets of κ, there exists an inaccessible α < κ such that Si ∩ α is stationary in α
for every i < α.

Lemma 3.13. Suppose that ~C = 〈Cγ | γ ∈ S〉 is a C-sequence over a subset S ⊆ κ.
Then the following are equivalent:

(1) ~C is strongly amenable in κ;

(2) χ(~C) > 1;
(3) For every club D ⊆ κ there are club many δ < κ such that sup((D∩δ)\Cγ) =

δ for every γ ∈ S.

Proof. (1) =⇒ (2): Suppose that ~C is strongly amenable in κ, and yet, χ(~C) = 1.
Fix a set ∆ ∈ [κ]κ and a map b : κ → S such that ∆ ∩ α ⊆ Cb(α) for every α < κ.

For each ε < κ, let βε := b(ε + 1). Now, consider the club D := {δ ∈ acc+(∆) |
∀ε < δ (βε < δ)}. The next claim yields the desired contradiction.

Claim 3.13.1. For every ε ∈ D, D ∩ βε ⊆ Cβε .
So, {β ∈ S | D ∩ β ⊆ Cβ} covers {βε | ε ∈ D}, which is a cofinal subset of κ.

Proof. Let ε ∈ D. As ∆∩(ε+1) ⊆ Cβε and Cβε is closed, acc+(∆)∩(ε+1) ⊆ Cβε . In
particular, D∩ (ε+ 1) ⊆ Cβε . Thus, it suffices to prove that D∩ [ε+ 1, βε) = ∅. Let
δ be any element of D above ε, then, by the definition of D, δ > βε, as sought. a

(2) =⇒ (3): Suppose that χ(~C) > 1, and yet, we are given a club D ⊆ κ
and a stationary set T ⊆ κ such that, for every δ ∈ T there are an εδ < δ and a
γδ ∈ S such that sup((D ∩ δ) \ Cγδ) = εδ. As the map δ 7→ εδ is regressive, for
some stationary subset T ′ ⊆ T and ε < κ we have that δ ∈ T ′ implies εδ = ε. Set
∆ := D \ (ε+ 1) and define a function b : κ→ S via b(α) := γmin(T ′\α). Then, for

every α < κ, ∆ ∩ α ⊆ Cb(α), contradicting the fact that χ(~C) > 1.

(3) =⇒ (1): This is immediate. �

Recall that κ 9 [κ]2θ asserts the existence of a colouring c : [κ]2 → θ such that,
for every B ∈ [κ]κ, c“[B]2 = θ.

Lemma 3.14. Suppose that c witnesses κ9 [κ]2θ. Let B ∈ [κ]κ. Then there exists
ε < κ such that, for all β ∈ B \ ε and τ < min{ε, θ}, there exists η ∈ B ∩ ε such
that c(η, β) = τ .

Proof. Suppose not. For each ε < κ, pick βε ∈ B \ ε and τε < min{ε, θ} such that,
for no η ∈ B∩ε, c(η, βε) = τε. Fix τ for which E := {ε < κ | τε = τ} is stationary in
κ. Then, fix a sparse enough cofinal subset B′ of B such that for every (η, β) ∈ [B′]2

there exists ε ∈ E such that η < ε ≤ β = βε. Finally, as c witnesses κ 9 [κ]2θ, we
may find (η, β) ∈ [B′]2 such that c(η, β) = τ . Fix ε ∈ E such that η < ε ≤ β = βε.
Then c(η, βε) = τε, contradicting the fact that η ∈ B ∩ ε. �

Theorem 3.15. Suppose that κ ∈ SAκ. Then unbounded+(	, Jbd[κ], κ) holds.

Proof. Let ~C = 〈Cγ | γ < κ〉 witness that κ ∈ SAκ. We shall conduct walks on ordi-

nals along ~C. By Clause (2) of Lemma 3.13 together with [Tod07, Theorem 8.1.11],
we may also fix a colouring o : [κ]2 → ω witnessing κ9 [κ]2ω.
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Now, define an upper-regressive colouring c : [κ]2 → κ, as follows. Given η <
β < κ, let c(η, β) := Tr(η, β)(o(η, β) + 1) which is a well-defined ordinal in the
interval [η, β).

Towards a contradiction, suppose that c fails to witness unbounded+(	, Jbd[κ], κ).
In this case, we may pick a set B ∈ (Jbd[κ])+ such that for every η ∈ B there is a
ση < κ such that for every τ ∈ κ \ ση, the set {β ∈ B \ (η + 1) | c(η, β) = τ} is in
Jbd[κ]. Let D be the collection of all δ ∈ acc(κ) such that all of the following hold:

(i) for every η < δ, ση < δ;
(ii) for every η < δ and τ ∈ δ \ ση, sup{β ∈ B | c(η, β) = τ} < δ;
(iii) for all β ∈ B \ δ and n < ω, sup{η ∈ B ∩ δ | o(η, β) = n} = δ.

Claim 3.15.1. D is a club in κ.

Proof. We can restrict our attention to Clause (iii) as the set of δ ∈ acc(κ) which
satisfy Clauses (i) and (ii) is clearly a club.

For every i < κ, let εi be given by Lemma 3.14 when fed with the set B \ i, using
θ := ω. Clearly, any δ < κ above ω which forms a closure point of the map i 7→ εi
satisfies the requirement of Clause (iii), and the set of closure points of this map is
a club in κ. a

By Lemma 3.13, we may now let δ ∈ acc(D) be such that sup((D ∩ δ) \Cγ) = δ
for every γ < κ. Fix β ∈ B above δ and then let γ := ðδ,β in the sense of [RZ21,
Definition 2.10], so that δ ≤ γ ≤ β and sup(Cγ ∩ δ) = δ, the latter holding since
δ is a limit ordinal. By [RZ21, Lemma 2.11], Λ := λ(γ, β) is less than δ. Set
n := ρ2(γ, β). Then, for every ordinal η with Λ < η < γ, Tr(η, β)(n) = γ. By the
choice of δ, we may now fix an α ∈ (D ∩ δ) \ Cγ above Λ. As α ∈ D \ (Λ + 1), the

set Â := {η ∈ B ∩ (Λ, α) | o(η, β) = n} is cofinal in α.

Let η ∈ Â. As Λ < η < α < δ ≤ γ ≤ β, it is the case that Tr(η, β)(n) = γ and
hence c(η, β) = Tr(η, β)(n+ 1) = min(Cγ \ η). In particular, since sup(Cγ ∩ δ) = δ,

for every η ∈ Â, c(η, β) < δ. So, as δ ∈ D and β > δ, it follows that for every

η ∈ Â, η ≤ c(η, β) ≤ ση. Since α ∈ D, for any η ∈ Â, ση < α. Altogether, {c(η, β) |
η ∈ Â} is a cofinal subset of α, consisting of elements of the set Cγ which is closed
below δ, contradicting the fact that α ∈ δ \ Cγ . �

Recall that κ9 [κ;κ]2θ asserts the existence of a colouring c : [κ]2 → θ such that,
for all A,B ∈ [κ]κ, c[A~B] = θ.

Lemma 3.16. Suppose that c witnesses κ 9 [κ;κ]2θ. Let A ∈ [κ]κ. Then there
exists ε < κ such that, for all β ∈ κ \ ε and τ < min{ε, θ}, there exists η ∈ A ∩ ε
such that c(η, β) = τ .

Proof. Suppose not. For each ε < κ, pick βε ∈ κ \ ε and τε < min{ε, θ} such that,
for no η ∈ A ∩ ε, c(η, βε) = τε. Fix τ < θ for which E := {ε < κ | τε = τ} is
stationary in κ. Define three strictly increasing maps f, g, h : κ → κ as follows.
Let:

• f(0) := min(A);
• g(0) := min(E \ (f(0) + 1));
• h(0) := βg(0).

Now, for every i < κ such that f � i, g � i, h � i have already been defined, let:

• f(i) := min(A \ ssup(Im(h � i)));
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• g(i) := min(E \ (f(i) + 1));
• h(i) := βg(i).

Note that for every i < j < κ, f(i) < g(i) ≤ h(i) < f(j). Set A′ := Im(f)
and B′ := Im(h). By the choice of c, we may now pick (η, β) ∈ A′ ~ B′ such that
c(η, β) = τ . Pick i, j such that η = f(i) and β = h(j). As η < β, it must be the
case that i < j. Set ε := g(j). Then η = f(i) < g(i) ≤ g(j) = ε ≤ βε = h(j) = β.
So, c(η, βε) = τε contradicting the fact that η ∈ A ∩ ε. �

Theorem 3.17. Suppose that κ ∈ SAκ.
If κ9 [κ;κ]2ω holds, then so does unbounded+([κ]κ, Jbd[κ], κ).

Proof. We define an upper-regressive colouring c : [κ]2 → κ as in the proof of
Theorem 3.15 except that this time we assume that the auxiliary colouring o :
[κ]2 → ω moreover witnesses κ9 [κ;κ]2ω.

Towards a contradiction, suppose that c fails to witness unbounded+([κ]κ, Jbd[κ],
κ). In this case, we may pick sets A,B ∈ [κ]κ such that for every η ∈ A there is a
ση < κ such that for every τ ∈ κ \ ση, the set {β ∈ B \ (η + 1) | c(η, β) = τ} is in
Jbd[κ].

Let D be the collection of all δ ∈ acc(κ) such that all of the following hold:

(i) for every η < δ, ση < δ, and
(ii) for every η < δ and τ ∈ δ \ ση, sup{β ∈ B | c(η, β) = τ} < δ, and
(iii) for every β ∈ B \ δ and every n < ω, sup{η ∈ A ∩ δ | o(η, β) = n} = δ.

A proof similar to that of Claim 3.15.1 except that we use Lemma 3.16 instead
of Lemma 3.14, establishes that D is a club in κ. Now, the rest of the proof is
exactly the same as that of Theorem 3.15 except that (following the notation of

Theorem 3.15), we define Â := {η ∈ (Λ, α) ∩A | o(η, β) = n}. �

The following yields the equivalency (1) ⇐⇒ (3) of Theorem A.

Corollary 3.18. The following are equivalent:

(1) unbounded(Jbd[κ], κ) holds;
(2) κ ∈ SAκ;
(3) χ(κ) > 1;
(4) unbounded+(	,Sκκ , κ) holds.

Proof. (1) ⇐⇒ (2): By [IR23, Lemma 3.4].
(2) ⇐⇒ (3): By Lemma 3.13.
(2) =⇒ (4): Suppose that κ ∈ SAκ. Then, by Theorem 3.15, we may fix an

upper-regressive colouring c : [κ]2 → κ witnessing unbounded+(	, Jbd[κ], κ). Then,
by Lemma 3.5, c witnesses unbounded+(	,Sκκ , κ).

(4) =⇒ (1): This is clear. �

Theorem 3.19. Suppose that κ = κℵ0 . For every colouring c : [κ]2 → 2, there
exists a corresponding colouring d : [κ]2 → ω satisfying the following. For every
J ∈ Sκω1

such that c[A~B] = 2 for all A,B ∈ J+, d witnesses onto++(J, ω).

Proof. As κℵ0 = κ, we may fix an enumeration 〈xη | η < κ〉 of all the elements in ωκ.
Now given a colouring c : [κ]2 → 2, derive a corresponding colouring d : [κ]2 → ω
by letting d(η, β) be the least n such that c(xη(n), β) = 1 if such an n exists, and
if not, d(η, β) := 0.

To see that d is as sought, suppose that we are given a countably-complete
subnormal ideal J over κ extending Jbd[κ] such that c[A~B] = 2 for all A,B ∈ J+.



14 TANMAY INAMDAR AND ASSAF RINOT

Claim 3.19.1. Suppose that 〈Bm | m < ω〉 is a sequence of sets in J+. Then there
exists an η < κ such that, for all m < ω and i < 2, the set {β ∈ Bm | c(η, β) = i}
is in J+.

Proof. Suppose not. Then for all η < κ there are mη < ω, iη < 2 and Eη ∈ J∗
such that iη /∈ c[{η}~ (Bmη ∩Eη)]. As J is ω1-complete, we can then find m∗ < ω
and i∗ < 2 for which A := {η < κ | mη = m∗ and iη = i∗} is in J+. Using the
subnormality of J , we can then find two subsets A′ ⊆ A and B′ ⊆ Bm∗ in J+

such that for every (η, β) ∈ A′ ~ B′, β ∈ Eη. In particular, i∗ /∈ c[A′ ~ B′]. This
contradicts the hypothesis on J+. a

Now suppose that we are given a sequence ~B = 〈Bm | m < ω〉 of sets in J+. For
n < ω, x : n→ κ, y : n→ 2 and m < ω denote:

~Bx,y[m] := {β ∈ Bm | ∀i < n(c(x(i), β) = y(i))},
and also

T( ~B) := {(x, y) ∈ nκ× n2 | n < ω & ∀m < ω [ ~Bx,y[m] ∈ J+]}.

Then it is clear that T( ~B) is a subset of <ωκ × <ω2 consisting of pairs of tuples
of the same length and closed under initial segments. That is, it is a subtree of⋃
n<ω

nκ× n2. Since ~B consists of elements of J+ which extend Jbd[κ], it is clear

that (∅, ∅) ∈ T( ~B), so in particular T( ~B) is nonempty.

Claim 3.19.2. Let n < ω and let x ∈ nκ and y ∈ n2 be such that (x, y) ∈ T( ~B).

Then there exists η < κ such that, for all i < 2, (xa〈η〉, ya〈i〉) ∈ T( ~B).

Proof. Since (x, y) ∈ T( ~B), for each m < ω, the set ~Bx,y[m] is in J+. So we can

apply Claim 3.19.1 to the sequence 〈 ~Bx,y[m] | m < ω〉 to obtain an η < κ such that

for all m < ω and all i < 2, the set {β ∈ ~Bx,y[m] | c(η, β) = i} is in J+. It follows

that (xa〈η〉, ya〈i〉) ∈ T( ~B) for all i < 2. a

Using this claim, we can recursively construct an x ∈ ωκ such that for every

n < ω, the constant function y : n→ {0} satisfies (x � (n+ 1), ya〈1〉) ∈ T( ~B). Note

that since T( ~B) is closed under initial segments this implies that for every n < ω

and the constant function y : n → {0}, it is also the case that (x � n, y) ∈ T( ~B).

