A SHELAH GROUP IN ZFC

MARK POOR AND ASSAF RINOT

ABSTRACT. In a paper from 1980, Shelah constructed an uncountable group all
of whose proper subgroups are countable. Assuming the continuum hypothesis,
he constructed an uncountable group G that moreover admits an integer n
satisfying that for every uncountable X C G, every element of G may be
written as a group word of length n in the elements of X. The former is called
a Jonsson group and the latter is called a Shelah group.

In this paper, we construct a Shelah group on the grounds of ZFC alone, that
is, without assuming the continuum hypothesis. More generally, we identify a
combinatorial condition (coming from the theories of negative square-bracket
partition relations and strongly unbounded subadditive maps) sufficient for
the construction of a Shelah group of size k, and prove that the condition
holds true for all successors of regular cardinals (such as Kk = Ny, Ng, N3, ...).
This also yields the first consistent example of a Shelah group of size a limit
cardinal.

1. INTRODUCTION

For a prime number p, the Priifer p-group
{reC|3IneN@E =1)}

is an example of an infinite subgroup of (C, -) all of whose proper subgroups are fi-
nite. In [Ol1s80], Ol’sanskii constructed finitely generated non-cyclic infinite groups
in which every nontrivial proper subgroup is a finite cyclic group (the Tarski mon-
sters). In [She80], answering a question of Kurosh, Shelah constructed an uncount-
able group in which every nontrivial proper subgroup is countable. All of those
are examples of so-called Jonsson groups, i.e., an infinite group G having no proper
subgroups of full size. An even more striking concept is that of a boundedly-Jonsson
group, that is, a group G admitting a positive integer n such that for every X C G
of full size, it is the case that X™ = G, i.e., every element of G may be written as a
group word of length exactly n in the elements of X. In [She80], Shelah constructed
a boundedly-Jénsson group of size X; with the aid of Continuum Hypothesis (CH).
More generally, Shelah proved that 2* = At yields a boundedly-Jénsson group of
size AT. By now, the concept of boundedly-Jénsson groups is named after him:

Definition 1.1. A group G is n-Shelah if X™ = G for every X C G of full size.
A group is Shelah if it is n-Shelah for some positive integer n.

Along the years, variations of this concept were studied quite intensively, and
from various angles. A group G is said to be Cayley bounded with respect to a subset
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S C @ if there exists a positive integer ng such that G = /5, (SUS™1)", i.e., every
element of G may be written as a group word of length at most ng in the elements of
S and inverses of elements of S. Extending the work of Macpherson and Neumann
[MN90], Bergman proved [Ber06] that the permutation group Sym(f2) of an infi-
nite set 2 is Cayley bounded with respect to all of its generating sets. Soon after,
the notion Bergman property was coined as the assertion of being Cayley bounded
with respect to all generating sets. Since then it has received a lot of attention,
see [DGO5, DHO5, Tol06a, Tol06b, RR0O7, DHUO08, DT09, MMR09, BTV12, TZ12].
More recent examples include the work of Dowerk [Dow20] on von Neumann alge-
bras with unitary groups possessing the property of n-strong uncountable cofinality
(i.e., having a common Cayley bound n for all generating sets, and the group is
not the union of an infinite countable strictly increasing sequence of subgroups),
and Shelah’s work on locally finite groups [She20]. It is worth mentioning that the
notion of strong uncountable cofinality has also geometric reformulations, e.g, by
Cornulier [dC06], Pestov (see [Ros09, Theorem 1.2]) and Rosendal [Ros09, Propo-
sition 3.3].

Shelah’s 1980 construction from CH was of a 6640-Shelah group. It left open two
independent questions:!
(1) Can CH be used to construct an n-Shelah group for a small number of n?
(2) Is CH necessary for the construction of an n-Shelah group?

Recently, in [Ban22], Banakh addressed the first question, using CH to construct
a 36-Shelah group. Even more recently, Corson, Ol’sanskii and Varghese [COV24]
addressed the second question, constructing the first ZFC example of a Jdénsson
group of size N; to have the Bergman property. Unfortunately, the new example
stops short from being Shelah, as every generating set S of this group has its own
ng. In this paper, an affirmative answer to the second question is finally given,
where a Shelah group of size N; is constructed within ZFC.

Theorem A. For every infinite regular cardinal X\, there exists a 10120-Shelah
group of size \T. In particular, there exist Shelah groups of size N1, No, N3, .. ..

The proof of Theorem A reflects advances both in small cancellation theory and
in the study of infinite Ramsey theory. Towards it, we prove a far-reaching extension
of Hesse’s amalgamation lemma, and we obtain two maps, one coming from the
theory of negative square-bracket partition relations, the other coming from the
theory of strongly subadditive functions, and the two maps have the property that
they may be triggered simultaneously, making them ‘active’ over each other.

The connection to infinite Ramsey theory should not come as a surprise. First,
note that an n-Shelah group of size Ry does not exist, since such a group would have
induced a coloring ¢ : [N]® — k for a large enough integer k admitting no infinite
homogeneous set,? in particular contradicting Ramsey’s theorem Xy — (NO)Z~3

ISee https://mathoverflow.net/questions/313516, for a MathOverflow discussion initiated by
Taras Banakh in October 2018. However, the second question was brought to the second author’s
attention in an email exchange with Ol’ga Sipacheva back in May 2006.

2An upper bound is k = (n” + 1)"”, as shown in the proof of Corollary 5.24 below.

3For a (finite or infinite) cardinal ), the Hungarian arrow notation A — (M)} stands for the
assertion that for every set X of size A, whenever the family [X]™ of all n-sized subsets of X is
partitioned into k-many cells [X]" = 4 ?:1 P;, then there exists a subset Y C X of full size all of
whose n-sized subsets belong to the same cell, i.e., [Y]™ C P; for one of the ¢’s. Equivalently, for
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A deeper connection to (additive) Ramsey theory is in the fact that the existence
of a Jonsson group of size x is equivalent to a very strong failure of the higher analog
of Hindman’s finite sums theorem [Hin74]. Indeed, by [FR17, Corollary 2.8], if there
exists a Jonsson group of size k, then for every Abelian group G of size k, there
exists a map ¢ : G — G such that for every X C G of full size, ¢[FS(X) is surjective,
ie.,

{c(x1 4+ +a,) |neEN, {z1,...,2,} € [X]"} =G.
Conversely, if G is an Abelian group of size k admitting a map ¢ : G — G as above,
then the structure (G,+,c) is easily an example of a so-called Jdnsson algebra
[J6n72] of size x, which by Corson’s work [Cor22] implies the existence of a Jénsson
group of size k.

The fact that the elimination of CH goes through advances in the theory of
partition calculus of uncountable cardinals should not come as a surprise, either.
To give just one example, we mention that three decades after Juhasz and Hajnal
[HJ74] constructed an L-space with the aid of CH, Moore [Moo06] gave a ZFC
construction of an L-space by establishing a new unbalanced partition relation for
the first uncountable cardinal.

Having discussed Shelah groups of size Ny and of size a successor cardinal, the
next question is whether it is possible to construct a Shelah group of size an un-
countable limit cardinal. To compare, a natural ingredient available for transfinite
constructions of length a successor cardinal x = AT is the existence of A-filtrations
of all ordinals less than k. We overcome this obstruction at the level of a limit
cardinal k by employing subadditive strongly unbounded maps d : [x]?> — X\ having
arbitrarily large gaps between A and k. This way, we obtain the first consistent
example of a Shelah group of size a limit cardinal. More generally:

Theorem B. For every reqular uncountable cardinal k satisfying the combinatorial
principle O(k), there exists a Shelah group of size k.

By a seminal work of Jensen [Jen72], in Gddel’s model of set theory known
as the constructible universe [G6d40], the combinatorial principle (k) holds for
every regular uncountable cardinal x that is not weakly compact. As the reader
may anticipate, a cardinal x is weakly compact if it is a regular uncountable cardinal
satisfying the higher analog of Ramsey’s theorem k — (k)3 . Altogether, we arrive
at the following optimal result:

Theorem C. In Gddel’s constructible universe, for every reqular uncountable car-
dinal K, the following are equivalent:

o There exists a Shelah group of size k;
e Ramsey’s partition relation k — (k)3 fails.

We conclude the introduction by discussing additional features that the groups
constructed here possess. A group is said to be topologizable if it admits a non-
discrete Hausdorff group topology; otherwise, it is non-topologizable. The first
consistent instance of a non-topologizable group was the group constructed by She-
lah in [She80] using CH. Shortly after, an uncountable ZFC example was given
by Hesse [Hes79]. Then a countable such group was given by Ol’sanskii [Ols12,
Theorem 31.5] (an account of his construction may be found in [Adi06, §13.4]).

every coloring ¢ : [X]™ — k, there exists a subset Y C X of full size that is c-homogeneous, i.e.,
¢ ] [Y]™ is constant.
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Ol’'sanskil’s group is periodic; a torsion-free example was given by Klyachko and
Trofimov in [KT05].

The Shelah group we construct in this paper is torsion-free and non-topologizable.
The latter follows combining the property of Shelah-ness together with the fact that
there will be a filtration of the group consisting of malnormal subgroups (see Defini-
tion 3.3). Moreover, our group contains a nonalgebraic unconditionally closed set,
which can be shown by proving that small sets can be covered by a topologizable
subgroup, similarly to the argument by Sipacheva [Sip06, Lemmas 1 and A.4].