Pick η < κ such that x = xη. Then, for every n < ω the set ~Bxη�(n+1),yna〈1〉[n] is

in J+. For every β in this set, c(xη(n), β) = 1 and for every i < n it is the case

that c(xη(i), β) = 0. So for every β ∈ ~Bxη�(n+1),yna〈1〉[n] above η, d(η, β) = n. As
Bxη�(n+1),yna〈1〉[n] ⊆ Bn we are done. �

Corollary 3.20. Suppose that κ = κℵ0 .
For every J ∈ Sκω1

, if onto(J+, J, 2) holds, then so does onto++(J, ω). �

4. Pumping-up results

In this section we establish various implications between our colouring principles.
An important role is played by the projections that will be introduced in Defini-
tion 4.7. In Theorem 4.1 and Theorem 4.3 we obtain colourings that have stronger
partition properties than we have heretofore seen. The motivation for partitioning
positive sets of κ-complete ideals J that weakly project to Jbd[κ] in the sense of
the upcoming theorems comes from [IR22, §4.1].
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Clause (3) of the following theorem (using ν = κ = θ) yields the equivalency
(1) ⇐⇒ (2) of Theorem A.

Theorem 4.1. Suppose that κ is regular, ν ≤ κ, and A ⊆ [κ]≤ν .

(1) Suppose that onto(A, Jbd[κ], θ) holds, with θ infinite. Set σ := min{κ, ν+}.
Then onto+(A,J κσ , θ) holds. Furthermore, there exists a colouring c :
[κ]2 → θ such that for every σ-complete ideal J and every map ψ :

⋃
J → κ

satisfying sup(ψ[B]) = κ for all B ∈ J+, the following holds. For all A ∈ A
and B ∈ J+, there exists an η ∈ A such that

{τ < θ | {β ∈ B | η < ψ(β) & c(η, ψ(β)) = τ} ∈ J+} = θ.

(2) Suppose that unbounded+(A, Jbd[κ], θ) holds. Set σ := min{κ,max{ν, θ}+}.
Then unbounded+(A,J κσ , θ) holds. Furthermore, there exists a colouring c :
[κ]2 → θ such that for every σ-complete ideal J and every map ψ :

⋃
J → κ

satisfying sup(ψ[B]) = κ for all B ∈ J+, the following holds. For all A ∈ A
and B ∈ J+, there exists an η ∈ A such that

otp({τ < θ | {β ∈ B | η < ψ(β) & c(η, ψ(β)) = τ} ∈ J+}) = θ.

(3) Suppose that unbounded({ν}, Jbd[κ], θ) holds, with θ > 2. Set σ := min{κ,
max{ν, θ}+}. Then unbounded+({ν},J κσ , θ) holds. Furthermore, there ex-
ists a colouring c : [κ]2 → θ such that for every σ-complete ideal J and
every map ψ :

⋃
J → κ satisfying sup(ψ[B]) = κ for all B ∈ J+, the

following holds. For every B ∈ J+, there exists an η < ν such that

otp({τ < θ | {β ∈ B | η < ψ(β) & c(η, ψ(β)) = τ} ∈ J+}) = θ.

Proof. (1) Let d : [κ]2 → θ be a colouring witnessing onto(A, Jbd[κ], θ). As θ is
infinite, we may fix a 2-to-1 map π : θ → θ. We claim that c := π ◦ d is as sought.
To this end, let J be a σ-complete ideal admitting a map ψ :

⋃
J → κ such that

sup(ψ[B]) = κ for every B ∈ J+. Denote E :=
⋃
J . For all B ⊆ E, η < κ, and

τ < θ, denote

Bη,τ,ψ := {β ∈ B | η < ψ(β) & c(η, ψ(β)) = τ}.

Towards a contradiction, suppose that we are given A ∈ A and B ∈ J+ such that
for every η ∈ A, for some τη < θ, Eη := E \Bη,τη,ψ is in J∗.
I Suppose first that ν < κ. As J is ν+-complete, B′ := ψ[B ∩

⋂
η∈AEη] is

cofinal in κ. So by the choice of d, we may fix an η ∈ A such that d[{η}~B′] = θ.
In particular, c[{η} ~ B′] = θ, and we may fix a β′ ∈ B′ above η such that
c(η, β′) = τη. Pick β ∈ B ∩ Eη such that β′ = ψ(β). Then η < β′ = ψ(β) and
c(η, ψ(β)) = c(η, β′) = τη, so β belongs to Bη,τη,ψ ∩ Eη. This is a contradiction.
I Suppose that ν = κ. As J is κ-complete, for every ε < κ, ψ[B ∩

⋂
η∈A∩εEη] is

cofinal in κ. Define a strictly increasing function f : κ→ κ by recursion, as follows.
For every j < κ such that f �j has already been defined, let εj := sup(Im(f �j))+1,
and then let f(j) := min(ψ[B ∩

⋂
η∈A∩εj Eη] \ εj). Since f is strictly increasing,

B′ := Im(f) is cofinal in κ, so by the choice of d, we may fix an η ∈ A such that
d[{η} ~ B′] = θ. By the definition of c, we may now pick (α′, β′) ∈ [B′]2 above
η such that c(η, α′) = τη = c(η, β′). Let (i, j) ∈ [κ]2 be the unique pair to satisfy
α′ = f(i) and β′ = f(j). Then η ∈ A ∩ α′ and α′ = f(i) < εj ≤ f(j) = β′, so that
β′ ∈ ψ[B ∩ Eη]. Pick β ∈ B ∩ Eη such that β′ = ψ(β). Then η < β′ = ψ(β) and
c(η, ψ(β)) = c(η, β′) = τη, so β belongs to Bη,τη,ψ ∩ Eη. This is a contradiction.
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(2) Fix any colouring c witnessing unbounded+(A, Jbd[κ], θ). Let J be a σ-
complete ideal admitting a map ψ :

⋃
J → κ such that sup(ψ[B]) = κ for every

B ∈ J+. Denote E :=
⋃
J . We shall use the notation Bη,τ,ψ coined earlier.

Towards a contradiction, suppose that we are given A ∈ A and B ∈ J+ such that,
for every η ∈ A, Tη := {τ < θ | Bη,τ,ψ ∈ J+} has order-type less than θ.
I Suppose first that max{ν, θ} < σ. As J is σ-complete, it follows that the

following set is in J∗:

E′ := E \
⋃
η∈A

⋃
τ∈θ\Tη

Bη,τ,ψ.

In particular, B′ := ψ[B ∩ E′] is cofinal in κ. Now, as c in particular witnesses
unbounded(A, Jbd[κ], θ), we may find an η ∈ A such that T := c[{η}~B′] has order-
type θ. Fix τ ∈ T \ Tη, and then find β′ ∈ B′ above η such that c(η, β′) = τ . Pick
β ∈ B∩E′ such that β′ = ψ(β). Then η < β′ = ψ(β) and c(η, ψ(β)) = c(η, β′) = τ ,
so β belongs to Bη,τ,ψ ∩ E′, contradicting the fact that τ ∈ θ \ Tη.
I Suppose that max{ν, θ} = σ. In particular, σ = κ. As J is κ-complete, it

follows that for every ε < κ, the following set is in J∗:

Eε := E \
⋃

η∈A∩ε

⋃
τ∈θ∩(ε\Tη)

Bη,τ,ψ.

In particular, for every ε < κ, ψ[B ∩ Eε] is cofinal in κ. Recursively, define a
function f : κ → κ as follows. For every j < κ such that f � j has already been
defined, let εj := sup(Im(f �j))+1, and then let f(j) := min(ψ[B∩Eεj ]\εj). Since
B′ := Im(f) is cofinal in κ, the choice of c yields an η ∈ A such that the following
set has order-type θ:

T := {τ < θ | sup{β′ ∈ B′ \ (η + 1) | c(η, β′) = τ} = κ}.

Fix τ ∈ T \Tη, and find (α′, β′) ∈ [B′\(η+1)]2 such that c(η, α′) = τ = c(η, β′). As
c is upper-regressive, τ = c(η, α′) < α′. Altogether, η ∈ A∩α′ and τ ∈ θ∩ (α′ \Tη).

Let (i, j) ∈ [κ]2 be the unique pair to satisfy α′ = f(i) and β′ = f(j). Then
α′ < εj ≤ β′, so that β′ ∈ ψ[B∩Eεj ] ⊆ ψ[B \Bη,τ,ψ]. Pick β ∈ B \Bη,τ,ψ such that

ψ(β) = β′. Then c(η, ψ(β)) = c(η, β′) = τ , contradicting the fact that β /∈ Bη,τ,ψ.
(3) If max{ν, θ} < σ, then the conclusion follows from the above proof of

Clause (2). Thus, suppose that max{ν, θ} = σ = κ. There are three options
here:
I If ν = κ, then this follows from Clause (2), using Corollary 3.2(1) if θ < κ,

and Corollary 3.2(3) if θ = κ.
I If θ ≤ ν < κ, then this follows from Clause (2), using Proposition 2.9(1).
I If ν < θ = κ, then by Proposition 2.5(2), (ν, κ, θ) = (ν, ν+, ν+). By [IR23,

Fact 5.1], that is, Ulam’s matrices, unbounded+({ν}, Jbd[ν+], ν+) provably holds.
Now, appeal to Clause (2).

This completes the proof. �

Remark 4.2. In [Kun78, §3], Kunen constructed a model with a κ-saturated ideal
J ∈ J κκ at some strongly inaccessible cardinal κ which is not weakly compact.
Footnote 7 from [Tod07, p. 180] points out an observation by Donder and König
that χ(κ) ≤ 1 (or that “there is no nontrivial C-sequence on κ” in the language
of [Tod07, Definition 6.3.1]) in this model. Our results show that this is nothing
specific to the model constructed by Kunen with its nice additional features. Indeed,
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by Clause (3) of the preceding, if κ carries a κ-saturated ideal J ∈ J κκ , then
unbounded+(Jbd[κ], κ) fails, and hence χ(κ) ≤ 1 by Corollary 3.18.

Theorem 4.3. Suppose that κ is regular.

(1) Suppose that onto(	, Jbd[κ], θ) holds, with θ infinite. Then onto+(	,J κκ , θ)
holds. Furthermore, there exists a colouring c : [κ]2 → θ such that for every
κ-complete ideal J and every map ψ :

⋃
J → κ satisfying sup(ψ[B]) = κ

for all B ∈ J+, the following holds. For every B ∈ J+, there exists an
η ∈ B such that

{τ < θ | {β ∈ B | ψ(η) < ψ(β) & c(ψ(η), ψ(β)) = τ} ∈ J+} = θ.

(2) Suppose that unbounded(	, Jbd[κ], θ) holds. Then unbounded+(	,J κκ , θ)
holds. Furthermore, there exists a colouring c : [κ]2 → θ such that for every
κ-complete ideal J and every map ψ :

⋃
J → κ satisfying sup(ψ[B]) = κ

for all B ∈ J+, the following holds. For every B ∈ J+, there exists an
η ∈ B such that

otp({τ < θ | {β ∈ B | ψ(η) < ψ(β) & c(ψ(η), ψ(β)) = τ} ∈ J+}) = θ.

Proof. The proof is similar to that of Theorem 4.1 and is left to the reader. �

Lemma 4.4. Let θ < κ, I ∈ J κθ+ and J ∈ J κω .

(1) Every witness to onto+(I+, J, θ) witnesses onto++(I+, J, θ);
(2) Every witness to unbounded+(I+, J, θ) witnesses unbounded++(I+, J, θ).

Proof. Let c : [κ]2 → θ be any colouring. For a subset B ⊆ κ, denote:

• Bη,τ := {β ∈ B \ (η + 1) | c(η, β) = τ},
• O(B) := {η < κ | ∀τ < θ (Bη,τ ∈ J+)}, and
• U(B) := {η < κ | otp({τ < θ | Bη,τ ∈ J+}) = θ}.

(1) Suppose that c witnesses onto+(I+, J, θ). Then, for all A ∈ I+ and B ∈ J+,
A ∩ O(B) is nonempty. It follows that for every B ∈ J+, O(B) ∈ I∗. Since I is
θ+-complete, given A ∈ I+ and a sequence 〈Bτ | τ < θ〉 of sets in J+, we may pick
η ∈ A ∩

⋂
τ<θ O(Bτ ). In particular, for every τ < θ, Bη,ττ ∈ J+.

(2) Suppose that c witnesses unbounded+(I+, J, θ). Then, for every B ∈ J+,
U(B) ∈ I∗. Since I is θ+-complete, given A ∈ I+ and a sequence 〈Bτ | τ < θ〉 of
sets in J+, we may pick η ∈ A ∩

⋂
τ<θ U(Bτ ). Now, it is easy to find an injection

h : θ → θ such that, for every τ < θ, B
η,h(τ)
τ ∈ J+. �

Corollary 4.5. For κ a regular uncountable cardinal and θ < κ, unbounded([κ]κ,
Jbd[κ], θ) implies unbounded++([κ]κ,J κκ , θ).

Proof. By Lemma 3.4, unbounded([κ]κ, Jbd[κ], θ) implies unbounded+([κ]κ, Jbd[κ], θ).
By Theorem 4.1(2), the latter implies unbounded+([κ]κ,J κκ , θ) holds. Now, appeal
to Lemma 4.4(2). �

Lemma 4.6. Suppose that unbounded+(J , θ+) holds for a nonempty J ⊆ J κω .
Each of the following hypotheses imply that onto+(J , θ+) holds:

(1) onto+({θ},J , θ) holds;
(2) onto({θ},J , θ) holds and J ⊆ J κθ+ ;
(3) onto+(I+,J , θ) holds for some I ∈ J κθ++ ;
(4) κ9 [κ;κ]2θ holds, θ+ < κ and J ⊆ J κκ .
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Proof. Fix a colouring d : [κ]2 → θ+ witnessing unbounded+(J , θ+). For all B ⊆ κ
and η, α < κ, denote Bη,α := {β ∈ B \ (η+ 1) | d(η, β) = α}. For every α < θ+, fix
a surjection eα : θ → α+ 1. Also, fix a bijection π : κ↔ κ× κ.

(1) Suppose that c : [κ]2 → θ is a colouring witnessing onto+({θ},J , θ). Define
f : [κ]2 → θ+ as follows. Given η < β < κ, let (η0, η1) := π(η) and then set
f(η, β) := ed({η1,β})(c({η0, β})).

To see this works, let J ∈ J and B ∈ J+. By the choice of d, we may fix
an η1 < κ such that Aη1(B) := {α < θ+ | Bη1,α ∈ J+} has size θ+. For each
α ∈ Aη1(B), as Bη1,α is in J+, we may find ηα < θ such that, for every i < θ,

{β ∈ Bη1,α \ (ηα + 1) | c(ηα, β) = i} ∈ J+.

Pick η0 < θ for which A := {α ∈ Aη1(B) | ηα = η0} has size θ+. Fix η < κ such
that π(η) = (η0, η1). Given any colour τ < θ+, pick α ∈ A\τ . Then pick i < θ such
that eα(i) = τ . Then pick β ∈ Bη1,α above max{η0, η1, η} such that c(η0, β) = i.
Then f(η, β) = ed(η1,β)(c(η0, β)) = eα(i) = τ , as sought.