1.1. Can’t you do better than n = 101207 We believe a better n is achievable,
but that is not the focus of this paper. In this paper, we establish a two-dimensional
construction scheme for producing a group G of cardinality x as a limit of a co-
herent system of subgroups (G-, | ¥ < K, @ < ), where G441,i4+1 is obtained as a
particular amalgamation of the groups G ; and G, ;41 over Gy41,;. The number
n = 10120 comes from our amalgamation lemma, and so by plugging in alterna-
tive amalgamation lemmas to our construction scheme, we expect groups of various
characteristics may be produced, including n-Shelah groups with n < 10120.

1.2. Organization of this paper. In Section 2, we fix our notations and conven-
tions, and provide some necessary background from small cancellation theory.

In Section 3, we prove an amalgamation lemma that will serve as a building
block in our two-dimensional recursive construction of a Shelah group.

In Section 4, we provide set-theoretic sufficient conditions for the existence of
two types of maps to exist, and moreover be active over each other. The first
type comes from the classical theory of negative square-bracket partition relations
[EHRG65, §18], and enables to eliminate the need for CH in the construction of a She-
lah group of size ;. The second type comes from the theory of subadditive strongly
unbounded functions [LR23], and enables to push the construction to higher cardi-
nals including limit cardinals. At the level of successors of regulars, both of these
colorings are obtained in ZFC using the method of walks on ordinals [Tod07] that
did not exist at the time Shelah’s paper [She80] was written.

In Section 5, we provide a transfinite construction of a Shelah group guided by
the colorings given by Section 4, and using the amalgamation lemma of Section 3.

2. PRELIMINARIES

2.1. Notations and conventions. Under ordinals we always mean von Neumann
ordinals, and for a set X the symbol |X| always refers to the smallest ordinal with
the same cardinality. For a set X the symbol P(X) denotes the power set of
X, while if 6 is a cardinal we use the standard notation [X]% for {Y € P(X) |
Y| = 6}, similarly for [X]<Y and [X]=Y. We let Hg denote the collection of all sets
of hereditary cardinality less than 6. A set D is a club in a cardinal x iff D C &k
and for every € < k, sup(D Ne) € DU{0} and D \ € # (). For a function f and a
subset A C dom(f), we either write f[A] or f“A for {f(a) | @ € A}. By a sequence
we mean a function on an ordinal, where for a sequence 5 = (s, | @ < dom(3)) the
length of 5 (in symbols £(5)) denotes dom(s). We denote the empty sequence by
(). For a set X and an ordinal o we use *X = {5 | 4(35) = o, Im(35) C X}.

2.2. Small cancellation theory. The main algebraic tool we are going to use is
small cancellation theory. In this regard the paper is self-contained, but for more
details and proofs the interested reader can consult [LS77, §5. 11] and [She80, §1].
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By convention, the free group with a set of generators A is denoted here by Fa,
and the normal closure of a set S in a group G is denoted here by ncl(S, G).

Definition 2.1. Given groups H, K, L such that KNL = H (as sets), in particular
H < K, L, then one constructs the free amalgamation of K and L over H as

I(*HL:F‘KU[l/Z\f7
where N = ncl(Ex U EL, Fxur), and for G € {K, L},
Eq ={919295" | 91. 92,93 € G, 9192 = g3}.

We invoke basic results about the structure of groups of the form K xg L.

Definition 2.2. If g = gig7 ---g;_1 € K*pg L, where gf € KU L, then we call the
sequence of g7'’s the canonical form of the group element of g, if
e either n =1, or
e n > 1, and for each i < n
(1) g7 ¢ H,
(2)i+l<n—=(9f €K < gi,,€L),

We note the following fact.

kk o skok

Fact 2.3 ([Sch71, Lemma 2.1]). Suppose that g5g5---g_1 and g§*gt* -+~ g1 are
canonical representations of the same element in K xg L. Then g5, 95" € K, or
96-96" € L, and (95)"'g5* € H.

Using the above fact it is not difficult to verify that the canonical form is unique
in the following sense.

Fact 2.4. Suppose that g597 ---g5_1 and g5*g7* -+ - gi*_, are canonical representa-
tions of the same element in Kxy L. Thenn = m, and there exist hg, h1, ha, ..., hy, €
H with hg = h,, = 1 such that

(Vi <n)lg;™ = hy ' g;hival.

Definition 2.5. Fix g € K g L distinct from 1, and the canonical representation
g =997 - 95_1. We say that g3g7 ---g5_; is weakly cyclically reduced if
e n=1 or
e 1 is even, or
e g' 195 ¢ H, equivalently, g has no conjugate that has a canonical repre-
sentation shorter than n — 1.

Recalling Fact 2.4, it is not difficult to see that the property of being weakly
cyclically reduced is a property of the group element g € K %y L, so it does not

depend on the particular choice of the canonical representation g = g5g7 - g5_;.

Observation 2.6.

(1) If g5gt -+ - 95 _1 is a canonical representation of an element g # 1, n > 2,
then g has a conjugate g’ that has a canonical representation of length
m =1, or m = 2k for some k > 1. Moreover, each conjugate g" of g has
length at least m.

(2) If g g5 - - - g5 is a canonical representation of an element g # 1, n is even,
and g’ is a weakly cyclically reduced conjugate of g, then ¢’ has a canonical
representation in the following form:

A ™ * * * * "
9 =%;9i119i+2" " 9n—-190 """ 9i—1%;



6 MARK POOR AND ASSAF RINOT

where:

o ifg; € K, then x},x] € K and K = zjx) = g7,

e if gy € L, then 2,2} € L and L |= oz = g.
In particular, the length of any canonical representation of g’ is either n or
n+ 1.

Definition 2.7 ([LS77, p. 286]). Let H < K, L be groups such that LN K = H,
and fix R C K xg L. We say that R is symmetrized if for every g € R:

(1) g7' € R, and

(2) for each ¢’ that is conjugate to g and weakly cyclically reduced, ¢’ € R.

Definition 2.8 ([LS77, p. 286]). Let X C K g L, and x € (0,1). We say that X
satisfies C’(), if whenever

(1) g5 195 29195, 95791 g1 € X,
(2) gn_19n—2"" 919095791 g1 #F 1,
(3) £ <n,m, and

(4) 9719729696 91* - g9;5, € H,

then ¢ < min(n,m) - x and moreover, min(n,m) > +

X
Definition 2.9 ([LS77, p. 286]). Let H, K, L be as in Definition 2.1, and let g €
K xg L. We say that the word wows - - - wy,—1 is a part of g if

(1) wowsy + - wpm—1 € K xg L is in canonical form,

(2) for some weakly cyclically reduced conjugate ¢’ of g, the word wows « + - Wy, —1
is a subword of a canonical representation of ¢’ (i.e., for some canonical
representation vgvy - - v,_1 of ¢’ and some k < n — m, we have v, = wy,
Ukl = Wi, e oy Vg2 = Wyp—2 a0d Vpym_1 = Wp—1).

We cite the following lemma, which is our key technical tool borrowed from small
cancellation theory.

Fact 2.10 ([LS77, Theorem 11.2]). Let H < K, L be groups, KNL = H, k > 6,
and assume that R C K x L is symmetrized and satisfies C'(1).

Then, letting N = ncl(R, K g L) be the normal subgroup generated by R, for
every weakly cyclically reduced w € N that is nontrivial (i.e. w # 1), there exist
r € R and a part p of r, which is also a part of w, and £(p) > %E(r).

Corollary 2.11. If H, K, L, R are as in Fact 2.10, then for the canonical projection

map 7 : Kxg L — (K*g L)/N, it is the case that w | K and [ L are injective, and
m“KNn“L =7n“H (where K, L are identified with the subgroups of K g L). O

3. FINDING THE RIGHT AMALGAM

The main result of this section is Lemma 3.4 below. It originates from the
lemma by G. Hesse appearing in the Appendix of [She80]. The lemma will serve as
a building block in the recursive construction of Section 5.

Definition 3.1. Let o(x,y) denote the word xyz2yz3y - -- 28%.

Note that ¢(o(z,y)) = 3320.

Definition 3.2. For all j < w and z,y, we shall define a word g;(z,y) over the
alphabet {z,y}. First, define a sequence (n; | j < w) of integers via n; = 33207.
Then, let g;(z,y) = o(z™,y"), so that gy = 0.
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Definition 3.3. Let G < H be a pair of groups.
e Define an equivalence relation ~¢g over H via

a~gbiff a e GG,

where Gb*1G denotes the set GbG U Gb~1G.
e We say that G is a malnormal subgroup of H, and denote it by G <., H,
if for all g € G\ {1} and h € H \ G, it is the case that h=1gh ¢ G.

Note that <., is a transitive relation.