(2) By Clause (1) together with Proposition 2.9(2).
(3) Suppose that I ∈ J κθ++ , and we are given a colouring c : [κ]2 → θ such

that, for all J ∈ J and B ∈ J+, the set {η < κ | ∀i < θ {β ∈ B \ (η + 1) |
c(η, β) = i} ∈ J+} is in I∗. Define f : [κ]2 → θ+ as follows. Given η < β < κ, let
(η0, η1) := π(η) and then set f(η, β) := ed({η1,β})(c({η0, β})).

To see this works, let J ∈ J and B ∈ J+. By the choice of d, we may fix
an η1 < κ such that Aη1(B) := {α < θ+ | Bη1,α ∈ J+} has size θ+. For each
α ∈ Aη1(B), Bη1,α is in J+. So, since I is θ++-complete, we may find η0 < κ such
that, for every α ∈ Aη1(B), for every i < θ,

{β ∈ Bη1,α \ (η0 + 1) | c(η0, β) = i} ∈ J+.

Fix η < κ such that π(η) = (η0, η1). Given any colour τ < θ+, pick α ∈ Aη1(B) \ τ .
Then pick i < θ such that eα(i) = τ . Then pick β ∈ Bη1,α above max{η0, η1, η}
such that c(η0, β) = i. Then f(η, β) = ed(η1,β)(c(η0, β)) = eα(i) = τ , as sought.

(4) By Clause (3) together with Theorem 5.3(2) below. �

We now present the definition of projections. Unlike the colouring principles
of the previous section that asserts something about sets of the form {η} ~ B,
projections have to do with sets of the form {η} ×B.

Definition 4.7. projection(ν, κ, θ,<µ) asserts the existence of a map p : ν × κ→ θ
with the property that for every family B ⊆ [κ]κ of size less than µ, there exists an
η < ν such that p[{η} ×B] = θ for all B ∈ B.

We write projection(ν, κ, θ, µ) for projection(ν, κ, θ,<µ+).

Remark 4.8. Note that onto({ν}, [κ]<κ, θ) implies projection(ν, κ, θ, 1), and that
onto++({ν}, [κ]<κ, θ) implies projection(ν, κ, θ, θ).

We encourage the reader to determine the monotonicity properties of the above
principle. Among them, let us mention the following whose proof is obvious and
which we will use later.

Proposition 4.9. projection(ν, cf(κ), θ, <µ) implies projection(ν, κ, θ,<µ). �

The next proposition demonstrates that for every triple of cardinals θ ≤ µ ≤ κ,
there exists a cardinal ν such that projection(ν, κ, θ, µ) holds. By the preceding
remark, more optimal values for ν may be calculated using the results of Section 7.
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Proposition 4.10. Assuming θ ≤ µ ≤ κ, projection(κµ, κ, θ, µ) holds.

Proof. Denote ν := κµ. Let 〈fη | η < ν〉 enumerate all injections from µ to κ. Fix
a surjection s : µ → θ such that the preimage of any singleton has size µ. Define
a function p : ν × κ → θ as follows. For every (η, β) ∈ ν × κ, if there exists ξ < µ
such that fη(ξ) = β, then let p(η, β) := s(ξ) for this unique ξ. Otherwise, let
p(η, β) := 0. To see this works, let 〈Bi | i < µ〉 be a given list of elements of [κ]κ.
Find an injection g : θ × µ → κ such that g(τ, i) ∈ Bi for all (τ, i) ∈ θ × µ. Then
pick an injection h : Im(g) → µ such that s(h(g(τ, i))) = τ for all (τ, i) ∈ θ × µ,
and finally find η < ν such that h ◦ fη is the identity map. We claim that η is as
sought.

Let i < µ. To see that p[{η} × Bi] = θ, let τ < θ. By the definition of g,
β := g(τ, i) is in Bi. Set ξ := h(β). By the definition of h, s(ξ) = τ . Since
h is injective, ξ = h(β) and h(fη(ξ)) = ξ, it is the case that fη(ξ) = β. So
p(η, β) = s(ξ) = τ , as sought. �

Recall that C(κ, θ) denotes the least size of a family X ⊆ [κ]θ with the property
that for every club C in κ, there is X ∈ X with X ⊆ C.

Lemma 4.11. projection(C(cf(κ), θ), κ, θ,<µ) holds in any of the following cases:

(1) θ < cf(κ) = µ;
(2) θ = cf(κ) and µ = cf(κ)+.

Proof. By Proposition 4.9, it suffices to prove the following two:

• projection(C(cf(κ), θ), cf(κ), θ, < cf(κ)) holds whenever θ < cf(κ), and
• projection(C(cf(κ), cf(κ)), cf(κ), cf(κ), cf(κ)) holds.

Thus, for notational simplicity we may assume that κ = cf(κ). By Proposition 4.10,
we may also assume that θ is infinite.

The proofs of both cases are similar and there is some overlap in the case analysis
so we prove them together. Let θ ≤ κ. Fix a surjection π : θ → θ such that, for
every τ < θ, {σ < θ | π(σ + 1) = τ} is cofinal in θ. Denote ν := C(κ, θ). Fix a
sequence 〈Xη | η < ν〉 of subsets of κ, each of order-type θ, such that, for every
club C in κ, for some η < ν, Xη ⊆ C. Then, define a map p : ν × κ → θ via
p(η, β) := π(otp(Xη ∩ β)). We will show that this colouring works for both cases.
So, let B ⊆ [κ]κ be given of the appropriate size. Our analysis splits into three:
I If κ = θ = ω, then fix an injective enumeration 〈Bi | i < ω〉 of B. Then, fix

a strictly increasing map f : ω → ω such that for every n < ω, for every i < n
there exists βi,n ∈ Bi with f(n) < βi,n < f(n+ 1). Trivially, C := Im(f) is a club
in κ, so we may fix an η < ν such that Xη ⊆ C. Let i < ω, and we shall show
that p[{η} × Bi] = θ. To this end, let τ < θ be any prescribed colour. Find σ < θ
above f(i) such that π(σ + 1) = τ . Let ξ be the unique element of Xη to satisfy
otp(Xη ∩ ξ) = σ. Let n be the unique integer such that ξ = f(n). As f(n) = ξ ≥
σ > f(i), we infer that n > i. So βi,n is an element of Bi lying in between ξ and
min(Xη \ (ξ + 1)). Consequently, otp(Xη ∩ βi,n) = otp(Xη ∩ (ξ + 1)) = σ + 1, and
hence p(η, βi,n) = π(otp(Xη ∩ βi,n)) = π(σ + 1) = τ , as sought.
I If κ = θ > ω, then since |B| ≤ κ, we may fix a club C in κ such that, for

every B ∈ B, C \ acc+(B) is bounded in κ. Fix η < ν such that Xη ⊆ C. Let
B ∈ B, and we shall show that p[{η} × B] = θ. To this end, let τ < θ be any
prescribed colour. As C \ acc+(B) is bounded in κ, ε := ssup(Xη \ acc+(B)) is less
than κ. Find σ ∈ [ε, κ) such that π(σ + 1) = τ . Let ξ be the unique element of
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Xη to satisfy otp(Xη ∩ ξ) = σ. Evidently, ξ ≥ σ ≥ ε. Let β := min(B \ (ξ + 1)).
As Xη \ ε ⊆ acc+(B), otp(Xη ∩ β) = otp(Xη ∩ (ξ + 1)) = σ + 1, and hence
p(η, β) = π(otp(Xη ∩ β)) = π(σ + 1) = τ .
I Otherwise, so that κ > θ ≥ ω. In this case |B| < κ, so that C :=

⋂
{acc+(B) |

B ∈ B} is a club in κ. Fix η < ν such that Xη ⊆ C. By now it should be clear that
p[{η} ×B] = θ for every B ∈ B. �

Corollary 4.12. Suppose that θ is an infinite cardinal less than κ.

(1) If θ ∈ Reg(κ), then projection(κ, κ, θ, 1) holds;
(2) If θ ∈ Reg(cf(κ)), then projection(κ, κ, θ, θ) holds;
(3) If ([θ]cf(θ),⊆) has cofinality or density θ+, then projection(κ, κ, θ, θ) holds.

Proof. There are five cases to consider:

(i) If cf(κ) > θ+ for θ regular, then Shelah’s club-guessing theorem implies
that C(cf(κ), θ) = cf(κ). So, in this case, Case (1) of Lemma 4.11 states
that projection(cf(κ), κ, θ,< cf(κ)) holds. In particular, projection(κ, κ, θ, θ)
holds.

(ii) If cf(κ) = θ+ for θ singular satisfying cf([θ]cf(θ),⊇) = θ+, then by appealing
to [LR20, Lemma 3.1] with ν := cf(κ), we infer that C(cf(κ), θ) = cf(κ).
The rest of the proof is now identical to that of Clause (i).

(iii) If cf(κ) = θ+ for θ singular satisfying cf([θ]cf(θ),⊆) = θ+, then by a the-
orem of Todorčević (see [Rin23, Proposition 2.5]), cf(κ) 9 [cf(κ)]2θ holds.
So, by the main result of [Rin12], cf(κ) 9 [cf(κ); cf(κ)]2θ holds. Then,
by [IR23, Proposition 6.6], onto++(Jbd[cf(κ)], θ) holds, so by Remark 4.8,
projection(cf(κ), cf(κ), θ, θ) holds.

(iv) If cf(κ) = θ+ for θ regular, then by [IR23, Corollary 7.3], onto++(Jbd[cf(κ)],
θ) holds, so by Remark 4.8, projection(cf(κ), cf(κ), θ, θ) holds.

(v) If cf(κ) < θ+ < κ, then set κ := θ++ and fix a κ-bounded C-sequence
〈Cδ | δ ∈ Eκκ〉. Using Case (i), fix a map p : κ × κ → θ witnessing
projection(κ,κ, θ, 1). Pick a map q : κ × κ → θ such that for all δ ∈ Eκκ ,
i < κ and β < δ, q(δ + i, β) = p(i, otp(Cδ ∩ β)). To see this works, let
B ∈ [κ]κ. Find the least ordinal δ such that otp(B ∩ δ) = κ. Then δ ∈ Eκκ
and A := {otp(Cδ ∩ β) | β ∈ B ∩ δ} is in [κ]κ . By the choice of p, fix i < κ
such that p[{i} ×A] = θ. Then q[{δ + i} ×B] = θ. �

It is not hard to see that for every regular uncountable cardinal θ, C(θ, θ) = dθ.
It thus follows from Case (2) of Lemma 4.11 that projection(dθ, θ, θ, θ) holds for
every regular uncountable cardinal θ. The next result improves this, covering the
case θ = ω and showing that the 4th parameter can consistently be bigger than θ.

Lemma 4.13. projection(dθ, θ, θ,<bθ) holds for every infinite regular cardinal θ.

Proof. Suppose that θ is an infinite regular cardinal. We follow the proof of
Lemma 4.11. Fix a surjection π : θ → θ such that, for every τ < θ, {σ < θ |
π(σ + 1) = τ} is cofinal in θ. Denote ν := dθ. Fix a sequence 〈fη | η < ν〉 that is
cofinal in (θθ,<∗). For each η < ν, set Xη := Im(gη), where gη : θ → θ is some
strictly increasing function satisfying gη(σ + 1) > fη(gη(σ)) for all σ < θ. Finally,
define a map p : ν × κ→ θ via p(η, β) := π(otp(Xη ∩ β)).

To see this works, fix B ⊆ [θ]θ with 0 < |B| < bθ. For each B ∈ B, define a
function fB : θ → B via

fB(ξ) := min(B \ (ξ + 1)).
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As |B| < bθ, we may pick an η < ν such that, for every B ∈ B, fB <∗ fη. We claim
that p[{η} × B] = θ for all B ∈ B. To this end, fix B ∈ B and a prescribed colour
τ < θ. Fix ε < θ such that fB(ξ) < fη(ξ) whenever ε < ξ < θ. Find σ < θ above ε
such that π(σ + 1) = τ . Evidently,

ε < σ ≤ gη(σ) < fB(gη(σ)) < fη(gη(σ)) < gη(σ + 1).

So β := fB(gη(σ)) is an element of B satisfying gη(σ) < β < gη(σ + 1), and hence
p(η, β) = π(otp(Xη ∩ β)) = π(σ + 1) = τ , as sought. �

Lemma 4.14. Suppose that:

• θ ≤ κ ≤ κ;
• µ ≤ ν ≤ κ;
• J ⊆ J κω ;
• projection(ν,κ, θ, θ) holds.

(1) If unbounded++({ν},J ,κ) holds, then so does onto++({ν},J , θ);
(2) If unbounded+(I,J ,κ) holds with I ∈ J νθ+ , then so does onto++({ν},J , θ);

(3) If unbounded+({µ},J ,κ) holds, J ⊆ J κκ+ , κ ∈ Reg(κ), cov(µ,κ, θ+, 2) ≤
ν, then onto++({ν},J , θ) holds.

Proof. Let p : ν × κ → θ be a function witnessing projection(ν,κ, θ, θ). Fix a
bijection π : ν ↔ ν × ν.

(1) Let c : [κ]2 → κ be a colouring witnessing unbounded++({ν},J ,κ). Then,
pick any colouring d : [κ]2 → θ such that for all η < β < κ, if η < ν and π(η) =
(η′, i), then d(η, β) = p(i, c({η′, β})).

To see that d is as sought, let 〈Bτ | τ < θ〉 be a sequence of sets in J+, for a
given J ∈ J . By the choice of c, we may pick an η′ < ν such that, for every τ < θ,
the following set has order-type κ:

Xτ := {ξ < κ | {β ∈ Bτ \ (η′ + 1) | c(η′, β) = ξ} ∈ J+}.
Let i < ν be such that p[{i} × Xτ ] = θ for all τ < θ. Let η < ν be such that

π(η) = (η′, i).

Claim 4.14.1. Let τ < θ. Then {β ∈ Bτ \ (η + 1) | d(η, β) = τ} is in J+.

Proof. Fix ξ ∈ Xτ such that p(i, ξ) = τ . As ξ ∈ Xτ , the set B′ := {β ∈ Bτ \(η′+1) |
c(η′, β) = ξ} is in J+. As J extends Jbd[κ], so is B′ \ (max{η′, η} + 1). Now, for
every β ∈ B′ \ (max{η′, η}+ 1),

d(η, β) = p(i, c(η′, β)) = p(i, ξ) = τ,

as sought. a

(2) Let c : [κ]2 → κ be a colouring witnessing unbounded++(I,J ,κ) for a given
I ∈ J νθ+ . As I is θ+-complete, by the same proof of Lemma 4.4, for every sequence
〈Bτ | τ < θ〉 of J-positive sets for some J ∈ J , there exists an η′ < ν such that, for
every τ < θ, the following set has order-type κ:

Xτ := {ξ < κ | {β ∈ Bτ \ (η′ + 1) | c(η′, β) = ξ} ∈ J+}.
Thus, a proof nearly identical to that of Clause (1) establishes that onto++({ν},
J , θ) holds.