Lemma 3.4. Let H < K, H <., L be groups, K NL = H and suppose that we are
given a system of quadruples
S ={(ho,a5,b5,0)) |0 €L} C Hx (K\H)x (L\H)x(L\H)
that satisfies the following two:
(1) for every o € &, by oy b ;
(2) for all o ;é o* in X, at least one of the following holds:
(©)a o #H = (in K);
(@) b ’74H ba )
(©)e by = byx and ay # ag;
(©)4 there are subgroups Hy < H and K, < K such that all of the following
hold:
(i) Ko NH = H,;
1) Gg,0ox € Ko \ H= K, \ Hy;
(#i1) by ., by« (although typically by ~pr b= );
(ZU) bo ’%’H b:;-* ;
(0) (Ko \ H) - (H\ K,) - (K, \ H) C (K \ H).
Then, letting R be the symmetric closure of {h;'0(byas,bLa,) | o0 € X}, M =
K xy L, N =ncl(R, M) be the generated normal subgroup and M* = M /N, all of
the following hold:

(A) R satisfies the condition C”(%), consequently, the group M* embeds both
K and L with
M*"=EKNL=H
and K UL generates M*. Moreover, the set RT defined to be the symmetric
closure of

{hto(byay, b, as), 0i(boay,bha,) | o€, j€w\{0}}
also satisfies C'(55);
(B) K <;n M*, and if H <;, K, then L <, M*;
(C) for allb,b* € L\ H and z € K\ H, if b ~g b*, then M* |=b*z L bzbz;
(D) if bt/ € L\ H, a € K\ H, then M* |=bab' ¢ K, ba ¢ K (and similarly
the parallel statement with interchanging K and L);
(E) if a,a' € K\ H, a g da for subgroups H < H and L' < L such that
L'NK=L'NnH=H, then a #1, a’ holds too (in M*);
(F) similarly, if b,b" € L\ H, b &g b for subgroups H < H and K' < K such
that K' "L =K'NH=H', thenb #x b holds (in M*);
(G) if K and L are torsion-free, then so is M*.

Proof. First we note that for all a € K\ H, b,b' € L\ H, the word o(ba,b'a) is an
alternating word (over the union of K\ H and L\ H) of length 6640.
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(A) By Corollary 2.11 (and R C R™"), it is enough to argue that R™ satisfies
C’(lio). To this end, fix two elements g # ¢* in RT, as well as some
canonical representations

9 = G091 Gn-1,
By Clause (2) of Observation 2.6, there are i,i* € w such that n € {6640n,;,6640n;+
1}, m € {6640n;-,6640n,- + 1}.
Let | € w, and assume that

NE <o LE=gligly 90959t 9i1 € H),

k<l
so we have to show that | < 664 - min(n;, n;«).

Assume on the contrary that [ > 664 - n;. We can choose o € X,

e € {1, -1}, such that letting r = h 0, (byay,b.as), g is a weakly cycli-
cally reduced conjugate of r¢ = (h;'o,,(bsas,ba,)) if n; = 0, or of
e = (0n, (boas, bl a,))%, and similarly for ¢*, »* and o*, e*. If we fix the
canonical representations

T = UgU1 * - UE640n,;—1>

where u; € {by,V,,as,h, by}, and similarly
* k% *
= UgUy " " Uged0n,« —1>

then again recalling Observation 2.6(2), we can assume that there exist
J < 6640n;, 7* < 6640n;~, such that whenever 0 < k < 6640n; — 1, then
gk = S, and if 0 < k < 6640n;- — 1, then g = (ufe, .\)° .
We first observe that i = i*, since otherwise if, say, ¢ < i* did hold,
then for some 1 < k,k < 8In; with ujicr = by, Ujrerr = b, while
Ul = Ui g € {bo, b}, and so by (x) we get
b, = Ujt+ek ~H u;+gk = u;+5k/ ~H Ujtek’ = b:;:
contradicting b, g bl. From now on n will denote the common value of
Now note that b, ~g b,«: there is a k with 1 < k£ < 10n such that
Ujyek € {bg, hy bo}, and uf. | .y € {bg=, h 1 bs-}, s0 by (x) for some h € H
we have b;ghbf; € H, implying that b, ~gy bs«. Similarly, for some k°,
1 <k* <2n, Ujqeps = ao, and u;*ﬂ*k. = a,~, and by the same line of
reasoning a, ~g Ag=.
We clearly get that
(B) either (©),, or (©)4, or 0 = o* holds, and in each case by % b...
Now, note that if j # j* or € # *, then there exists k with 1 < k < 500n

such that uj o € {bs,h; 0}, and uf., ., = b,. = by, and for some

h € H we have b, h(b,.)* € H (or (h;'bs) ch(b,.)"), s0 by ~pg bl.,
contradicting (H). Therefore hereafter we can assume that j = j* and
e =¢"
We now divide our analysis into a few cases and subcases:
» If cither (©). or o = ¢*, then necessarily b, = b,+ and b, = b, .. But
now for some k£ with 1 <k < 10n, g = gi = b;, so for

h=g 1010 9 909t gi 1 €H
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we have
g5 thgi € H,
but then H <., L together with b, € L\ H imply that h = 1.

»» If 0 = o*, then invoking Observation 2.6(2) again (and recalling
that g and g* are cyclically reduced conjugates of h; 1 o(bya,, b’ a,)),
it is straightforward to check that j = j* and ¢ = £* imply
g = g%, which is a contradiction.

»» If 0 # 0o* and a, # a,~, then g;lhg,*; = 1 implies that

G195 hgi)Gigr = ag%ag. # 1,
and in the following step (conjugating by b, = b,~ again) we get
a contradiction.

» If the pair o, o* satisfies condition (©)4, then we argue as follows.
First we claim that the there exists a £ with 1 < k < 10n + 2 such
that following three hold:

()1 gk = uj-{-ak = ag,

(X)2 g; = (u;+ek)€ = g,

(®)s h=g; 1952090 9691 -9 € H\K' = H\ H'.

As before, for some k* < 10n we have u$, ;. = ag, and (u;?_kak.)s =
Aon u§+8(,€.+1) =b%, and u;+s(k.+1) = b%.. Suppose that

h= g 1 Gpe o 90 9091+ ghe 1 € H'.

Then b/ = a;°has. € K'H'K' = K’, and by our indirect assumptions
a,chat € H, so I’ lies in the intersection K' N H = H'. Now

Uit oy 1yP U e (ro g1y = 0o H'bG € b TH'DG,
so by (©)4 (i4i) this product is not in H’, thus we can assume that

some k < 10n + 2 satisfies (K);—(X)s.
But then using a,,a,« € K'\ H’,

9k 9k 90 9091 9k = ag “hag.
€ (K'\ H)-(H\ H')- (K'\ H) C K \ H.
This is a contradiction.

(B) Fix g,¢9' € K\ {1} € M*, and z € M* \ K, with a canonical form z =
2021 * - Zm—1 satisfying it does not contain any subsequence 2y, 2o +1 * * * Zog+j—1
that is a subsequence of a canonical form of an element r € R, where
j> % + 1 (we can assume this, since otherwise we could insert the entire

sequence of the inverse of this fixed canonical form of r). Now suppose that
292~ '¢g’ = 1 holds in M*, i.e.,
M |= zg2z g’ € N.

W.lo.g. 20, zm—1 € L (thus m is odd), since otherwise we can replace g with
Zmo1920, € K\ {1}, and ¢’ with 2z, g’z € K\ {1}. Now as g,¢' € K,
if g, ¢’ are not in H, then the product 2021 -+ zm_192," 1 - zo_lg’ isin a
weakly cyclically reduced form, otherwise if g € H, then zm_lgz;l_l € L\H
(here we use H <, L and that z,,—1 € L\ H), and similarly, ¢ € H

implies z5'g’z9 € L\ H. So by these reductions we obtain a product
in a cyclically reduced form of length 2m + 2 or 2m, or 2m — 2. A
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cyclic conjugate of this word contains a long (> 7/10) subword of some
canonical form of an r € R. By our assumptions on z (not containing
more than half of a canonical representation of ) this has to involve ei-
ther g or ¢/, in fact either the word z;zj41 - - zm,lgzrzilz;EQ e z;l (or

-1y -1 -1 —1_—1
2i%Zj41 Zm—2(Zm—19%m—1)Zm_o " z; ifge H), or 25 %5
contains a long (> 2/10 fraction) subword of a canonical form of some
r € R (in the latter case if ¢’ € H, then of course we mean the word

-1 -1

22 g (29'9'20)z1 -+ 2;,). But this is impossible since in any r =

rory -+ Tn—1 € R (n € {6640,6641}) at any fixed ¢ € [8640 564091 there ex-
ists k < 250 such that (for some o0 € X) r,_y € HVE'H, r4yp, € H(V,)*'H,
and so 1k g Tik, while z, z,;l are clearly ~p-related.

Suppose otherwise, e.g. for some k, k' € K either
y=0"2)k(z'0 27 =1 in M*,
or
y = (b*2)k(bzbz)k’ = 1.
Observe that after performing the cancellations in the free amalgam M
and writing y = yoy1- - Ym—1 as a reduced (alternating) word, in both
cases (regardless of whether k, k' € H) there is at most one j for which
y; € L\H and y; 7 u b. Now possibly replacing yoy1 - - - ym—1 with a weakly
cyclically reduced conjugate of it (if the reduced form of yoy;s - - Ym—1 is
not weakly cyclically reduced) this clause remains true (and the resulting
word similarly belongs to N in M). It is not difficult to see, that there
exists at least one j’ such that y; ~p b. Again, yoy1 - - - ym—1 (or a cyclical
permutation of it) contains a long subword of a canonical form of some
r € R, but any such subword (if longer than 400) contains at least two-two
occurrences of b, and b, (for some o € ¥), and b cannot be ~pg-equivalent
with both b, and b, (since b, g b.).
This is the same as above. Assuming that M* | bab’ € K, then for some
a € K, M* |=bab'a’ =1, so
M = bab'a’ € N.

Now if ' € K \ H, then the word bab’a’ is weakly cyclically reduced, so
any weakly cyclically reduced conjugate to it is of length either 4 or 5, and
clearly cannot contain a long subword of any r € R.