(3) Let c : [κ]2 → κ be a colouring witnessing unbounded+({µ},J ,κ) for a
collection J ⊆ J κκ+ . Assuming cov(µ,κ, θ+, 2) ≤ ν, we may fix a sequence 〈xα |
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α < ν〉 of elements [µ]<κ such that, for every y ∈ [µ]θ, there exists α < ν such that
y ⊆ xα. Assuming that κ is regular, we may define a function f : ν × κ→ κ via:

f(α, β) := sup{0, c(η, β) | η ∈ xα ∩ β}.
Then, pick any colouring d : [κ]2 → θ such that for all η < β < κ, if η < ν and
π(η) = (α, i), then d(η, β) = p(i, f(α, β)).

To see that d is as sought, let 〈Bτ | τ < θ〉 be a sequence of sets in J+, for a
given J ∈ J . By the choice of c, for each τ < θ, we may fix an ητ < µ for which

otp({σ < κ | {β ∈ Bτ \ (ητ + 1) | c(ητ , β) = σ} ∈ J+}) = κ.
Find α < ν such that xα ⊇ {ητ | τ < θ}.

Claim 4.14.2. Let τ < θ and ε < κ. There exists ξ ∈ [ε,κ) for which

{β ∈ Bτ \ (α+ 1) | f(α, β) = ξ} ∈ J+.

Proof. By the choice of ητ and as J extends Jbd[κ], we may fix σ ∈ [ε,κ) for
which B′ := {β ∈ Bτ \ (max{α, ητ} + 1) | c(ητ , β) = σ} is in J+. Evidently,
{β ∈ Bτ \ (α + 1) | f(α, β) ≥ ε} covers B′. As J is κ+-complete, there must exist
some ξ ∈ [ε,κ) as sought. a

By the preceding claim, for each τ < θ, the following set is cofinal in κ:

Xτ := {ξ < κ | {β ∈ Bτ \ (α+ 1) | f(α, β) = ξ} ∈ J+}.
Fix i < ν such that p[{i} × Xτ ] = θ for all τ < θ. Let η < ν be such that
π(η) = (α, i). Then a verification similar to the proof of Claim 4.14.1 implies that,
for every τ < θ, {β ∈ Bτ \ (η + 1) | d(η, β) = τ} is in J+. �

Corollary 4.15. Suppose that unbounded+([κ]κ,J ,κ) holds for a given J ⊆ J κω
and κ ≤ κ. For every θ ∈ Reg(cf(κ)), onto++(J , θ) holds.

Proof. Let c be a colouring witnessing unbounded+([κ]κ,J ,κ). Let θ ∈ Reg(cf(κ)).
By Corollary 4.12(2), projection(κ,κ, θ, θ) holds. So, by Lemma 4.14(2), onto++(J ,
θ) holds. �

Corollary 4.16. Suppose that unbounded+({µ},J , θ) holds for a given collection
J ⊆ J κθ+ and ℵ0 ≤ θ ≤ µ ≤ κ. Then onto++({µ},J , n) holds for every positive
integer n. �

A proof similar to that of Lemma 4.14 establishes:

Lemma 4.17. Suppose that θ ≤ κ ≤ κ and µ ≤ ν ≤ κ are cardinals, J ⊆ J κω , and
projection(ν,κ, θ, 1) holds.

(1) If unbounded({µ},J ,κ) holds and either µ < κ or J consists of subnormal
ideals, then onto({ν},J , θ) holds;

(2) If unbounded+({ν},J ,κ) holds, then so does onto+({ν},J , θ). �

By putting together the tools established so far, we obtain the following nontriv-
ial monotonicity result.

Corollary 4.18 (monotonicity). Suppose that unbounded+(J ,κ) holds for a given
J ⊆ J κω and κ ≤ κ.

(1) For every θ < κ, unbounded+(J , θ) holds;
(2) For every regular θ < κ, onto+(J , θ) holds;
(3) For every θ ≤ κ such that 2θ ≤ κ, onto+(J , θ) holds;
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(4) For every regular θ < κ such that cf([κ]θ,⊆) = κ, onto++(J κθ++ ∩ J , θ)
holds.

Proof. (1) In case that θ+ = κ, unbounded+(J , θ) holds by the same proof of [IR23,
Lemma 6.2]. So, we are left with handling the case that θ is finite or θ+ < κ, both of
which follow from the monotonicity of onto+(. . .) in the number of colours together
with the next clause.

(2) Let θ ∈ Reg(κ). By Corollary 4.12(1), projection(κ,κ, θ, 1) holds. In par-
ticular, projection(ν,κ, θ, 1) holds for ν := κ. So, by Lemma 4.17(2), onto+(J , θ)
holds, as well.

(3) Given θ ≤ κ, by Clause (1), unbounded+(J , θ) holds. In addition, by Proposi-
tion 4.10, projection(2θ, θ, θ, 1) holds. So, assuming that 2θ ≤ κ, Proposition 4.17(2)
implies that onto+(J , θ) holds, as well.

(4) Suppose that θ ∈ Reg(κ) is such that cf([κ]θ,⊆) = κ. By Clause (1),
unbounded+(J , θ+) holds.

By Corollary 4.12(2), projection(θ+, θ+, θ, θ) holds. In particular, projection(κ, θ+,
θ, θ) holds. So by Lemma 4.14(3), using (κ, µ, ν) := (θ+, κ, κ), onto++(J κθ++ ∩J , θ)
holds. �

Corollary 4.19. Suppose that κ is a regular uncountable cardinal.
Then (1) =⇒ (2) =⇒ (3) =⇒ (4):

(1) There exists a stationary subset of κ that does not reflect at regulars;
(2) χ(κ) > 1 and κ9 [κ;κ]2ω holds;
(3) unbounded+([κ]κ,J κκ , κ) holds;
(4) onto++(J κκ , θ) holds for all θ ∈ Reg(κ).

Proof. (1) =⇒ (2): If κ = µ+ is a successor cardinal, then χ(κ) ≥ cf(µ) > 1 and
by works of Moore and Shelah (see the introduction to [RT13]) κ9 [κ;κ]2ω holds.

If κ is an inaccessible cardinal admitting a stationary subset of κ that does
not reflect at regulars, then χ(κ) > 1, and by [She94b, Lemmas 4.17 and 4.7],
κ9 [κ;κ]2ω holds.

(2) =⇒ (3): By Lemma 3.17 and Theorem 4.1(2).
(3) =⇒ (4): By Corollary 4.15. �

5. Partition relations

In this section, we improve upon results from [IR23, §6] that were limited to
subnormal ideals. The main two results of this section read as follows:3

Corollary 5.1. For every pair θ < κ of infinite regular cardinals:

(1) �(κ) implies κ9 [κ;κ]2θ which in turn implies onto++([κ]κ,J κκ , θ);
(2) U(κ, 2, θ, 3) implies unbounded++([κ]κ,J κκ , θ).

Proof. (1) The first part follows from the main result of [Rin14a]. The second part
is Theorem 5.3(2) below.

(2) By Lemma 5.11 below. �

Corollary 5.2. Suppose that κ is strongly inaccessible. Then �(κ,<ω) implies
sup(Cspec(κ)) = κ which in turn implies that onto++(J κκ , θ) holds for all θ < κ.

3The definition of U(. . .) may be found in Definition 5.10 below; Cspec(. . .) was defined in
Definition 3.11.
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Proof. The first part follows from [LHR21, Corollary 5.26]. Next, assuming that
sup(Cspec(κ)) = κ, given a cardinal θ < κ, fix κ ∈ Cspec(κ) above θ. By Proposi-
tion 5.12 below, unbounded++([κ]κ,J κκ ,κ) holds. As κθ < κ, by Proposition 4.10,
projection(κ,κ, θ, θ) holds. So, by Lemma 4.14(1), onto++(J κκ , θ) holds, as well. �

In this section, κ denotes a regular uncountable cardinal.

Theorem 5.3. Let θ < κ.

(1) κ9 [κ]2θ iff onto(	, Jbd[κ], θ) iff onto+(	,J κκ , θ);
(2) κ9 [κ;κ]2θ iff onto([κ]κ, Jbd[κ], θ) iff onto++([κ]κ,J κκ , θ).

Proof. (1) By the same proof of [IR23, Proposition 6.4], κ 9 [κ]2θ implies onto(	,
Jbd[κ], θ). By Theorem 4.3(1), onto(	, Jbd[κ], θ) implies onto+(	,J κκ , θ). Trivially,
onto+(	,J κκ , θ) implies κ9 [κ]2θ.

(2) By [IR23, Proposition 6.6], κ 9 [κ;κ]2θ implies onto([κ]κ, Jbd[κ], θ). By
Theorem 4.1(1), onto([κ]κ, Jbd[κ], θ) implies onto+([κ]κ,J κκ , θ). By Lemma 4.4(1),
onto+([κ]κ, Jbd[κ], θ) implies onto++([κ]κ,J κκ , θ). Trivially, onto++([κ]κ,J κκ , θ) im-
plies κ9 [κ;κ]2θ. �

We now arrive at a proof of Theorem B.

Corollary 5.4. Suppose that κ is a regular uncountable cardinal admitting a sta-
tionary set that does not reflect at regulars. Then, for every cardinal θ < κ,
onto++(J κκ , θ) holds.

Proof. By the implication (1) =⇒ (4) of Corollary 4.19, onto++(J κκ , θ) holds for
all θ ∈ Reg(κ). Thus, the only thing left is establishing that onto++(J κκ , θ) holds
in the case that κ = θ+ where θ is a singular cardinal. By Theorem 5.3(3), it
suffices to show that θ+ 9 [θ+; θ+]2θ holds assuming that θ+ admits a nonreflecting
stationary set, and this follows, e.g., from the main result of [Rin14b]. �

Corollary 5.5. Suppose that κ = θ+ for an infinite cardinal θ.

(1) If θ is regular, then onto++([κ]κ,J κκ , θ) holds;
(2) If θ is singular, then unbounded++([κ]κ,J κκ , θ) holds.

Proof. (1) By Theorem 5.3(2), using [RT13].
(2) By [IR23, Theorem 7.4], in particular, unbounded([κ]κ, Jbd[κ], θ) holds. Now,

appeal to Corollary 4.5. �

Corollary 5.6. Suppose that κ is a regular uncountable cardinal, κ ≤ κ, and
unbounded(Jbd[κ],κ) holds. Then:

(1) For every θ ≤ κ, unbounded+(J κκ , θ) holds;
(2) For every regular θ < κ, onto+(J κκ , θ) holds;
(3) For every θ ≤ κ such that 2θ ≤ κ, onto+(J κκ , θ) holds;
(4) For every regular θ < κ such that cf([κ]θ,⊆) = κ, onto++(J κκ , θ) holds.

Proof. By Theorem 4.1(3), unbounded+(J κκ ,κ) holds. Thus, Clauses (1)–(3) follow
from Corollary 4.18, Now what about Clause (4)? The conclusion follows in the
same way, but only under the additional assumption that κ ≥ θ++. The remaining
case, when κ = θ+ for a regular cardinal θ, is covered by Corollary 5.5. �

Remark 5.7. When put together with [IR23, Corollary 3.10], this shows that if
onto(Jbd[κ], θ) fails for a pair θ < κ of infinite regular cardinals, then κ is greatly
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Mahlo. This improves Clause (1) of [IR23, Theorem D], which derived the same
conclusion from the failure of onto(NSκ, θ).

Question 8.1.14 of [Tod07] asks whether a strong limit regular uncountable car-
dinal κ is not weakly compact iff κ 9 [κ]2ω. By Theorem 5.3(1), the latter is
equivalent to onto+(	,J κκ , ω). Hence, the next theorem (which improves [IR23,
Corollary 10.4]) is a step in the right direction.

Theorem 5.8. Suppose that κ ≥ d is a regular cardinal that is not weakly compact.
Then onto+(J κκ , ω) holds.

Proof. I If κℵ0 > κ, then since cf(κ) > ℵ0, we may fix some λ < κ such that
λℵ0 ≥ κ, and then the conclusion follows from Corollary 7.21(2) below.
I If κℵ0 = κ, then by [IR23, Theorem 10.2], onto+(Jbd[κ], ω) holds. Now, appeal

to Theorem 4.1(1). �

Theorem 5.9. Suppose that κ = κℵ0 and κ9 [κ;κ]22. Then onto++(J κκ , ω) holds.

Proof. We follow the proof of Theorem 3.19. Fix an enumeration 〈xη | η < κ〉 of
all the elements in ωκ. Fix a colouring c : [κ]2 → 2 witnessing κ 9 [κ;κ]22. Derive
a colouring d : [κ]2 → ω by letting d(η, β) be the least n such that c(xη(n), β) = 1
if such an n exists, and if not, d(η, β) := 0.

Claim 5.9.1. Suppose that 〈Bm | m < ω〉 is a sequence of sets in J+, for a given
J ∈ J κκ . Then there exists an η < κ such that, for all m < ω and i < 2, the set
{β ∈ Bm | c(η, β) = i} is in J+.

Proof. Suppose not. Then for all η < κ there are mη < ω, iη < 2 and Eη ∈ J∗ such
that iη /∈ c[{η} ~ (Bmη ∩ Eη)]. Fix m∗ < ω and i∗ < 2 for which A := {η < κ |
mη = m∗ and iη = i∗} is cofinal in κ. As J ∈ J κκ , we may recursively construct
two cofinal subsets A′ ⊆ A and B′ ⊆ Bm∗ such that for every (η, β) ∈ A′ ~ B′,
β ∈ Eη. In particular, i∗ /∈ c[A′ ~B′]. This contradicts the hypothesis on c. a

The rest of the proof is now identical to that of Theorem 3.19. �

Definition 5.10 ([LHR18, Definition 1.2]). U(κ, µ, θ, χ) asserts the existence of a
colouring c : [κ]2 → θ such that for every σ < χ, every pairwise disjoint subfamily
A ⊆ [κ]σ of size κ, and every i < θ, there exists B ∈ [A]µ such that min(c[a×b]) > i
for all a, b ∈ B with sup(a) < min(b).

Lemma 5.11. Let θ ∈ Reg(κ). Then:

(1) U(κ, 2, θ, 2) iff unbounded+(	, Jbd[κ], θ);
(2) U(κ, 2, θ, 3) implies unbounded++([κ]κ,J κκ , θ).

Proof. (1) By the same proof of [IR23, Proposition 6.4], U(κ, 2, θ, 2) implies unbounded(	,
Jbd[κ], θ). By Theorem 4.3(2), unbounded(	, Jbd[κ], θ) implies unbounded+(	,
Jbd[κ], θ). It is trivial to see that unbounded+(	, Jbd[κ], θ) implies U(κ, 2, θ, 2).