If o’ € H, then depending on whether b = b'a’b € H, we have that
either b= (bab’'a’)b = ah € K \ H is weakly cyclically reduced (so M |=
bab'a’ = b(ah)b~! ¢ bNb~' = N), or b~ 'bab/a’b = ab'a’b = ab” (where
b ¢ H), which is weakly cyclically reduced, and similarly cannot lie in N.
Let a,a’ € K\ H be such that a #g o', and fix [,I’ € L'. Suppose that
M* | ala’l! = 1, that is,

M Ew=ald'l' € N.

We can write w as a reduced word. If | € H, thenl € H', and since a g+
we have ala’ € K\ H', so either w = (ala’)l’ is a product of an element of
K\ H' and L\ H (if ' ¢ H) which has to lie in K(L\ H) (which is disjoint
to N), or (ala’)l’ € (K\ H')- H = K\ H’, and we are done.

So w.lo.g. | ¢ H. (Similarly, M* |= a'l'al = 1 implies that w.l.o.g. I ¢
H). So any weakly cyclically reduced conjugate of w € M has length at

—1 7
_1...20 gz[)zl"'zj*
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most 5, and contains at least 2 entries from K \ H. But w € N implies
that some weakly cyclically reduced conjugate contains a long subword of
some r € R, which is clearly impossible.

(F) The proof of (F) works here too.

(G) Let g € M*, n € w, n > 1 be such that g # 1, M* | ¢g" = 1. Recalling
Observation 2.6, we can write g as an alternating product of elements of
K\Hand L\ H

9 =9og1 " 92m—1-
W.l.o.g. there exists no conjugate ygy ! of g, and ¢’ with ¢’(ygy=1)"* € N
such that ¢’ has a shorter canonical representation than 2m, since we can
replace g with ¢’ and get a torsion element. Therefore there is no r € R,
oo < 2m with the sequence ¢s,900+1 """ 92m—19091 - go,—1 containing a
subsequence of a canonical representation of r of length j > @ + 1.
Now, since

M ): (9091 o '92m—1)n € Nv

there exists a cyclic conjugate of (gog1 - - - g2m—1)™ and a subsequence spsy - - -

of it that is also a subsequence of a canonical form of some s € R with
j> 1—70 -6640. Our assumptions above on ggg; - - - gom—1 easily imply

4
< 0

thus,
2 2 6640 —1<j
GRaT =)
in particular, 2m + 330 < j. This way we get that sy ~g S¢i9., for each
¢ < 330, but as s is a cyclically reduced conjugate of h;'o(bya,,b.as)
or of its inverse (for some o € X), we get that for some ¢ € [1,330] sy €
H(by)* H, spy0m € H(b, )™ H, thus sy g Spyom. This is a contradiction.
|:lLemma 3.4

4. A SET-THEORETIC INTERLUDE

In this section, x,6,u, A and & all denote nonzero cardinals. Recall that [k]?
stands for the collection of all unordered pairs {«, 5} of ordinals in &, but here we
identify it with the collection of all ordered pairs («, 8) with a < 3.

Definition 4.1. A map d : [k]? — 6 is subadditive if the following inequalities hold
forall @ < 8 < v < &t

(1) d(e, ) < max{d(a, 8),d(B,7)};
(2) d(ev, B) < max{d(a,7),d(B,7)}-

Notation 4.2. Whenever the map d : [k]> — 0 is clear from the context, we define
for all v < k and i < 6, the following sets:

e DL, ={B <~ |d(B,v) <i}, and
o DL, ={B<y|d(B,7) <i}.

Lemma 4.3. Ifd: [k]* — 6 is subadditive, then for ally < k, i <6, and 8 € D7,
it is the case that DL, N = Dgi.

Sj



12 MARK POOR AND ASSAF RINOT

Proof. Suppose that d : [k]? — 6 is subadditive, and let 7,4 and 3 be as above.
» By Definition 4.1(1), for every a € D”? d(a,v) < max{d(«, 8),d(8,7)}, so,

<’

since o € Dii and 8 € D7,, we infer that d(«,v) <iand a € DL, N .
» By Definition 4.1(2), for every v € DY, N 3, d(«, 8) < max{d(a,7),d(5,7)},
so, since o, B € DZ,, we infer that d(«,8) < i and o € Dii' U

Theorem 4.4. Suppose that X is an infinite reqular cardinal. Then there exist two
maps ¢ : [AT]2 = AT and d : [\T]? — X such that:
e d is subadditive;
o for every A € [A*]A+, there exists a club D C \* such that for every § € D,
for every 8 € AT\ 4, for every £ < &, for every i < A, there are cofinally
many o < 6 such that a € A, c(a, 8) =& and d(a, f) > i.

Proof. Let d be the function p : [A\*]?> — X defined in [Tod07, §9.1]. By [Tod07,
Lemma 9.1.1], d is subadditive. By [Tod07, Lemma 9.1.2], d is also locally small,
ie, DL, < Aforally <At and i < A.

Next, by [RT13], we may fix a coloring ¢ : [AT]? — AT witnessing A\t -
[AT;AT]34. By [IR24, Lemma 3.16], this means that for every A € AT}, there
exists an € < AT such that, for all 3 € AT\ € and £ < ¢, there exists & € AN e such
that c(a, B) = €.

We now verify that ¢ and d are as sought.

Claim 4.4.1. Let A € [A\T]N'. Then there exists a club D C Xt such that for every
§ € D, for every 8 € AT\ 4, for every £ < &, for every i < X, there are cofinally
many o < 6 such that o € A, c(a, 8) =& and d(a, B) > i.

Proof. Let (M, | v < AT) be a sequence of elementary submodels of H++, each of
size A, such that {4,e} € My, such that M, € M, for every v < AT, and such
that Ms = (J, 5 M, for every limit nonzero § < A*. Tt follows that C' = {y < A* |
M, N At =~} isaclubin AT,

We claim that the following club is as sought:

D = {5 < X" |otp(CNd) =N},
To this end, let 6 € D, 8 € AT\ 4§, £ < 4§, < A, and n < §. We shall find an
a € ANJ above 7 such that ¢(«, 8) = € and d(«, ) > i.

For every v € C'\ ¢, the set A, = A\ yisin A2 N M. +1, and hence there
exists e € AT N M, 41 such that, for all 8 € AT\ eand & < ¢, there exists o € A, Ne
such that c(a/, ") = &. In particular, we may pick ay, € AN M,y \ v such that
c(ay, B) = & Tt follows that v — v, is a strictly increasing function from C'Né to
ANd. Asd € D, we infer that A’ = {a € ANd | n < a & c(a,B) = &} has size
A. As d is locally small, we may now pick a € A"\ Dir Then o« € AN é above 7,
d(a, 8) > ¢ and ¢(a, B) = &, as sought. - O

This completes the proof. O

Remark 4.5. The preceding result does not generalize to the case when A is a
singular cardinal. Indeed, it follows from [LR23, Lemma 3.38] that if X is the
singular limit of strongly compact cardinals, then for every infinite cardinal 8 < A,
for every subadditive map d : [AT]2 — 6, there must exist an A € [AT]}" such that
sup{d(e,B) | @ < 8 in A} < 6.
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Definition 4.6 ([She88]). Pry(k,k,0,x) asserts the existence of a coloring ¢ :
[k]2 — 0 such that for every o < X, every pairwise disjoint subfamily A C [x]°
of size k, and every 7 < 6, there are a,b € A with sup(a) < min(b) such that
cla x b = {7}.

Definition 4.7 ([LR18]). U(k, i, 0, x) asserts the existence of a coloring d : [x]? —
6 such that for every o < x, every pairwise disjoint subfamily A C [k]? of size x, and
every 7 < 0, there exists B € [AJ* such that, for all a,b € B with sup(a) < min(b),
it is the case that min(d[a x b)) > 7.

Theorem 4.8. Suppose that:
e 0 < k are infinite reqular cardinals;
o c: [k]? = K is a coloring witnessing Pry(k, K, k,4);
e d:[k]?> — 0 is a subadditive coloring witnessing U(k,2,0,2).
Then, for every A € [k]", there exists a club D C k such that for every 6 € D,

for every B € K\ 4§, for every £ < 8, for every i < 0, there are cofinally many o < 6
such that « € A, c¢(a, B) = € and d(, 8) > i.

Proof. We start by verifying a special case.

Claim 4.8.1. Let A € [k]", £ < k and i < 0. There exists v < k such that for
every B € K\ 7, there exists « € AN~y such that c¢(a, B) = € and d(«, B) > i.

Proof. For every € < k, A\ €is in [k]%, and as d : [k]> — 0 witnesses U(k, 2,0,2), it
is the case that d“[A\ €]? is cofinal in #. It thus follows that we may fix a k-sized
pairwise disjoint subfamily A of [A]? such that d(a) > i for all a € A. Note that
for all 8 < k and a € ANP(B), there must exist some « € a such that d(«, 8) > 1,
because, by subadditivity,

i < d(a) < max{d(min(a), 8), d(max(a), 5)}.

Therefore, it now suffices to prove that there exists some v < x such that for every
B € K\ 7, there exists a € AN P(y) such that cla x {8}] = {£}. Towards a
contradiction, suppose that this is not the case. For every v < &, fix 8, € xk \ 7
such that there exists no a € ANP(y) with cla x {8,}] = {{}. For each v < &, set
ay = {By} Ua for some a € A such that min(a) > §,. Fix a club C' C & such that
for every v € C, for every 4 < 7, max(as) < . It follows that A" = {a, | v € C}
is a collection of k-many pairwise disjoint elements of [k]2. So, since ¢ witnesses
Pri(k, K, k,4), we may find a,b € A’ with max(a) < min(b) such that cla x b] = {£}.
Pick 4,~ in C such that a = a5 and b = a,. From max(a5) < min(a,), it follows
that 4 < v, and
max(as) < v < fy = min(a,).

In particular, a’ = as \ {8, } is an element of ANP(v) and c[a’ x {3,}] = {¢}. This
is a contradiction. O

Now, given A € [k]", let (M, | v < k) be a sequence of elementary submodels of
M.+, each of size less than x, such that {A,¢,d} U6 C My, such that M, € M,
for every v < k, and such that Ms = U7<5 M., for every limit nonzero § < x. We
claim that the following club is as sought:

D={0<k|MsNk=74}.

To see it, let B € k\ I, £ < 0,7 <6, and € < 0; we must find « € A withe <a<4d
such that c(a, 8) = £ and d(a, 8) > i. The set A’ = A\ € is in [k]" N Mjs, and so
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are ¢ and 7. It thus follows from Claim 4.8.1 that there exists v € kN M such that
for every 8’ € k\ v, there exists a € A’ N~ such that ¢(«, 5') = € and d(«, ') > i.
As v < § < B, it follows that there exists a € A’ N~ such that ¢(a, ) = £ and
d(a, 8) > i. Evidently, € < o < 6. O

In reading the next definition, recall that for a set X of ordinals, acc(X) stands
for the set of all nonzero £ € X such that sup(X N¢) = ¢&.

Definition 4.9 ([BR19]). For infinite regular cardinals § < &, the principle O(x, Cg)
asserts the existence of a sequence C' = (C, | a < k) satisfying the following;:

e for every a < k, C, is a closed subset of « with sup(Cy,) = sup(«);
o for all & < k and & € acc(Cy), if otp(Cy) > 0, then Cy = Cy N &;
o for every club D in «, there exists some o € acc(D) such that D Na # C,.

Note that O(k, Cy) implies O(k,Cy) whenever ¢ < §. The strongest instance
O(k,Cy) is commonly denoted by O(k).

Corollary 4.10. Suppose that 0 < k are infinite regular cardinals.
If either O(k,Cp) holds or if there exists a uniformly coherent k-Souslin tree,
then there exist two maps c: [k]?> — k and d : [5]*> — 0 such that:

e d is subadditive;

o for every A € [k]®, there exists a club D C k such that for every § € D, for
every € K\ 9, for every & < §, for every i < 0, there are cofinally many
a < 4 such that a € A, c(a, B) =& and d(a, §) > i.

Proof. By Theorem 4.4, we may assume that 67 < x. Also, by Theorem 4.8, it
suffices to find a map c: [k]?> — k witnessing Pry(k, k, &, 4), and a subadditive map
d : [k]*> = 0 witnessing U(k,2,0,2).

By [Rinl4, Theorem B|, (k) implies Prq(k, &, &, ). Inspecting the proof of
[Rin14, Theorem 3.3] makes it clear that the same conclusion already follows from
O(k,Cg). In addition, by [LR23, Theorem A}, ((k, Cy) yields a subadditive witness
to U(k,2,0,2).

Next, by [LR23, Corollary 3.29], the existence of a uniformly coherent k-Souslin
tree yields a subadditive witness to U(k,2,6,2). It is also well known that the
existence of a uniformly coherent x-Souslin tree induces a witness to Pry(k, &, &, w).

([l

Remark 4.11. Coming back to the limitation highlighted in Remark 4.5, we point
out that the conclusion of Corollary 4.10 is nevertheless compatible with a bounded
amount of large cardinals. The point is that (k,Cg) may be added by means of
a @-directed-closed and k-strategically-closed forcing, so by Laver’s indestructibil-
ity theorem, [(k,Cy) is compatible with 6 being supercompact. Parallelly, the
existence of a uniformly coherent k-Souslin tree is compatible with s possessing a
generically-large cardinal property that refutes O(k, Cy) for all 8 < x (see [LR21,
Theorem 3.3]).

5. A CONSTRUCTION OF A SHELAH GROUP

This section is devoted to proving the core result of this paper. The assumptions
of the upcoming theorem are motivated by the results of the previous section.

Theorem 5.1. Suppose:
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0 < k is a pair of infinite reqular cardinals;

c: [k]?> = Kk is a coloring;

d: [k]? = 0 is a subadditive coloring;

for every A € [k]", there exists a club B C k such that for every § € B
there exists v € A above B such that for all £ < B and i < 0, there are
cofinally many a < 8 such that a € A, c(a,v) =& and d(a,7) > i.

Then there exists a torsion-free Shelah group G of size k.

Before embarking on the proof, we make a few promises and unfold some of their
consequences.

5.1. Promises and their consequences. We start by listing our promises:

(p)1 We shall recursively construct distinguished group elements (z, | @ < &)
generating the whole group G. For every subset A C k, G 4 will denote the
group generated by {z, | @ € A}, so that Gy = {1} and G, = G;

o For every v < k, the underlying set of G, will be an initial segment of ;
¥
(p)s Forall v < x and i < 0, Gpr,utyy s torsion-free;*
(p)a For ally <k and i <0, Gpy ugyy N GD;_ =Gpy;
(p)s Forally <k andi <6, Gpr, <m Gp1,u(y};
p)¢ For all v € [1,k) and i € [1,0), Gpr is the group M™* given by
< {~}
Lemma 3.4 when invoked with the groups
o H= GDL’
L4 K = GDla
o L=Gprup
and an appropriate (possibly empty) system S.
At the outset, we also agree on the following pieces of notation.

Notation 5.2. For every subset A C x, we shall denote by =4 the relation ~¢,
of Definition 3.3. That is, g =4 h iff there are yo,y1 € G4 and € € {1,—1} such
that g =yo - h® - y1.

Notation 5.3. For all v < k and g € G, let
iy =min{i <0|ge€ GD%i}.
We shall also record the first appearance of an element g € G, \ {1} by letting
ag =min{fa < k| g€ Gaq1}.
Since g € G, Ufa,} and oy = ;4 Dg, it also makes sense to define
ig=min{t < 0| g€ GD;“-Zu{ag}}~
As for g = 1, since Gy = Gy = {1}, we agree to let ;3 = —1 and 43 = 0.

Remark 5.4. By possibly replacing d : [k]?> — 6 with the map («, 8) — 1+ d(a, B),
we may assume that 0 ¢ Im(d). This tacit assumption will ensure that for every
g € G, ifiyz =0, then either g = 1 or g is an element of the cyclic group (z,).

Notation 5.3 induces a well-ordering < of GG, as follows.

Definition 5.5. For g # h in G, we shall let g < h if one of the following holds:

4Recall Notation 4.2.
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o oy < ap;
o a4y = ap and iy < ip;
° agzahandig:ihandgeh.5

Note that min(G, <) = 1.
Lemma 5.6. For allv <k andi <80, GDLU{’Y} NG, = GDZ-'

Proof. Let vy < randi<0. As G, = Uj<6 GDZJ* it suffices to prove that for every
j € (i, 0,
(M Gp,ufy NGz, = Gpy,-

The case j = i + 1 is immediate from (p)s, and the case in which j is a limit
ordinal follows from the fact that GDl. = Ul<j GDlz for j limit. So, suppose that
J

j € [i+1,0) is such that (I) holds. By (p)4, GDljU{'y} N GDlj = GDZ;- holds, as
well. Since Gpy g4y € Gpr,ugy)s altogether, -

Gpz,ui NGoy, = Gpr ugyy NGoz uy NGoy,

as sought. 0

By the preceding, and since DY = 0, the group (x,) generated by x- will have
a trivial intersection with G.. Another consequence of the preceding is as follows.

Corollary 5.7. For every v < k, Gy <m Gy41.

Proof. Let g € G4\ {1} and h € G411\ G for a given v < k. Find a large enough
1 < 0 such that g € GDL- and h € GDLU{W} \GDL-' Then, by (p)s,

hilgh € GDliU{’Y} \GDll
Finally, Lemma 5.6 yields that h='gh ¢ G.,. O

The next consequence of our promises is the upcoming Lemma 5.9. In order to
state it, we agree to say that a set A C k is absorbent if for every v € A, there
exists some ¢ < @ such that AN~y = D’,. To exemplify:

Proposition 5.8. For ally < k and i <0, DY, is absorbent.

Proof. By Lemma 4.3. (]

Lemma 5.9. Suppose that A, A’ are absorbent subsets of k.
(1) For every g € Ga\ {1}, D2% U{a,} C A;
(2) For ally < kK, i< 6, and giegGDliU{,y}, we have 1g < i;
(8) For ally <k and g € G+ \ {1}, we have i] = max{d(ay,7),i4};
(4) GaNGa =Ganar.