(2) By Corollary 4.5, it suffices to prove that U(κ, 2, θ, 3) implies unbounded([κ]κ,
Jbd[κ], θ). To this end, suppose that c : [κ]2 → θ is a colouring witnessing
U(κ, 2, θ, 3). If c fails to witness unbounded([κ]κ, Jbd[κ], θ), then we may fix A,B ∈
[κ]κ such that sup(c[{η}~B]) < θ for all η ∈ A. In particular, we may fix A′ ∈ [A]κ

and σ < θ such that sup(c[{η}~B]) = σ for all η ∈ A. Let A be a pairwise disjoint
subfamily of [κ]2 of size κ such that, for every x ∈ A, max(x) ∈ A′ and min(x) ∈ B.
As c witnesses U(κ, 2, θ, 3), we may now pick a, b ∈ A with max(a) < min(b) such
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that min(c[a × b]) > σ. Set η := max(a) and β := min(b). Then (η, β) ∈ A′ ~ B
and c(η, β) > σ. This is a contradiction. �

By [LHR21, Corollary 5.21], for every θ ∈ Reg(κ), θ ∈ Cspec(κ) iff there
is a closed witness to U(κ, 2, θ, θ). So, by the previous results of this section,
unbounded++([κ]κ,J κκ , θ) holds for every θ ∈ Cspec(κ) ∩ Reg(κ). Recalling Corol-
lary 5.5, the case remaining open is θ ∈ Cspec(κ) ∩ Sing(κ) with θ+ < κ. As-
suming an anti-large-cardinal hypothesis such as SSH (Shelah’s Strong Hypothesis;
see [She92, §8.1]), for every such singular cardinal θ, cf([θ]<θ,⊆) < κ. Then the
following proposition will help complete the picture.

Proposition 5.12. Suppose that θ ∈ Cspec(κ) and cf([θ]<θ,⊆) < κ.
Then unbounded++([κ]κ,J κκ , θ) holds.

Proof. Fix a C-sequence ~C = 〈Cγ | γ < κ〉 such that χ(~C) = θ. Fix ∆ ∈ [κ]κ and
b : κ → θκ such that, for every β < κ, ∆ ∩ β ⊆

⋃
i<θ Cb(β)(i). For every η < κ, let

δη := min(∆ \ η). Fix an upper regressive colouring c : [κ]2 → θ such that, for all
η < β < κ, if δη < β, then c(η, β) := min{i < θ | δη ∈ Cb(β)(i)}.

We claim that c witnesses unbounded++([κ]κ,J κκ , θ). Suppose not. Fix A ∈ [κ]κ,
J ∈ J κκ , and a sequence 〈Bτ | τ < θ〉 of sets in J+ such that, for every η ∈ A, for
some τη < θ,

Tη := {i < θ | {β ∈ Bτη \ (η + 1) | c(η, β) = i} ∈ J+}

has order-type less than θ. As cf([θ]<θ,⊆) < κ, there must exist τ < θ and T ∈ [θ]<θ

for which the following set is cofinal in κ:

A′ := {η ∈ A | τη = τ & Tη ⊆ T}.
Evidently, ∆′ := {δη | η ∈ A′} is an element of [κ]κ.

Claim 5.12.1. Let ε < κ. There exists Γ ⊆ κ with |Γ| ≤ |T | such that ∆′ ∩ ε ⊆⋃
γ∈Γ Cγ .

Proof. For all η ∈ A′ ∩ ε and i ∈ θ \ T , since i /∈ Tη, there exists some Eη,i ∈ J∗
disjoint from {β ∈ Bτ \ (η + 1) | c(η, β) = i}. As J is κ-complete, Bτ ∩

⋂
{Eη,i |

η ∈ A′ ∩ ε, i ∈ θ \T} is in J+ so we may pick an element β in that intersection that
is above ε. Set Γ := {b(β)(i) | i ∈ T}.

Now, given δ ∈ ∆′ ∩ ε, find η ∈ A′ ∩ ε such that δ = δη, and then notice that
since β ∈ Bτ ∩

⋂
i∈θ\T Eη,i, it is the case that c(η, β) ∈ T . So, since β > ε > δ, this

means that δη ∈ Cb(β)(i) for some i ∈ T . Altogether, ∆′ ∩ ε ⊆
⋃
γ∈Γ Cγ . a

It follows that χ(~C) ≤ |T | < θ. This is a contradiction. �

Corollary 5.13. Assuming SSH, unbounded++([κ]κ,J κκ , θ) holds for every θ ∈
Cspec(κ). �

We conclude this section by providing a sufficient condition for onto+(. . .) to
hold with the maximal possible number of colours. For the definition of P•(. . .),
see [BR21, Definition 5.9].

Theorem 5.14. Suppose that P•(κ, κ+,v, 1) holds. Then:

(1) onto+([κ]κ,J κκ , κ) holds;
(2) For every cardinal θ < κ, onto++([κ]κ,J κκ , θ) holds.
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Proof. (1) According to [BR21, §5], P•(κ, κ+,v, 1) provides us with a sequence
〈Cβ | β < κ〉 satisfying the following:

(i) for every β < κ, Cβ is a nonempty collection of functions C : C̊ → Hκ such

that C̊ is a closed subset of β with sup(C̊) = sup(β);4

(ii) for all β < κ, C ∈ Cβ and α ∈ acc(C̊), C � α ∈ Cα;
(iii) for all Ω ⊆ Hκ and p ∈ Hκ+ , there exists δ ∈ acc(κ) such that, for all

C ∈ Cδ and ε < δ, there exists an elementary submodel M ≺ Hκ+ with
{ε, p} ∈ M such that τ :=M∩ κ is in nacc(C̊) and C(τ) =M∩ Ω.

For our purposes, it suffices to consider the following special case of (iii):

(iii’) for every function g : κ → κ, there exists δ ∈ acc(κ) such that, for all
C ∈ Cδ,

sup{τ ∈ nacc(C̊) | g[τ ] ⊆ τ & C(τ) = g � τ} = δ.

In particular,5 κ<κ = κ. Now, if κ = ν+ is a successor cardinal, then by
[IR23, Lemma 8.3(1)], onto+([κ]ν , Jbd[κ], κ) holds, and then, by Proposition 2.9(2),
onto+([κ]ν ,J κκ , κ) holds. Thus, hereafter, assume that κ is inaccessible. By [IR23,
Lemma 8.5(2)], in this case, it suffices to prove that onto+(J κκ , κ) holds.

To this end, fix a sequence ~C = 〈Cβ | β < κ〉 such that, Cβ ∈ Cβ for all β < κ. We

shall conduct walks on ordinals along
~̊
C := 〈C̊β | β < κ〉 and all terms regarding

walks on ordinals should be understood as pertaining to this fixed C-sequence.
Define an upper-regressive colouring c : [κ]2 → κ as follows. Given η < β < κ, let

γ := min(Im(tr(η, β))) and then let c(η, β) := Cγ(min(C̊γ \ (η + 1)))(η) provided
that the latter is a well-defined ordinal less than β; otherwise, let c(η, β) := 0.

Towards a contradiction, suppose that J ∈ J κκ and B ∈ J+ are such that
there exists a function g : κ → κ such that, for every η < κ, {β ∈ B \ (η + 1) |
c(η, β) = g(η)} is in J . Fix δ ∈ acc(κ) as in Clause (iii’).

Claim 5.14.1. For every β ∈ B above δ, there exists η < δ such that c(η, β) = g(η).

Proof. Let β ∈ B be above δ and let γ := ðδ,β in the sense of [RZ21, Definition 2.10]

so that δ ≤ γ ≤ β. Since δ ∈ acc(κ), it is also the case that sup(C̊γ ∩ δ) = δ. By
Clause (ii) this implies that Cγ � δ ∈ Cδ. As δ was chosen as in Clause (iii’) we have
that

sup{τ ∈ nacc(C̊γ) | g[τ ] ⊆ τ & Cγ(τ) = g � τ} = δ.

By [RZ21, Lemma 2.11], Λ := λ(γ, β) is less than δ. Therefore, for every η ∈ C̊γ
larger than Λ, min(Im(tr(η, β))) = γ. Now pick τ ∈ nacc(C̊γ) such that g[τ ] ⊆ τ

and Cγ(τ) = g � τ and such that η := sup(C̊γ ∩ τ) is larger than Λ. It follows that

c(η, β) = (Cγ(τ))(η) = (g � τ)(η) = g(η),

as required. a

For every β ∈ B above δ, let ηβ < δ be given by the preceding claim. As J is
κ-complete, there exists some η < δ such that B′ := {β ∈ B \ (δ + 1) | ηβ = η} is
in J+. Then, {β ∈ B \ (η + 1) | c(η, β) = g(η)} covers B′, contradicting the choice
of g(η).

4Hκ denotes the collection of all sets of hereditary cardinality less than κ.
5Note that the proof of [BR21, Claim 5.11.1] moreover shows that Hκ =

⋃
α∈acc(κ) Im(Cα)

for every transversal 〈Cα | α < κ〉 ∈
∏
α<κ Cα.
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(2) Given a cardinal θ < κ, by Clause (1), in particular, onto+([κ]κ,J κκ , θ) holds.
Now appeal to Lemma 4.4(1). �

6. Scales

Lemma 6.1. Suppose that θ < κ are infinite cardinals. Consider the following
statements:

(1) unbounded({θ}, Jbd[κ], θ) holds;
(2) There exists a sequence ~g = 〈gβ | β < κ〉 of functions from θ to θ, such

that, for every cofinal B ⊆ κ, {gβ | β ∈ B} is unbounded in (θθ,<∗).

If cf(θ) 6= cf(κ), then (1) =⇒ (2). If cf(θ) = θ, then (2) =⇒ (1).

Proof. (1) =⇒ (2): Suppose that c : [κ]2 → θ is a colouring witnessing unbounded({θ},
Jbd[κ], θ). Fix a surjection σ : θ → θ such that the preimage of any singleton is
cofinal in θ. For every β < κ, derive gβ : θ → θ via gβ(τ) := c({σ(τ), β}). Towards
a contradiction, suppose that there exists a cofinal B ⊆ κ such that {gβ | β ∈ B}
is bounded in (θθ,<∗). Pick a function g : θ → θ such that, for every β ∈ B, for
some εβ < θ, gβ(τ) < g(τ) whenever εβ ≤ τ < θ. Assuming that cf(θ) 6= cf(κ), we
may pick ε < θ for which

B′ := {β ∈ B | εβ ≤ ε}
is cofinal in κ. Now, for every η < θ, we may find τ ∈ σ−1{η} above ε, and then

c[{η}~B′] ⊆ {gβ(τ) | β ∈ B′} ⊆ g(τ),

so that otp(c[{η}~B′]) < θ. This is a contradiction.
(2) =⇒ (1): Given a sequence 〈gβ | β < κ〉 as above, pick any upper-regressive

colouring c : [κ]2 → θ such that, for all η ≤ θ ≤ β < κ, c(η, β) = gβ(η). Towards
a contradiction, suppose that c fails to be a witness to unbounded({θ}, Jbd[κ], θ).
Then there exists a cofinal B ⊆ κ such that, for every η < θ,

otp(c[{η}~B]) < θ.

Assuming that θ is regular, we may define a function g : θ → θ via:

g(η) := sup(c[{η}~B]).

Then g witnesses that {gβ | β ∈ B} is bounded. �

Remark 6.2. For the implication (1) =⇒ (2), the requirement “cf(θ) 6= cf(κ)”
cannot be waived. For instance, if b > ℵω, then for θ := ℵ0 and κ := ℵθ, we
get from [IR23, Propositions 6.1 and 7.8] that unbounded({θ}, Jbd[κ], θ) holds, but
because b > κ, any κ-sized family of reals is bounded.

Corollary 6.3. Suppose that θ is an infinite regular cardinal.

(1) unbounded({θ}, Jbd[bθ], θ) holds;
(2) unbounded({θ}, Jbd[dθ], θ) holds;
(3) If unbounded({θ}, Jbd[κ], θ) holds and cf(κ) 6= θ, then bθ ≤ cf(κ) ≤ dθ. In

particular, unbounded({θ}, Jbd[θ+], θ) holds iff bθ = θ+.

Proof. (1) Denote κ := bθ and note that κ = cf(κ) > θ. Let ~f = 〈fβ | β < κ〉
denote an enumeration of some unbounded family in (θθ,<∗). For every β < κ,
as β < bθ, let us fix gβ : θ → θ such that, for every α ≤ β, fα <

∗ gβ . We claim
that ~g = 〈gβ | β < κ〉 is as in Lemma 6.1. Towards a contradiction, suppose that
we may fix a cofinal B ⊆ κ such that {gβ | β ∈ B} is bounded in (θθ,<∗). Pick
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a function g : θ → θ such that gβ <
∗ g for every β ∈ B. By the choice of ~f , find

α < κ such that ¬(fα <∗ g), and then fix β ∈ B above α. As ¬(fα <∗ g) and
fα <

∗ gβ , we infer that ¬(gβ <
∗ g). This is a contradiction.

(2) Denote κ := dθ and note that cf(κ) > θ. Let ~f = 〈fβ | β < κ〉 denote an
enumeration of some dominating family in (θθ,<∗). For every β < κ, as β < dθ, let
us fix gβ : θ → θ such that, for every α ≤ β, ¬(gβ <

∗ fα). We claim that ~g = 〈gβ |
β < κ〉 is as in Lemma 6.1. Towards a contradiction, suppose that we may fix
a cofinal B ⊆ κ such that {gβ | β ∈ B} is bounded in (θθ,<∗). Pick a function

g : θ → θ such that gβ <
∗ g for every β ∈ B. By the choice of ~f , find α < κ such

that g <∗ fα, and then fix β ∈ B above α. As g <∗ fα and ¬(gβ <
∗ fα), we infer

that ¬(gβ <
∗ g). This is a contradiction.

(3) Suppose that unbounded({θ}, Jbd[κ], θ) holds, and cf(κ) 6= θ. By Lemma 6.1,
fix a sequence ~g = 〈gβ | β < κ〉 of functions from θ to θ, such that, for every cofinal
B ⊆ κ, Im(~g � B) is unbounded in (θθ,<∗). Fix an injective map ϕ : cf(κ) → κ

whose image is cofinal in κ. For each β < cf(κ), set fβ := gϕ(β). Then ~f := 〈fβ |
β < cf(κ)〉 is a sequence of functions from θ to θ, such that, for every cofinal
B ⊆ cf(κ), Im(f �B) is unbounded in (θθ,<∗). In particular, bθ ≤ cf(κ). Next, let
D be a cofinal family in (θθ,<∗) of size dθ. For each β < cf(κ), fix hβ ∈ D that

dominates fβ . Now, if dθ < cf(κ), then there exists B ∈ [cf(κ)]cf(κ) on which the

map β 7→ hβ is constant over B, and then Im(~f �B) is bounded, contradicting the

choice of ~f . �

In contrast with Clause (3) of the preceding, we shall prove in Corollary 6.12
below that unbounded({θ}, Jbd[θ+], θ) holds for every singular cardinal θ.