SRecall (p)2.
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Proof. (1) Let g € Ga \ {1}. Denote by v € A the minimal ordinal such that
9 € Gany+1)- In particular, g ¢ Gan, and ay < 7. As A is absorbent, we
may now fix ¢ < 6 such that AN~y = DY,. Consequently, g € GDLU{’Y}' If
g < 7, then g € GDLU{'Y} N Gy, which, by Lemma 5.6 is equal to GDL = Gany,
contradicting the fact that g ¢ Gan,. So, @y =+, and hence g € GDZ?U{%}. As
GngU{ag} = Uj<i GD%jU{'y}a the definition of ¢, implies that ¢, < i. Altogether,
D25 Ufag} € DL U{y} C A

(2) Let vy < k,i < f,and g € Gp1,uty}- By Clause (1), nggu{ag} C DY, u{~}.
If ay = 7, then the inclusion implies that i, < 7. Otherwise, oy € D;’i, and then
Lemma 4.3 implies that

Dzjg = (ngg U{ag}) Nay € DL, Nay = D22,

S0, again 14 < 1.
(3) Let v < k and g € G, \ {1}. Clearly, ay < . Also, recalling Notation 5.3,
g € Gpv _. So, Clause (1) together with Proposition 5.8 imply that Di‘;g U{a,} C
<ig =

D’ .. In particular, d(agy,v) < i}, and, by Lemma 4.3, also
—="9

Dggg = (Dggg U{ag})Nay C D;ig Na, = D%

<ig’
and hence i, < 7. This shows that i = max{d(agy,v),iy} is < 7). On the other

g
hand, since ay € D%d(%m C DZ;, Lemma 4.3 implies that

Dggg C D2 = DL, Nay,
and hence g € Gngu{ag} C GD%i. Consequently, iJ < .
(4) By Clause (1), for every g € G4 NG 4/, either g = 1 (and then g € Gy C
Ganar), or Dg“l’.g U{ag} € AN A, and then g € GD;SZQU{%} C Gana by the

definition of i, and . The other inclusion is trivial. O

Corollary 5.10. For all <~y <k, forallj <i <@, forallg,h € GDZJU{W} \G,,
if g =p1,ng h, then g =p1,n8 h.

Proof. Let f < v < k such that v > 0 and let j < ¢ < 8. Suppose that g,h €
GDZJU{W} \ G, are such that ¢ %Dljnﬁ h, and we shall prove by induction on
l € [4,4] that

(IT) g ;_éDzln,B h.

Recalling Clause (4) of Lemma 5.9, GDZJU{W} NG, = GDZJ’ so we infer that

9, h € GD;’J.U{'*/} \ GDZj'

The case [ = j is trivial, and the case in which [ is a limit ordinal follows from
continuity. So, suppose that I € [j,4) is such that (IT) holds, and we shall prove
that g Zpy,ng h. W.lo.g. I > 1, otherwise Gpy = Gpy = {1}, so both relations

=p7, and _EDZO are the identity on GDZOU{’Y}'

By (p)s, the group GDZZU{”V} was given by Lemma 3.4, when invoked with H =
GDL’ K= GD;z and L :_GDLU{A/}. Consider K’ = GD%lﬂﬂ, which is a subgroup
of K, and then let H' = K’ N L. By Lemma 5.9(4),

’ _
H = GD;lmﬁ n GDLu{fy} = GDllﬁ,(ih
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meaning that (II) asserts that g £ g h
As g,h € GDZ],U{A/} CLyand H = K'NL = K'NH (since KNL = H),
Clause () of Lemma 3.4 implies that g 7+ h. That is, g Zp7 s h, as sought. [

Notation 5.11. As a last step of preparation, we fix a surjection @ = (mg, 71, 72,
73, m4) from k to kX k X K X Kk x {1, =1}, i.e, for all ng,m1,m2,n3 € kand € € {1, -1}
there exists a & < x such that

7_T’(f) = (Wo(f)aW1(5)7W2(§)7W3(§)7W4(§)) = (10, M1,M2, 713, )

5.2. The recursive construction. We are now ready to start the recursive pro-
cess. We start by letting x generate an infinite cyclic group (i.e., Z), and we
assume this group G7 has underlying set w. Hereafter, we shall not worry about
(p)2, since it is clear it may be secured. Next, suppose that v € [1, k) is such that
G, has already been defined and satisfies all of our promises. Note that (p)s implies
that for every 8 < v the group Ggr1 = U; ¢ GD‘LU{B} is torsion-free, and so is
Gy =Ugp<, Gpt1. To construct G11, we first let ., = min(x \ G4), and now we
need to describe the group relationship between z, and the elements of G,,. We
will define (Gp7.ugqy | @ < 6) by recursion on i < 6, in such a way that all of our
promises are kept.

Here we go. As D2, = D1, = 0 (recall Remark 5.4), we mean Gpy, = {1},
and we let GDZOU{W} = G4y be the infinite group Z generated by x.. Note that
{1} = GDw <m GDv ,uty} vacuously holds. Moving on, suppose that i < 0 is
such that GDv U has already been defined. For all j < i and 8 < 7, let E<J 5
be the restrlctlon of the equivalence relation = DY,nB) to G DY, U{} Next, use
Definition 5.5 to define a transversal T ’Y for those equwalence classes of F”
that lie in GDw U \G, = GDw o \ GDv , as follows

1255 =A{min([glgy, ,, <) [9 € Gpr ugey \ Gy}
Lemma 5.12. Forallj <iand a <3 <~:

(1) E<15 [(Gpr,u0y \Gy) = EZ; 5 1 (Gp2 ugay \ Gr)s
(2) T <] 5 C Tzz 8
(3) <La 2 Tv

<i,B*

<j.B

Proof. (1) By Corollary 5.10.
(2) Let t € szﬁ As G(ngnmhﬂngjmm C G, for every h € G, it is the
case that [Q]Elj , is disjoint from G for every g € Gpy iy} \ G,. In particular,

t € Gyq1\ Gy, so that ¢, = iyt < j. Therefore, by Clause (1),

[t] &

<i,B

NGpr vy = [te:

<58
For every g € [t]El' . \GDZjU{'v} we have i, = i'gVH > j > i, and then Defini-
tion 5.5 implies that ¢ < g. Altogether,

min((t]p:, <) = min(l s ,.<) = 1.
(3) This is clear from the definition of 77, ,, T, 5, as the equivalence relation

E” is a refinement of E” O

<j,a <j,B"
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Our next goal is to the define the system S = {(hs, as,b,,b)) | o € £} that will
yield the definition of G DY,U{~}> @S per (p)s. We start with a rough approximation
Y+ of ¥, we then refine it to X+ C ©+T, and finally we find the appropriate
Yy Cxt.

Definition 5.13. Let:
o ¥t ={(a,t) |a € Gpr, \Gpr,, aq € DL \DL, teT2, . };

o U ={(a,t) € St |Vl < 4[m(c(aq,)) € G,]}.

Definition 5.14. For each o = (a,t) € X1, we attach the following objects:

> a, = a

> ts =

> he = To(c(as));

> Yoo = T1 (claa,7));

> Yo1 = T2 (C(aaa 7))7

> 2, = m(c(@,7));

> g = mlc(@,7));

> by = Yo,0- oo - Yo,1 * Zo;

> b = by-bg;

> K, = GDll N G(aa+1).
We then let ¥ be the set of all ¢ € ©F for which all of the following hold:

(1) max{a%,m ayo,l ? aza} < aaa;
(2) max{i, iy ,,iy |} <il < (in particular, i} > 1);
(3) he € GDL

Remark 5.15. Clause (1) implies that y,.0,¥0,1, 20 € Ga,,, and Clause (2) implies
that, for some j < ¢, Yo.0,Y01 € GDL-’ te GDZjU{v}v and z, ¢ GDZJ-'

Definition 5.16. Denote H = GDL" K = GD;, I — GDliU{'y}w and
S = {(hmamba,b;) | o € X}
Lemma 5.17. H< K, H <,, L, KNL =H and S C Hx(K\H)x(L\H)x(L\H).

Proof. 1t is clear that H = Gpy < Gpy = K. By (p)s, H <im L, and by (p)q,
KNL=H. -

Next, let 0 € 3. By Definition 5.14(3), h, € H. Since 0 € ¥+, a, € K \ H.
Recall that t € T2, , € Gpy iy \Gy = L\G,. By Lemma 5.9(4), H = LNG., and
hence t € L'\ H. By Definition 5.14(2), y».0,Yo.1, %0 are in H < L, so, altogether,
b, and b/ are in L, as well. Since ¢t ¢ H, we get that b, ¢ H. Finally, to see
that b ¢ H, it suffices to verify that b/ € GDZJ-U{'V} \GDZJ- for some j < i, since
H= GDL- <G, and GD;ju{»y} NGy = GD;j by Lemma 5.9(4).

By the definition of ¥ and since y4,0, Y51 € GDZﬂ , we have that Y, 0t -ys1 €

GDLQ(,U{“’} \ GDLZ(, and z, € GDZZZ” \GDLZU. By (p)s, GD;;,U{W} has been

obtained by invoking Lemma 3.4 (nojce that 7 > 1 necessarily) with K = Gpv _ ,
i <il,

L = GDZ%‘ZUU{’Y}, and H = GD

that

» _, and then Clause (D) of that lemma implies
<i,

(ya,O €. yo,l) “Zg (ya,O . €0 . yo,l) ¢ K= GDlﬂ ;

o



20 MARK POOR AND ASSAF RINOT

and then the fact that z, € Gp» _~ implies that
T

Stlzo

b:; = (ya,O -t yo,l) 2 (ya,O -t yo,l) Zo ¢ I_( = GD'V
as sought. O

Lemma 5.18. For every o € X, by 2p bl
Proof. Let 0 = (a,t) in X. Set

J= maX{Zt’ yoo’Z;a 1}

From o € ¥, we infer that j < i) <, and
Yo,05Yo,1 S GD;j C GD;jU{'y}'
Recall that t € T, , € Gpy gy} \ Gy, therefore
Yoo 17 Yo1 € Gpyupy < Gpr, uisr-

By Lemma 5.9(4), Gp» . = Gpv _ ygyy NGy, so since t ¢ G,
<i <i¥,

2o

Yo,0 1157 Yo, € GDZ:‘Z u{~} \GDZJ

By (p)s, GDw has been obtained by invoking Lemma 3.4 (note that i} > 1

Ui}

necessarily) Wlth =Gp_, L = GDw o Ul and H = Gp+ _ , and then

<iZ, i, <iZ, B
Clause (C) of that lemma together with the facts that yo,0 - t°7 - yo1 € L\ H and
2, € K\ H imply that for b = b* = y,0 - t°° - y,1 and z = z,, it is the case that
b*z ot bzbz. That is,

ba ’76GD'Y 5 b:7'7

<2,
which is the same as —(b, E’Y e b;) By Lemma 5.12(1),
<z e F(GD”’ i +1U{'y} \G ) Ly ) (GDLZU_HU{W} \G’Y)v
and hence by ¢,  b,. which concludes our proof (since Gpy ., = H). O
<i i

Lemma 5.19. For all o # o* in X, at least one of the following holds:
(e)a Qg ’7(’H Ag= 5

( ) b 76H bcr* ;
(©)e by =box and ay # ag~;
(©)a all of the following hold:

(1) g, = Qg . (s0o Ko =Ky+);

(#1) Gy a0+ € Ky \ H;

(#i1) by H, by+, where H, = K, N H;

(iv) by b bw;

(0) K = (K, \ H) - (H\ K,) - (K, \ H) C (K \ H).

Proof. We start with two general claims.

Claim 5.19.1. Suppose a,a* € GDl are such that ag < Qgx < 7y and g, g €
D1, \DL;. Thena g a*. B
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Proof. Since a,,aq- € D1;\ DZ;, Lemma 5.9(1) implies that a and a* are not in
Gpy . We shall prove by induction on § € [+, 7] that:

(I11) a¢ GDginﬁ(a*)ilGDgima

The base case = ag+ follows from the following constellation:
® & GD;7 n Goéa_;'_l = GD%iﬂ(OtaJrl) - Gaa-‘rl - Gaa*,
e 0" €Gq,.t1\Gq,.,and
L4 GDliﬂaa* g Gaa* .

The case that § is a limit follows from continuity, so suppose that 8 € [ag«,7]
satisfies (III), and we shall show that

a¢ GDL.O(,B+1) (a*)ilGDzim(/BJrl)-

To avoid trivialities, we may assume that 8 € DY,, so that, by Lemma 4.3,

DL, Nnpg = Dii and D;i Nnpg = Dii. Therefore, ag,qq € Dii \ Dgi. So
Notation 5.3 together with Lemma 5.9(4) imply that a € Gpr A,+1) € Gpe
s <i

and a* € Gpy n(a,.41) € Gpo - AS g, 00 ¢ Dﬁi, Lemma 5.9(1) implies that
<i @ <i
a,a* ¢ Gps . Altogether,
<i
B

a**

i =i=i

Now 8 > ag+« > 0 and i > 1, since 3 E_Dli, SO (p)_g tells us that _GD/;U{M was

constructed by invoking Lemma 3.4 with H = GDii, K= GD;; and L = GD’LU{/B}‘
By Lemma 5.9,

LNK= GDQ

;u{8} A GD[; - GD[; - H’

so, taking (III) into account, Clause (E) of Lemma 3.4 implies that
ad¢ L(a*)*'L.
However, L = GDiiu{ﬁ} = GDL_Q(B_H), so we are done. Uclaim 5.19.1
Claim 5.19.2. Let o € D1, \ D, and a,a* € GD;im(aH) \ G
(1) For every g € Gpy n(st1) \ Gpr,np with B € DZ; \ o, we have a-g-a* ¢

GDZ,iﬂ(ﬁJrl);
(2) For every g € Gp1. \ Ga, we have a-g-a* & Gpy .

Proof. (1) Fix g and S as above. Now in the same line of reasoning as in Claim 5.19.1,

Dl,np= Dii, DL,nB+1) = Dgi U{B}. Therefore, Gp1 n(s41) i equal to

Gps {8} and the latter (recalling 8 > 1, and ¢ > 1 which is true since g € D.,)
<1

was obtained by invoking Lemma 3.4 with H = GDii’ K = GD/;, L= GDiiU{ﬂ}

(where g € L'\ H). So just apply (the parallel of) Clause (D) of the said Lemma.

(2) Suppose not, and let g be a counterexample. Let § be minimal such that g €
Gp+1. By Lemma 5.9(4), Gpr,NGpy1 = Gp1.n(p+1), and hence g € Gpy ns41) \
Gp2,ng- Then, By Lemma 5.9(1), B € D,, so that § € D, \a. Asa-g-a* €
Gat1 - Gpy1 - Gar1 = Ga1, and recalling that a - g - a* € GDli’ we infer that
a-g-a* € Gpy, NGpy1 = Gpy n(py1), contradicting Clause (1). Uclaim 5.19.2
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Suppose now that o = (a,t) and o* = (a*,t*) are two distinct elements of X.
We assume that alternatives (9©),—(©), fail, and we shall verify alternative (©)q4.
Note that our assumptions have the following immediate consequences.

Claim 5.19.3. b, ~p box, t #t*, and g = agx.

Proof. The first part follows from the failure of alternative (©);, and the last part
follows from failure of alternative (@), together with Claim 5.19.1.

In addition, if ¢ were to equal t*, Definition 5.14 (using a, = @g4+) would have
implied that alternative (©). holds. So t # t*. Oclaim 5.19.3

It thus follows from Definition 5.14 that

(havyO',O?y(T]vZUa KU) = (ho*aya'*,(h yO'f7Z(T*aKO'*)'

Consequently,
S Yy ~'v
max{ie, ieey iy, 000y 0 o0 by, s, b <01,
and hence the next two elements are in Gpv :
<iz, U{v}

[ ) b = yo_’() . taa . ya_717

L4 b* = yo’*,O . (t*)aa* : ya*,la
moreover,

*

(iv) bb" ¢ Gy

since Yo,0,Yo,15 Yo+ ,0, Yo 1 € GDl,Y . Note that

K, = GD;Z N G(anrl) = GD%iﬁ(ozaJrl)a

and
H,=K,NH= GD%iﬂ(aa—i-l) N GD'LL = GDliF‘laa

by Lemma 5.9(4).

As o € ¥, it is also the case that z, € Gpv = < GDZ' = H and
< i

Y
il

Eo _ —1
yo’,O't 'ya,l—bo'zg )

so that b ~g b,. Likewise, b* ~p b,«. Recalling that b, ~g b,~, altogether
b~y b
Now, (p)e tells us that Gpv 4} was constructed by invoking Lemma 3.4 with
<id,

H=Gp  ,K=Gp , and L=Gp ufy} (again, i7 > 1, by Clause (2) of
<il, g

<iZ, <ii, 3 B
Definition 5.14). Trivially, z, ¢ H. In addition, b,b* ¢ H by (IV). Thus Clause (C)
of that lemma implies that b* - zo« g b+ 25 - b- 2., and hence b, % by~. Finally,
b, %1 box (ie., b, %, byr) by Lemma 5.12(1).
<i

On the other hand, by the definition of Tll-,aa , we get that ¢t g g t*. As
K,NH = GD;iﬁ(oc,,,(,—&-l) N GDL' = GD},iﬁ(a%H) = GDZN%U’ we also get that
be #Kx.nH bo, since 2, = 25+, Y50, Yo,1 € GDLQ%G (by recalling the defini-
tion of ). At this stage, it remains to check Clause (v), but this follows from
Claim 5192(2) |:chmma 5.19
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By Lemmas 5.17, 5.18 and 5.19, the tuple (H, K, L, S) satisfies all of the as-
sumptions of Lemma 3.4. Adhering to (p)g, we then let GDLU{V} be the outcome
M* of Lemma 3.4 when invoked with this tuple. By Clause (A) of that lemma,
K, L <M*,

M*=KNL=H,
and M™ is generated by KUL = GDZi UGDL_U{,Y}. This means that M* is generated
by the set of generators {zp | B € DL, U{v}}, and hence (p)4 is preserved. Also,
Clause (B) implies that K <,, M*, hence (p)s is preserved, as well.
Our promise (p)s implies that L = GDLU{'Y} and

G5+1 = G 8
BL<JV /3L<J'y ]EJ@ e
are both torsion-free. In particular, K, being a subgroup of G, = Uﬁ<ﬂ{ Ggay1 is
torsion-free, as well. It now follows from Clause (G) of Lemma 3.4 that we have
maintained (p)s.

This completes the description of the recursive construction of our group G.

5.3. Verification. We now turn to show that G is an n-Shelah group for n = 10120.
Lemma 5.20. Let Z € [G]*. Then Z'9'?° = G.

Proof. By possibly thinning out (using the pigeonhole principle), we may assume
the existence of some j < @ such that i, = j for all z € Z. Set A = {a, |
z € Z \ {1}}, so that A € [k]". For each o € A, pick z, € Z such that o, = «a.

Recalling the hypothesis of Theorem 5.1, we now let B be a club in « such that
for every 8 € B, there exists a v € A above § such that

V) VE < Vi < Osup{a € ANS | cla,y) =& & d(a,y) > i} = qal.

Recalling (p)2 and the surjection 7 of Notation 5.11, the following is yet another
club in &:

C={B<n|Gs=B&7[8=BxBxBxBx{-11}}.