Corollary 6.4. Suppose that θ is an infinite regular cardinal.

(1) If κ = bθ and onto(Jbd[θ], θ) holds, then so does onto+({θ},J κθ+ , θ);
(2) If κ = bθ = θ+ and onto(Jbd[θ], θ) holds, then so does onto+({θ},J κκ , κ);
(3) If κ = dθ, then onto+(J κθ+ , θ) holds;

(4) If κ = dθ and bθ > θ+, then unbounded+(J κθ+ , θ
+) implies onto+(J κθ+ , θ

+).

Proof. Assuming κ ∈ {bθ, dθ}, by Corollary 6.3, unbounded({θ}, Jbd[κ], θ) holds.
Then, by Proposition 2.9(1), moreover unbounded+({θ},J κθ+ , θ) holds.

(1) If onto(Jbd[θ], θ) holds, then so does projection(θ, θ, θ, 1). So by Theorem 4.17(2),
using ν = κ = θ and the consequence of bθ = κ that we noticed, onto+({θ},J κθ+ , θ)
holds.

(2) If κ = bθ = θ+ and onto(Jbd[θ], θ) holds, then, by Clause (1), in particular
onto({θ}, Jbd[κ], θ) holds. By [IR23, Lemma 6.15(3)], then, onto({θ}, Jbd[κ], κ)
holds. Finally, by Theorem 4.1(1), onto+({θ},J κκ , κ) holds.

(3) If κ = dθ, then since unbounded+(J κθ+ , θ) holds, Lemmas 4.13 and 4.17 imply
that so does onto+(J κθ+ , θ).

(4) Assuming κ = dθ, fix a colouring c : [κ]2 → θ witnessing unbounded+({θ},J κθ+ ,
θ). Suppose that d : [κ]2 → θ+ is a colouring witnessing unbounded+(J , θ+). For
every α < θ+, fix a surjection eα : θ → α + 1. Assuming bθ > θ+, appeal to
Lemma 4.13 to fix a map p : κ × θ → θ witnessing projection(κ, θ, θ, θ+). Also,
fix a bijection π : κ ↔ κ × κ × θ. Finally, define a colouring f : [κ]2 → θ+

as follows. Given η < β < κ, let (η0, η1, η2) := π(η) and then set f(η, β) :=
ed({η0,β})(p(η1, c({η2, β}))).
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To see this works, let J ∈ J κθ+ and B ∈ J+. For all η, α < κ, denote Bη,α :=
{β ∈ B \ (η+ 1) | d(η, β) = α}. By the choice of d, we may fix an η0 < κ such that
Aη0(B) := {α < θ+ | Bη0,α ∈ J+} has size θ+. For each α ∈ Aη0(B), as Bη0,α is in
J+, we may find an ηα < θ such that the following set is in [θ]θ:

Xα := {ξ < θ | {β ∈ Bη0,α \ (ηα + 1) | c(ηα, β) = ξ} ∈ J+}.
Pick η2 < θ for which A := {α ∈ Aη0(B) | ηα = η2} has size θ+. Finally, pick η1 < κ
such that p[{η1} ×Xα] = θ for all α ∈ A. Fix η < κ such that π(η) = (η0, η1, η2).
Given any colour τ < θ+, pick α ∈ A \ τ . Then pick i < θ such that eα(i) = τ .
Then pick ξ ∈ Xα such that p(η1, ξ) = i. Then pick β ∈ Bη0,α above max{η0, η2, η}
such that c(η2, β) = ξ. Then f(η, β) = ed(η0,β)(p(η1, c(η2, β))) = eα(p(η1, ξ)) =
eα(i) = τ , as sought. �

The proof of the implication (2) =⇒ (1) of Lemma 6.1 makes it clear that the
following holds, as well.

Lemma 6.5. Suppose that κ = bθ = dθ for an infinite regular cardinal θ.
Then unbounded([θ]θ, Jbd[κ], θ) holds. �

Remark 6.6. Analogous results may be obtained from the existence of a κ-Luzin
subset of θθ. In particular, for an infinite cardinal θ = θ<θ, if κ = cov(Mθ) =
cof(Mθ), then onto([θ]θ, Jbd[κ], θ) holds.

Corollary 6.7. Suppose that κ = bθ+ = dθ+ for an infinite cardinal θ. Then:

(1) unbounded++({θ+},J κθ++ , θ) holds;
(2) If θ is regular, then moreover onto++({θ+},J κθ++ , θ) holds.

Proof. By Lemma 6.5, pick a colouring c : [κ]2 → θ+ witnessing unbounded([θ+]θ
+

,

Jbd[κ], θ+). By Proposition 2.9(1), c moreover witnesses unbounded+([θ+]θ
+

,J κθ++ ,
θ+).

(1) For every γ < θ+, fix an injection eγ : γ → θ. Fix a bijection π : θ+ ↔ θ+×θ+

and pick an upper-regressive colouring d : [κ]2 → θ such that for all η < θ+ ≤ β < κ,
if π(η) = (η′, γ), then d(η, β) = eγ(c({η′, β})). To see this works, let 〈Bτ | τ < θ〉
be a sequence of J+-sets, for some J ∈ J κθ++ . By the choice of c, there is a large
enough η′ < θ+ such that, for every τ < θ, the following set has size θ+:

Xτ := {ξ < θ+ | {β ∈ Bτ \ (η′ + 1) | c(η, β) = ξ} ∈ J+}.
Pick a large enough γ < θ+ such that |Xτ ∩ γ| = θ for all τ < θ. Find η < θ+ such
that π(η) = (η′, γ). Then, for every τ < θ,

{eγ(ξ) | ξ < γ & {β ∈ Bτ \ (η′ + 1) | c(η, β) = ξ} ∈ J+}
has order-type θ. Consequently, for every τ < θ,

{ζ < θ | {β ∈ Bτ \ (η′ + 1) | d(η, β) = ζ} ∈ J+}
has order-type θ.

(2) Set ν := θ+ and κ := θ+. By Corollary 4.12(2), projection(ν,κ, θ, θ) holds.
So, by Lemma 4.14(2) using I := [ν]ν , onto++({ν},J κθ++ , θ) holds. �

Definition 6.8 (Shelah, [She94a]). For a singular cardinal λ, PP(λ) stands for the
set of all cardinals κ such that there exists an ultrafilter U over cf(λ) disjoint from
Jbd[cf(λ)] and a strictly increasing sequence of regular cardinals 〈λi | i < cf(λ)〉
converging to λ such that the linear order (

∏
i<cf(λ) λi, <U ) has cofinality κ.
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By a theorem of Shelah (see [She92, Theorem 5.3]), PP(λ) is an interval of regular
cardinals with min(PP(λ)) = λ+.

Theorem 6.9. Suppose that κ ∈ PP(λ) for a singular cardinal λ.
Then onto+({λ},J κλ+ , θ) holds for every θ < λ.

Proof. Let θ < λ be arbitrary. As λ is a limit cardinal, we may increase θ and
assume that it is a regular cardinal greater than cf(λ). By Proposition 2.9(1), it
suffices to prove that onto({λ}, Jbd[κ], θ) holds. Fix an ultrafilter U and a sequence
〈λi | i < cf(λ)〉 witnessing together that κ ∈ PP(λ). As U is disjoint from Jbd[cf(λ)],
we may assume that λ0 > θ+. Fix a strictly increasing and cofinal sequence 〈fβ |
β < κ〉 in the linear order (

∏
i<cf(λ) λi, <U ). For each i < cf(λ), fix a θ-bounded

club-guessing C-sequence 〈Ciδ | δ ∈ E
λi
θ 〉. Fix a bijection π : λ ↔

⋃
i<cf(λ)({i} ×

Eλiθ ). Finally, pick any colouring c : [κ]2 → θ such that, for all η < λ ≤ β < κ, if
π(η) = (i, δ), then

c(η, β) := sup(otp(Ciδ ∩ fβ(i))).

To see this works, suppose that we are given B ∈ [κ]κ.

Claim 6.9.1. There are cofinally many i < cf(λ) such that

sup{fβ(i) | β ∈ B \ λ} = λi.

Proof. Suppose not. Then there exists j < cf(λ) and a function g ∈
∏
i<cf(λ) λi

such that, for every i ∈ [j, cf(λ)),

g(i) = sup{fβ(i) | β ∈ B \ λ}.
Pick α < λ such that g <U fα. Then find β ∈ B \ (λ ∪ α). As g <U fα <U fβ , let
us pick i < cf(λ) above j such that g(i) < fβ(i). This is a contradiction. a

Fix one i as in the claim. Then D := acc+({fβ(i) | β ∈ B \ λ}) is a club in

λi, and we may fix some δ ∈ Eλiθ such that Ciδ ⊆ D. Set η := π−1(i, δ). Clearly,
c[{η}~B] = θ. �

It follows from the preceding that for every singular cardinal λ, onto({λ}, Jbd[λ+],
θ) holds for every cardinal θ < λ. This cannot be improved any further:

Proposition 6.10. Assuming the consistency of a supercompact cardinal, it is
consistent that onto({λ}, Jbd[λ+], λ) fails for some singular strong limit cardinal λ.

Proof. By [IR23, Lemma 8.9(2)], for every strong limit cardinal λ, onto({λ}, Jbd[λ+],
λ) implies λ+ 9 [λ;λ+]2λ+ . However, by the main result of [GS12], in a suitable
forcing extension over a ground model with a supercompact cardinal, there exists
a singular strong limit cardinal λ such that λ+ → [λ;λ+]22 does hold. �

Lemma 6.11. Suppose that κ = λ+ for a singular cardinal λ. For every θ < λ,
there exists a map c : λ×κ→ θ×κ such that, for every B ∈ [κ]κ and every stationary
S ⊆ κ, there are η < λ and a stationary Γ ⊆ S such that c[{η}~B] ⊇ θ × Γ.

Proof. Given θ < λ, use Theorem 6.9 to fix a map d : λ × λ+ → θ witnessing
onto({λ}, Jbd[λ+], θ). For every β < κ, fix a surjection eβ : λ → β + 1. Fix a
bijection π : λ↔ λ× λ. Define a colouring c : λ× κ→ θ × κ by letting

c(η, β) := (d(j, eβ(i)), eβ(i)) provided π(η) = (i, j).

To see this works, let B ∈ [κ]κ. For all i < λ and γ < κ, let Biγ := {β ∈ B \ λ |
eβ(i) = γ}, and then let Γi(B) := {γ ∈ S \ λ | Biγ ∈ [κ]κ}.
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Claim 6.11.1. There exists i < λ such that Γi(B) is stationary.

Proof. For each γ < κ, there exists some i < λ such that Biγ ∈ [κ]κ. Then, there

exists some i < λ such that Γi(B) is stationary. a

Let i be given by the claim. For each γ ∈ Γi(B), since Biγ ∈ [κ]κ, we may find

some jγ < λ such that d[{jγ} ~ Biγ ] = θ. Pick j < λ for which Γ := {γ ∈ Γi(B) |
jγ = j} is stationary. Now, pick η < λ such that π(η) = (i, j).

Claim 6.11.2. Let (τ, γ) ∈ θ×Γ. There exists β ∈ B \λ such that c(η, β) = (τ, γ).

Proof. As γ ∈ Γ, we infer that jγ = j, and hence we may find β ∈ Biγ such that

d(j, β) = τ . As β ∈ Biγ , it is the case that β ∈ B \ λ and eβ(i) = γ. Recalling that
π(η) = (i, j) and the definition of c, we get that

c(η, β) := (d(j, eβ(i)), eβ(i)) = (d(j, γ), γ) = (τ, γ),

as sought. a

This completes the proof. �

Recall that by Corollary 6.3(3), for a regular cardinal λ, unbounded({λ}, Jbd[λ+],
λ) holds iff bλ = λ+. In contrast, for singular cardinals, we have the following
unconditional result:

Corollary 6.12. Suppose that κ = λ+ for a singular cardinal λ.
Then unbounded({λ}, Jbd[κ], λ) holds.

Proof. Fix a colouring c as in the preceding lemma, using θ := cf(λ). Fix an
increasing sequence of regular cardinals 〈λi | i < cf(λ)〉 converging to λ such that
tcf(

∏
i<cf(λ) λi, <

∗) = κ. Fix a scale 〈fγ | γ < κ〉 witnessing the preceding. Define

d : λ× λ+ → λ by letting d(η, β) := fγ(i) iff c(η, β) = (i, γ).

To see this works, let B ∈ [κ]κ. Pick η < λ and Γ ∈ [λ+ \ λ]λ
+

such that
c[{η}~B] ⊇ cf(λ)× Γ. By Claim 6.9.1, I := {i < cf(λ) | sup{fγ(i) | γ ∈ Γ} = λi}
is cofinal in cf(λ). In effect, the set {fγ(i) | i < cf(λ), γ ∈ Γ} has size λ. As
d[{η}~B] covers the above λ-sized set, we are done. �

7. Independent and almost-disjoint families

To motivate the next definition, note that κ ∈ AD(θ+, θ) iff there exists an
almost-disjoint family in [θ]θ of size κ.

Definition 7.1. AD(µ, θ) stands for the set of all cardinals κ for which there exists
a pair (X ,Y) satisfying all of the following:

(i) X and Y consist of sets of ordinals with |X | = κ and otp(Y,⊆) = θ;
(ii) For all x 6= x′ from X , there exists y ∈ Y such that x ∩ x′ ⊆ y;
(iii) For every (x, y) ∈ X × Y, x \ y 6= ∅;
(iv) For every y ∈ Y, {min(x \ y) | x ∈ X} has size less than µ.

Remark 7.2. If κ ∈ AD(µ, θ), then κ ∈ AD(µ, θ) for all cardinals κ < κ. If λ is
singular, then PP(λ) ⊆ AD(λ, cf(λ)).

The following two corollaries summarise the main findings of this section.

Corollary 7.3. Suppose that θ < ν < cf(κ) ≤ 2ν are infinite cardinals.
Any of the following implies that onto+({ν},J κν+ , θ) holds:



WAS ULAM RIGHT? II 33

(1) ν = νθ;
(2) ν is a strong limit;
(3) θ+ = ν, cf(θ) = θ, and there is a ν-Kurepa tree with cf(κ) many branches;
(4) θ+ < ν, cf(θ) = θ, and cf(κ) ∈ AD(ν+, ν);
(5) θ+ < ν, C(θ+, θ) ≤ ν, and cf(κ) ∈ AD(ν+, ν);
(6) θ++ < ν and cf(κ) ∈ AD(ν+, ν);
(7) θ++ < ν = ν<ν .

Proof. (1) By Theorem 7.5 below.
(2) By Corollary 7.10 below.
(3) By Corollary 7.18 below.
(4) By Lemma 7.14 below, using µ := ν+, we get unbounded+({ν},J κν+ , θ+). So,

by Lemma 4.17(2), it suffices to prove that projection(ν, θ+, θ, 1) holds. Now appeal
to Corollary 4.12(1).

(5) As before, it suffices to prove that projection(ν, θ+, θ, 1) holds. Now appeal
to Case (1) of Lemma 4.11.

(6) By Clause (4), moreover onto+({ν},J κν+ , θ+) holds.
(7) By Clause (6) together with Proposition 7.11(3) and the monotonicity prop-

erty indicated in Remark 7.2. �

In particular, if there exists a Kurepa tree, then onto+({ℵ1},J ℵ2ℵ2 ,ℵ0) holds.6

Corollary 7.4. Suppose that θ < ν < κ are infinite regular cardinals.

(1) If κ ∈ AD(ν+, ν), then unbounded+({ν},J κν+ , θ) holds;

(2) If κ ∈ AD(ν, θ) with θ regular, then unbounded+(	,J κν , θ) holds.

Proof. (1) By Lemma 7.14 below.
(2) By Lemma 7.19 below. �

Theorem 7.5. Suppose that ν = νθ < cf(κ) ≤ 2ν .
Then onto++({ν},J κν+ , θ) holds.

Proof. By Proposition 2.9(3), it suffices to prove that onto++({ν}, Jbd[κ], θ) holds.
Then, by the same trivial proof of Proposition 6.1 of [IR23], it suffices to prove
that onto++({ν}, Jbd[κ], θ) holds for κ := cf(κ). Now, by the Engelking-Karlowicz
theorem [EK65], we may fix a sequence of functions 〈gη | η < ν〉 such that:

• for every η < ν, gη ∈ κθ;
• for every X ∈ [κ]θ and for every function g : X → θ, for some η < ν,
g ⊆ gη.

Let c : [κ]2 → θ be any colouring that satisfies c(η, β) = gη(β) for all η < ν ≤
β < κ. To see that c witnesses onto++({ν}, Jbd[κ], θ), let 〈Bτ | τ < θ〉 be any
sequence of cofinal subsets of κ. For every ε < κ, since θ < ν < cf(κ) = κ, we may
fix an injection fε ∈

∏
τ<θ Bτ \ ε, and then we find ηε < ν such that f−1

ε ⊆ gηε . As
ν < cf(κ), find η < ν for which sup{ε < κ | ηε = η} = κ. A moment’s reflection
makes it clear that sup{β ∈ Bτ | c(η, β) = τ} = κ for every τ < θ. �

Corollary 7.6. For every infinite cardinal θ, onto++({2θ}, Jbd[22θ ], θ) holds. �

6As for getting more than ℵ0 many colours, note that onto({ℵ1}, Jbd[ℵ2],ℵ1) implies bℵ1
= ℵ2

and onto({ℵ1}, Jbd[ℵ2],ℵ2) (See Corollary 6.3(3) and [IR23, Lemma 6.15(3)], respectively).
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By [IR23, Proposition 7.7], if ℵ0 < κ ≤ 2ℵ0 , then onto({ℵ0}, Jbd[κ], n) holds for
all n < ω. Using the ideas of the proof of Theorem 7.5, this is now improved as
follows.

Lemma 7.7. Suppose that ν = νθ < κ ≤ 2ν .
Then onto({ν}, Jbd[κ], θ) holds iff cf(κ) ≥ θ.

Proof. The forward implication follows from the fact that Jbd[κ] contains a set of
size cf(κ). For the backward implication, fix a sequence of functions 〈gη | η < ν〉
such that:

• for every η < ν, gη ∈ κθ;
• for every X ∈ [κ]θ and for every function g : X → θ, for some η < ν,
g ⊆ gη.

Let c : [κ]2 → θ be any colouring that satisfies c(η, β) = gη(β) for all η < ν ≤
β < κ. Now, let B be any cofinal subset of κ. Fix X ∈ [B \ ν]θ and some bijection
g : X ↔ θ. Find η < ν such that g ⊆ gη. Then c[{η}~B] = θ. �

Definition 7.8 ([She05, Definition 1.9]). Sep(ν, µ, λ, θ,κ) asserts the existence of
a sequence 〈gη | η < ν〉 of functions from µλ to θ, such that, for every function
g ∈ νθ, the set

F(g) := {f ∈ µλ | ∀η < ν (gη(f) 6= g(η))}
has size less than κ.

Sufficient conditions for Sep(. . .) to hold may be found at [She13, Claim 2.6].

Lemma 7.9. Suppose that θ ≤ ν < cf(κ) ≤ λµ.
If Sep(ν, µ, λ, θ, cf(κ)) holds, then so does onto+({ν},J κν+ , θ).

Proof. Suppose that 〈gη | η < ν〉 is a sequence witnessing Sep(ν, µ, λ, θ,κ) for
κ := cf(κ). By the same argument from the beginning of the proof of Theorem 7.5,
in order to prove onto+({ν},J κν+ , θ), it suffices to prove onto({ν}, Jbd[κ], θ). As
κ ≤ λµ, fix an injective sequence 〈fβ | β < κ〉 of functions from µ to λ. Pick a
function c : [κ]2 → θ that satisfies c(η, β) := gη(fβ) for all η < ν ≤ β < κ.

Towards a contradiction, suppose that c fails to witness onto({ν}, Jbd[κ], θ) and
pick a counterexample B ∈ [κ]κ . It follows that we may find a function g : ν → θ
such that, for every η < ν, g(η) /∈ c[{η}~B]. As |F(g)| < κ = |B \ν|, we may pick
β ∈ B \ (ν ∪ F(g)). As β /∈ F(g), we may fix some η < ν such that gη(fβ) = g(η).
Altogether, η < ν ≤ β < κ and c(η, β) = gη(fβ) = g(η), contradicting the choice of
g. �

Compared to Theorem 7.5, in the next result ν could have cofinality less than θ,
and we settle for getting onto+ instead of onto++.

Corollary 7.10. Suppose θ < ν < cf(κ) ≤ 2ν and ν is a strong limit, then
onto+({ν},J κν+ , θ) holds.

Proof. By [She13, Claim 2.6(d)], if ν is a strong limit cardinal, θ < ν and θ 6= cf(ν),
then Sep(ν, ν, θ, θ, (2θ)+) holds. So, if ν is a strong limit, then for cofinally many
cardinals θ < ν, Sep(ν, ν, θ, θ, ν) holds. Now, appeal to Lemma 7.9 with (µ, λ) :=
(ν, θ), noting that θν = 2ν . �

Proposition 7.11. Suppose that θ is an infinite regular cardinal.
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(1) If there is a family of κ many θ-sized cofinal subsets of some cardinal λ
whose pairwise intersection has size less than θ, then κ ∈ AD(λ+, θ);

(2) If there is a strictly ⊆∗-decreasing κ-sequence of sets in [θ]θ, then κ ∈
AD(θ+, θ). In particular, if there is a strictly <∗-increasing κ-sequence of
functions in θθ, then κ ∈ AD(θ+, θ). So bθ ∈ AD(θ+, θ);

(3) If θ<θ = θ, then 2θ ∈ AD(θ+, θ).

Proof. (1) Given a subfamily X = {xα | α < κ} of [λ]θ such that sup(xα) = λ and
|xα ∩ xβ | < θ for all α < β < κ, letting Y be a cofinal subset of λ of order-type θ,
it is easy to verify that (X ,Y) witnesses that κ ∈ AD(λ+, θ).

(2) Let 〈Yα | α < κ〉 be a strictly ⊆∗-decreasing sequence of sets in [θ]θ. For
every α < κ, let Xα := Yα \ Yα+1. Then for every α < β < κ, it is the case that
Yβ ⊆∗ Yα+1, and hence |Xα ∩Xβ | < θ. It follows that 〈Xα | α < κ〉 is an almost
disjoint family in [θ]θ, so we finish by Clause (1). The rest is clear.

(3) That θ<θ = θ gives rise to an almost disjoint family in [θ]θ of size 2θ is a
standard fact. Namely, let 〈fα | α < κ〉 be an injective sequence in θθ, and let
π : <θθ ↔ θ be a bijection. Then for every α < κ, let Xα := {π(fα � τ) | τ < θ}. It
is easy to verify that 〈Xα | α < κ〉 is an almost disjoint family in [θ]θ. �

Proposition 7.12. Suppose that λ<θ < λθ with θ regular.
Then λθ ∈ AD((λ<θ)+, θ).

Proof. Fix an injection f : <θλ → λ<θ. Set κ := λθ. Let 〈gα | α < κ〉 be an
injective list of functions from θ to λ. Put X := {{f(gα � τ) | τ < θ} | α < κ} and
Y := {f [τλ] | τ < θ}. Then (X ,Y) witnesses that κ ∈ AD((λ<θ)+, θ). �

The preceding argument generalizes as follows.

Lemma 7.13. Suppose that θ is regular and there is a tree (T,<T ) of height θ with
at least κ many θ-branches such that |Tγ | < µ for every γ < θ. Then κ ∈ AD(µ, θ).

Proof. Fix an injection f : T → ORD satisfying that for all γ < δ < θ, and x ∈ Tγ ,
and y ∈ Tδ, it is the case that f(x) < f(y). Let 〈bα | α < κ〉 be an injective list of
θ-branches through the tree. Set X := {f [bα] | α < κ} and Y := {f [T � τ ] | τ < θ}.
Then (X ,Y) witnesses that κ ∈ AD(µ, θ). �

Lemma 7.14. Suppose that cf(κ) ∈ AD(µ, θ) with θ regular. If µ = χ+ is a
successor cardinal, then let ν := max{χ, θ}. Otherwise, let ν := max{µ, θ}.

If ν is less than κ, then for every ϑ ∈ Reg(θ), unbounded+({ν},J κν+ , ϑ) holds.

Proof. To avoid trivialities we can assume that cf(κ) ≥ ν+. Pick a pair (X ,Y)
witnessing that cf(κ) ∈ AD(µ, θ). Fix an injective enumeration 〈xα | α < cf(κ)〉
of X . Fix a ⊆-increasing enumeration 〈yτ | τ < θ〉 of Y. For every τ < θ, by
Clauses (iii) and (iv) of Definition 7.1, we may fix an injection fτ : {min(x \ yτ ) |
x ∈ X} → ν.

Let ϑ ∈ Reg(θ). By Proposition 2.9(1), it suffices to prove that unbounded({ν},
Jbd[κ], ϑ) holds. Fix a ϑ-bounded C-sequence 〈Cδ | δ ∈ Eνϑ〉. Fix a bijection
π : ν ↔ θ × Eνϑ. Fix a cofinal subset U of κ of order-type cf(κ). For every β < κ,
let β̄ := otp(β∩U). So β 7→ β̄ is a nondecreasing map from κ to cf(κ) whose image
is cofinal in cf(κ).

Finally, pick an upper-regressive colouring c : [κ]2 → ϑ such that for all η < ν ≤
β < κ, if π(η) = (τ, δ) and fτ (min(xβ̄ \ yτ )) < δ, then

c(η, β) := otp(Cδ ∩ fτ (min(xβ̄ \ yτ ))).
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Now, given B ∈ (Jbd[κ])+, fix B′ ∈ [B \ν]ϑ on which the map β → β̄ is injective,
and then use Clause (ii) of Definition 7.1 to find a large enough τ < θ such that
for all α 6= β from B′, xᾱ ∩ xβ̄ ⊆ yτ . By Clause (iii), β 7→ min(xβ̄ \ yτ ) is a well-
defined injection over B′. So H := {fτ (min(xβ̄ \ yτ )) | β ∈ B′} has size ϑ. Pick
δ ∈ Eνϑ such that otp(H ∩ δ) = ϑ. Fix η < ν such that π(η) = (τ, δ). Evidently,
ϑ ≥ otp(c[{η}~B]) ≥ otp(c[{η} ×B′]) = ϑ. �

Lemma 7.15. Suppose:

• ϑ < θ ≤ ν ≤ κ;
• θ and µ are regular cardinals;
• κ := max{θ+, µ} is less than cf(κ);
• there is a tree (T,<T ) of height θ with at least cf(κ) many θ-branches such

that |Tγ | < µ and |Tγ |ϑ ≤ ν for every γ < θ.

Then onto++({ν},J κκ , ϑ) holds.

Proof. Let 〈bβ | β < cf(κ)〉 be an injective enumeration of θ-branches through the
tree (T,<T ). We denote by ∆(bα,bβ) the unique level in which bα splits from bβ .
Fix a cofinal subset U of κ of order-type cf(κ). For every β < κ, let β̄ := otp(β∩U).

Claim 7.15.1. Let J ∈ J κκ and B ∈ J+. Then there is an α ∈ B such that the
following set has order-type θ:

B(α) := {ξ < θ | {β ∈ B | ∆(bᾱ,bβ̄) = ξ} ∈ J+}.

Proof. Suppose not. Then, for every α ∈ B, otp(B(α)) < θ, so that γα :=
ssup(B(α)) is less than θ. As J is θ+-complete, we may find some γ∗ < θ such
that the set B0 := {α ∈ B | γα = γ∗} is in J+. Further, since |Tγ∗ | < µ and
J is µ-complete, we can also find a t∗ ∈ Tγ∗ such that the set B1 := {α ∈ B0 |
bᾱ � γ∗ = t∗} is in J+. Let α := min(B1) and B2 := B1 \ {α}. Evidently, B2 is in
J+ and for every β ∈ B2, γ∗ ≤ ∆(bᾱ,bβ̄) < θ. Now, as J is θ+-complete, we may

pick ξ < θ for which B3 := {β ∈ B2 | ∆(bᾱ,bβ̄) = ξ} is in J+. Then B3 witnesses
that ξ ∈ B(α), contradicting the fact that ξ ≥ γ∗ = ssup(B(α)). a

Fix a surjection f : ν →
⋃
γ<θ

ϑTγ . Then fix a colouring c : [κ]2 → ϑ satisfying

that for every η < β < κ, if η < ν and bβ̄ extends f(η)(τ) for some τ < ϑ, then
c(η, β) is the least such τ .

To see that c is as sought, let J ∈ J κµ , and let 〈Bτ | τ < ϑ〉 be a given sequence

of J+-sets. Recursively define an injective transversal 〈ατ | α < ϑ〉 ∈
∏
τ<ϑBτ , as

follows:
I Let α0 be the α given by the preceding claim with respect to B := B0.
I For every τ < ϑ such that 〈ασ | σ < τ〉 has already been defined, let ατ be

the α given by the preceding claim with respect to B := Bτ \ {ασ | σ < τ}. As J
is ϑ-complete, B is indeed in J+.

As ϑ < θ = cf(θ), γ := ssup{∆(bᾱσ ,bᾱτ ) | σ < τ < ϑ} is less than θ, so we may
find an ordinal η < ν such that, for every τ < ϑ, f(η)(τ) is the unique element of
Tγ that belongs to the branch bᾱτ .

Claim 7.15.2. Let τ < ϑ. Then {β ∈ Bτ \ (η + 1) | c(η, β) = τ} is in J+.

Proof. By the choice of ατ , we may pick ξ ∈ Bτ (ατ ) above γ. As J extends Jbd[κ],
B′ := {β ∈ Bτ \ (η+ 1) | ∆(bᾱτ ,bβ̄) = ξ} is in J+. Evidently, c(η, β) = τ for every
β ∈ B′. a
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This completes the proof. �

By taking µ and ν to be κ in Lemma 7.15, we get:

Corollary 7.16. Suppose that ϑ < cf(θ) = θ < cf(κ) = κ are given cardinals. If
there is a tree (T,<T ) of height θ with at least κ many θ-branches such that, for
every γ < θ, |Tγ | < κ and |Tγ |ϑ ≤ κ, then onto++(J κκ , ϑ) holds. �

Lemma 7.17. Assume that ν is a regular uncountable cardinal and there is a
ν-Kurepa tree with κ-many branches. Let θ < ν.

(1) unbounded+({ν},J κν+ , θ) holds;
(2) If projection(ν, ν, θ, 1) holds, then moreover onto+({ν},J κν+ , θ) holds.

Proof. (1) This follows from Lemma 7.14.
(2) Fix a ν-Kurepa tree T ⊆ <ν2. Let 〈bβ | β < κ〉 be an injective enumeration

of ν-branches through T . Fix a bijection π : ν ↔ T × ν. Fix a map p : ν × ν → θ
witnessing projection(ν, ν, θ, 1). Finally define a colouring c : [κ]2 → θ, as follows.
For all η < ν ≤ β < κ, if π(η) = (t, ζ) and ∆(t,bβ) is defined, then let c(η, β) :=
p(ζ,∆(t,bβ)). Otherwise, let c(η, β) := 0.

To see this works, let B ∈ J+, for a given J ∈ J κν+ . For all α < ν and ξ < ν,
denote

Bξα := {β ∈ B | ∆(bα,bβ) = ξ}.
Using Claim 7.15.1, pick α ∈ B such that the following set has order-type ν:

X := {ξ < ν | Bξα ∈ J+}.
By the choice of p, pick ζ < ν such that p[{ζ} ×X] = θ. Now, find X ′ ∈ [X]θ such
that p[{ζ} × X ′] = θ. Set γ := ssup(X ′) and t := bα � γ. Pick η < ν such that
π(η) = (t, ζ). Then for every τ < θ, we may find ξ ∈ X ′ such that p(ζ, ξ) = τ , and
then for every β ∈ Bξα, c(η, β) = p(ζ,∆(t, bβ)) = p(ζ,∆(bα,bβ)) = p(ζ, ξ) = τ , as
sought. �

Corollary 7.18. If θ is an infinite regular cardinal, and there exists a θ+-Kurepa
tree with cf(κ) many branches, then onto+({θ+},J κθ++ , θ) holds.

Proof. By Lemma 7.17(2) together with Corollary 4.12(1), the hypothesis implies

that onto+({θ+},J cf(κ)
θ++ , θ) holds, hence, so does onto+({θ+},J κθ++ , θ). �

Lemma 7.19. Suppose that κ ∈ AD(µ, θ) with θ regular. Set κ := max{µ, θ+}.
Then unbounded+(	,J κκ , θ) holds.

Proof. Pick a pair (X ,Y) witnessing that cf(κ) ∈ AD(µ, θ). Fix an injective enu-
meration 〈xα | α < κ〉 of X and a ⊆-increasing enumeration 〈yτ | τ < θ〉 of Y. By
Clause (ii) of Definition 7.1, we may define a colouring c : [κ]2 → θ via

c(α, β) := min{τ < θ | xα ∩ xβ ⊆ yτ}.

Towards a contradiction, suppose that c does not witness unbounded+(	,J κκ , θ).
Fix J ∈ J κκ and B ∈ J+ such that for every η ∈ B there is an εη < θ such that

{τ < θ | {β ∈ B \ (η + 1) | c(η, β) = τ} ∈ J+} ⊆ εη.
As J is θ+-complete, we can then find an ε < θ and a subset B′ ⊆ B in J+ such
that for every η ∈ B′, εη = ε. As J is θ+-complete, it follows that for every η ∈ B′,
Nη := {β ∈ B \ (η + 1) | c(η, β) ≥ ε} is in J . Now, as J is µ-complete, we may
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define an injection f : µ→ B′ by recursion, letting f(0) := min(B′), and, for every
nonzero i < µ,

f(i) := min(B′ \
⋃

η∈Im(f�i)
Nη).

By the Dushnik-Miller theorem, fix I ∈ [µ]µ on which f is order-preserving. By
Clause (iii), we may define a function g : I → ORD via

g(i) := min(xf(i) \ yε).

By Clause (iv), we may now pick (i, j) ∈ [I]2 such that g(i) = g(j). Denote
η := f(i), β := f(j) and ξ := g(i). Then η < β and, by the definition of f ,
β ∈ B′\Nη, so that xη∩xβ ⊆ yτ where τ := c(η, β) is less than ε. As g(i) = ξ = g(j),
we infer that ξ ∈ (xη ∩ xβ) \ yε, contradicting the fact that yτ ⊆ yε. �

Corollary 7.20. Suppose that θ ∈ Reg(cf(κ)) and that there is a tree of height θ
with at least κ many θ-branches and all of whose levels have size less than cf(κ).
Then κ ∈ AD(cf(κ), θ) and hence unbounded+(	,J κcf(κ), θ) holds. �

Corollary 7.21. Suppose that λ<θ = ν < cf(κ) ≤ λθ with θ regular. Then:

(1) unbounded+(	,J κν+ , θ) holds;
(2) onto+(J κν+ , θ) holds, provided that dθ ≤ κ.

Proof. By Proposition 7.12, cf(κ) ∈ AD(ν+, θ).

(1) By Lemma 7.19, unbounded+(	,J cf(κ)
ν+ , θ) holds, and then unbounded+(	,

J κν+ , θ) holds, as well.
(2) By Clause (1) together with Lemmas 4.13 and 4.17(2). �

Corollary 7.22. Suppose that κ = 2θ for an infinite cardinal θ = θ<θ.
Then onto+(J κθ+ , θ) holds. �

Remark 7.23. The hypothesis “θ = θ<θ” cannot be waived. By [IR23, Theorem 9.9],
it is consistent that κ = 2θ = θ<θ is weakly inaccessible, and unbounded(NSκ, θ)
fails.

In contrast to Corollary 4.18, it turns out that narrow colourings lack the feature
of monotonicity.

Corollary 7.24. Suppose that κ = ν+ = 2ν for a cardinal ν = ν<ν . In some
cofinality-preserving forcing extension, we have:

• unbounded+({ν}, Jbd[κ], θ) holds for θ = ν+;
• unbounded({ν}, Jbd[κ], θ) fails for θ = ν;
• onto+({ν}, Jbd[κ], θ) holds for every θ < ν.

Proof. Use the forcing of [CS95, §3] to make bν = ν++, while preserving the cardinal
structure and ν<ν = ν. By Lemma 6.3(3), in the extension, unbounded({ν}, Jbd[ν+],
ν) fails. By Ulam’s theorem, unbounded+({ν}, Jbd[ν+], ν+) holds. Finally, since
ν<ν = ν, by Corollary 7.3, onto+({ν}, Jbd[κ], θ) holds for every θ < ν. �
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the second author at the first Gdańsk Logic Conference, 05 May 2023. We thank
the organisers for the opportunity to speak.

References

[Bla10] Andreas Blass. Combinatorial cardinal characteristics of the continuum. In Handbook of

set theory. Vols. 1, 2, 3, pages 395–489. Springer, Dordrecht, 2010.
[BR19] Ari Meir Brodsky and Assaf Rinot. Distributive Aronszajn trees. Fund. Math.,

245(3):217–291, 2019.

[BR21] Ari Meir Brodsky and Assaf Rinot. A microscopic approach to Souslin-tree constructions.
Part II. Ann. Pure Appl. Logic, 172(5):102904, 2021.

[CS95] James Cummings and Saharon Shelah. Cardinal invariants above the continuum. Ann.
Pure Appl. Logic, 75(3):251–268, 1995.

[EK65] R. Engelking and M. Kar lowicz. Some theorems of set theory and their topological

consequences. Fund. Math., 57:275–285, 1965.
[GS12] Shimon Garti and Saharon Shelah. A strong polarized relation. J. Symbolic Logic,

77(3):766–776, 2012.

[Haj69] A. Hajnal. Ulam-matrices for inaccessible cardinals. Bull. Acad. Polon. Sci. Sér. Sci.
Math. Astronom. Phys., 17:683–688, 1969.

[IR22] Tanmay Inamdar and Assaf Rinot. A club guessing toolbox I.

http://assafrinot.com/paper/46, 2022. Preprint July 2022.
[IR23] Tanmay Inamdar and Assaf Rinot. Was Ulam right? I: Basic theory and subnormal

ideals. Topology Appl., 323(C):Paper No. 108287, 53pp, 2023.

[Kun78] Kenneth Kunen. Saturated ideals. J. Symbolic Logic, 43(1):65–76, 1978.
[LHR18] Chris Lambie-Hanson and Assaf Rinot. Knaster and friends I: closed colorings and pre-

calibers. Algebra Universalis, 79(4):Art. 90, 39, 2018.
[LHR21] Chris Lambie-Hanson and Assaf Rinot. Knaster and friends II: The C-sequence number.

J. Math. Log., 21(1):2150002, 54, 2021.

[LR20] Maxwell Levine and Assaf Rinot. Partitioning a reflecting stationary set. Proc. Amer.
Math. Soc., 148(8):3551–3565, 2020.

[MS89] Alan H. Mekler and Saharon Shelah. The consistency strength of “every stationary set

reflects”. Israel Journal of Mathematics, 67:353–366, 1989.
[Rin12] Assaf Rinot. Transforming rectangles into squares, with applications to strong colorings.

Adv. Math., 231(2):1085–1099, 2012.

[Rin14a] Assaf Rinot. Chain conditions of products, and weakly compact cardinals. Bull. Symb.
Log., 20(3):293–314, 2014.

[Rin14b] Assaf Rinot. Complicated colorings. Math. Res. Lett., 21(6):1367–1388, 2014.

[Rin23] Assaf Rinot. May the successor of a singular cardinal be jonsson?
http://assafrinot.com/paper/s02, 2023. Submitted November 2023.

[RT13] Assaf Rinot and Stevo Todorcevic. Rectangular square-bracket operation for successor

of regular cardinals. Fund. Math., 220(2):119–128, 2013.
[RZ21] Assaf Rinot and Jing Zhang. Transformations of the transfinite plane. Forum Math.

Sigma, 9(e16):1–25, 2021.
[She92] Saharon Shelah. Cardinal arithmetic for skeptics. Bull. Amer. Math. Soc. (N.S.),

26(2):197–210, 1992.

[She94a] Saharon Shelah. Cardinal arithmetic, volume 29 of Oxford Logic Guides. The Clarendon
Press Oxford University Press, New York, 1994. Oxford Science Publications.

[She94b] Saharon Shelah. There are jonsson algebras in many inaccessible cardinals. In Cardinal
Arithmetic, volume 29 of Oxford Logic Guides. Oxford University Press, 1994.

[She05] Saharon Shelah. Middle diamond. Archive for Mathematical Logic, 44:527–560, 2005.
math.LO/0212249.

[She13] Saharon Shelah. Pcf and abelian groups. Forum Math., 25(5):967–1038, 2013.
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Appendix: Index of results

In all of the following tables, κ stands for an uncountable cardinal.

Hypotheses A J θ Reference
κ = θ+ [κ]κ J κκ regular 5.5
P•(κ, κ+,v, 1) [κ]κ J κκ less than κ 5.14
κ9 [κ;κ]2θ [κ]κ J κκ less than κ 5.3
κ9 [κ;κ]2ω and χ(κ) > 1 {κ} J κκ in Reg(κ) 4.19
∃T ∈ (NSκ)+ Tr(T ) ∩ Reg(κ) = ∅ {κ} J κκ in Reg(κ) 4.19
κ = bθ+ = dθ+ {θ+} J κθ++ regular 6.7
ν = νθ < cf(κ) ≤ 2ν {ν} J κν+ less than ν 7.5
κℵ0 = cf(κ) and κ9 [κ;κ]22 {κ} J κκ ℵ0 5.9
κℵ0 = cf(κ) and κ9 [κ;κ]22 {κ} Sκω1

ℵ0 3.19

Table 1. Sufficient conditions for onto++(A,J , θ) to hold.

Hypotheses A J θ Reference
κ = θ+ [κ]κ J κκ singular 5.5
cf([θ]<θ,⊆) < κ [κ]κ J κκ in Cspec(κ) 5.12
κ = bθ+ = dθ+ {θ+} J κθ++ singular 6.7

Table 2. Sufficient conditions for unbounded++(A,J , θ) to hold.

Hypotheses A J θ Reference
κ = ν+ = 2ν [κ]ν J κκ κ 2.10
P•(κ, κ+,v, 1) [κ]κ J κκ κ 5.14
κ = cf(κ) and κ9 [κ]2θ 	 J κκ less than κ 5.3
∃θ+-Kurepa tree with cf(κ) branches {θ+} J κθ++ regular 7.18
κ ∈ PP(ν) and ν is singular {ν} J κν+ less than ν 6.9
ν < cf(κ) ≤ 2ν and ν is strong limit {ν} J κν+ less than ν 7.10
λ<θ = ν < cf(κ) ≤ λθ & dθ ≤ κ 	 J κν+ regular 7.21
κ = dθ {κ} J κθ+ regular 6.4
κ = 2θ and θ = θ<θ {κ} J κθ+ regular 7.22
κ = cf(κ) ≥ d and κ9 [κ]22 {κ} J κκ ℵ0 5.8

Table 3. Sufficient conditions for onto+(A,J , θ) to hold.
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Hypotheses A J θ Reference
∃T ∈ (NSκ)+ Tr(T ) ∩ Reg(κ) = ∅ [κ]κ J κκ κ 4.19
χ(κ) > 1 and κ9 [κ;κ]2ω [κ]κ J κκ κ 4.19
χ(κ) > 1 	 J κκ κ Thm A
∃ν-Kurepa tree with κ branches {ν} J κν+ less than ν 7.17
λ<θ = ν < cf(κ) ≤ λθ 	 J κν+ regular 7.21
κ = bθ = dθ [θ]θ J κθ+ regular 6.5
κ = bθ or κ = dθ {θ} J κθ+ regular 6.3
κ = θ+ {θ} J κκ singular 6.12

Table 4. Sufficient conditions for unbounded+(A,J , θ) to hold.
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