Now, let h be an arbitrary element of GG, and we shall show that h is in
Pick a large enough 5 € BN C such that h € Gg, and then pick v € A above 8
satisfying (V). As i, = j, we consider the unique ¢t € T, 5 such that t EZ, | 4
zy. By the choice of ¢, we may pick

Z10120

(VI) Yo, Y1 € GDZJ.HOB
and € € {—1,1} such that

Zy =Yo7 y1.
It follows that max{i) ,7) } <j, and ast € sz—s-l,ﬁ C GD1j+1u{7}» Lemma 5.9(2)

implies that i; < j, as well.

As v was chosen to satisfy (V), we may fix @ € AN with d(a,~vy) > j. Set
z = z5 and note that, by Lemma 5.9(3),
(VII) max{iz, i) iy, } < j<d(a,y) <il.

As a; = a < 8, we may find a large enough ¢ < j such that yo,y1,2 € G¢t1.
Altogether, yo,y1,2 € Gp1 _ n(c+1)-
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As f € C and z € Gg, it follows from (VI) that we may find a £ < 3 such that
(71-0(5)7W1(€)77T2(£)77T3(£)37T4(£)) = (h7yo,y1,z,€)‘

Utilizing (V) once more, we now pick « € AN 8 above max{ay,(} such that
c(a,y) = € and d(a,y) > max{i},i]}. Consider i = d(«a,7), and note that by
(VII),

maX{ihi;o’i;/yl7iza’7;77,7i’zy} < d(a7’}/) = Z'7

so that
(VIII) yg,yl,h,z S GDlz ﬂGa

Next, consider the group elements a = z,, b = z, - 2z, and ¥/ = b- b, and the pair
o« = (a,t).

Claim 5.20.1. o, is in X1+ of Definition 5.183.

Proof. From d(o,v) = i, we get that D2, N (a+ 1) = DL, Na. By Lemma 4.3,
Dz, < ng(a = DY.Na, and hence z, € GD}» So, if z, were to be in GDL’
then since o, = o, Lemma 5.9(4) would imply that

2a € Gp1, NGay1 = Gp1 na+1) = Gp2,na € Gas

contradicting the fact that a,, = . Altogether, z, € Gpo, \ GDL"

Next, since t € szﬂ’ﬁ and a < 3, Lemma 5.12(3) implies that ¢ € szﬂ’a.
addition, since i = d(a,v) > 4] > j, Lemma 5.12(2) implies that t € T2, . Also,
i = d(o,y) amounts to saying that a., = o € D1, \ D.,, so we have established
that o, € S++. - O

In

Looking at Definition 5.14, we arrive at the following table of evaluations:

° a,, = a = Za = a
o t,, =t = t = t

* ho, = mo(c(aa, 7)) = mo(§) = h

* Yoo = mlc(a,)) = m(§) = Yo

® Yo.1 = ma(c(aa, 7)) = m(§) = WU

o 2, = m3(c(aa,7)) = m3(§) = z

e &, = m(c(a,7)) = m(§) = ¢

o b, = Yo, 0 5 Yg, 1 25, = 2y % = b

(] bfy* = by, - bs, = Ryt Ry Z =V

e K,. = Gp1 NG, = Gpr, NGty = Gpina+)

TABLE 1. Evaluations

It thus follows from (VIII) that m(c(aq,v)) € G, for every I < 4, so that
o, is moreover in ¥, as per Definition 5.13. Looking at Conditions (1)—(3) of
Definition 5.14, we see that o, is a member of ¥, as well: conditions (1) and (3)
follow from (VIII), and condition (2) follows from (VII) and the fact that i) < i.

Claim 5.20.2. h='o(b-a,t’ -a) =1 holds in Gpr Uy -
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Proof. Recall that the group G DY,U{y} Was obtained as the output group M*
of Lemma 3.4, when invoked with (H, K, L,S) of Definition 5.16. Specifically,
H =Gpy,, K=Gp:,L=_Gpry and S = {(he,as,b5,;) | o € E} of Defi-
nition 5.14. But M* is M/N, where M is the free amalgam K xp L, and N is the
least normal subgroup containing {h;'0(b, - as, b, - as) | ¢ € L}, hence for each
o € % we have h;lo(b, - a,, b, - a,) € N, and clearly

Gpr,uyy = M"=M/N |5 hilo(bs - ag, b, - ag) = 1.
By Table 1, b= ba*7 b = b;_*7 a=dag,, and h = h’a'*v hence hilg(b.a’b’.a) =1 0O

Recall that for all z,y € G, o(z,y) is a word of length 3320 over the alphabet
{z,y}, so since o(ba,b’a) = h, the fact that z,, 2z, and z all come from the initial
set Z implies that

02y -2 2o, 2y 2 2y %+ 2a) € ZT0H400,

Thus, we have verified that h is in Z10120, O

Lemma 5.21. (1) G admits no Ty topology other than the discrete topology;
(2) G is not well-behaved in the sense of [FR23, p. 624];°
(8) G\ {1} is a nonalgebraic unconditionally closed set (i.e., closed in each
Hausdorff group topology).

Proof. (1) This is a standard consequence of the malnormality of the G,’s (y < k).
Suppose that 7 is some 77 topology on G. Fix g € G distinct from 1. Then
U = G\ {g} is 7-open, so there is a 7-open neighborhood V of 1 for which V" C U,
where n is the integer for which G is n-Shelah. Note that if |V| = &, then V™ = G,
which is a contradiction, so it must be the case that |V| < k. But then V C G, for
some large enough v < k. Now Gy <, G-y41 by Corollary 5.7, so for any choice of
h € Gy41\ G, it is the case that (h~'Vh) NV = {1} is a 7-open neighborhood of
1, and hence 7 is discrete.

(2) Suppose not. This means that there exists a map ¢ : G — [G]<* such that
the following two hold:

(a) ¢ is countable-to-one;

(b) forall z #y in G, p(z) A ¢(y) C p(z-y) € p(x) Up(y).
By Clause (a) and the A-system lemma, we may fix an X C G of size k, some
r € [G]<¥ and some k < w such that (p(z) \r | x € X) is a sequence of pairwise
disjoint sets, each of size k. It then follows from Clause (b) that |p(z1---2)| > k-1
for every injective finite sequence (x1,...,2;) of elements of X. In particular,
we may fix a ¢ € G with |¢(g)] > |r| + kn, where n is the integer for which
G is n-Shelah. Since X" = @G, we may fix a (possibly non-injective) sequence
(1, ...,2n) of elements of X such that z; ---x, = g. However, Clause (b) implies
that |¢(z1 -+ x,)| < |r| + kn. This is a contradiction.

(3) We need to show that for no system {w; | ¢ € I'} of words over GU{z} (where

x is an abstract variable outside G) do we have

G\ {1} =(,_{9€C|fulg) =1}

S Well-behaved is a weakening of the assertion that a group admits a basis. For instance, any
infinite commutative cancellative semigroup is well-behaved (follows from [Fuc70, Theorem 23.1]).
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where the value of f,,,(g) € G is given by substituting each occurrence of the symbol
xin w; € <Y(GU{z,z~'}) with g, and calculating the value in G. It is easy to see
that it suffices to prove that for no such word w does the following equation holds
true:

(IX) G\ {1} ={g € G| fulg) =1}
Suppose that w satisfies (IX), and fix a finite subset B C G with w € <¥(B U
{z,271}). As |B| < 0, we may find v € [1,x) and i € [1,6) such that
B g GD;iU{'y},

so for each g € Gpy g,y that is not the identity fw(g) =1

We are going to prove (provided that ¥ from Definition 5.14 in the construction
of GDZiU{v} is not empty) that the group GDLU{'Y} is topologizable (with a non-
discrete T3 topology), which will imply that Gp gy \ {1} is closed (with respect

to this nontrivial topology), contradicting that the topology was non-discrete.
To this end, it is enough to argue that there exists a sequence (N} | k € w) of
normal subgroups of GD;U{V} such that for each k do Nj ; < Ny, e, Vi = {1}

and {1} < Nj hold. Now recall how Gpy y(,y Was constructed in Subsection 5.2
(appealing to Lemma 3.4 there): -
Gprutyy = (Gor,u() *6py, Gz, )/N,

where N was the normal closure of {h;'o(bsas,b.a,) | o € B} (¥ is from Defini-

tion 5.14). Let Ny denote this N. Observe that it is enough to define a sequence

(Nk | k € w\ {0}) of normal subgroups in Gpi uiy} *G,, Gpy, that satisfies
K <i s

Nk+1 S Nk for k 2 1, mkEw Nk = NO and N() § Nk.
Recall that in Definition 3.2, we have the sequence (n, | ¢ < w) defined via
ne = 3320, and that we let g,(z,y) = o(2™,y™) (in particular, gy = o), and

Ry = {h;'00(bsts, b as), 00(bgay,bag) | £ >k, o € X},

Set Ni to be the normal closure of Ry. Now the following will complete the
proof:

Claim 5.21.1. (1) For alloc € ¥ and k > 0,
Gpr,u( *Gpoy Gpy, F 0k (bots, byas) € Ni \ No,
(2) Ry satisfies Cl(%o)f moreover, if a group element g € GDL-U{’V} *GDL GD;_

has a canonical representation of length < % -(ng-6640)—1 for some k > 1,
and g ¢ Ny, then g ¢ Ny.

Proof. Let us start with verifying the second clause. R satisfies C’ (%0) just by the
moreover part of (A) from Lemma 3.4. Suppose k € w, g € GDl.U{'y} *Gp Gpr.
i 1, 0D

is such that g ¢ Ny, and g has a canonical representation of length
7
(X) ‘< 0 (ng - 6640) — 1.
W.l.o.g. we can assume that whenever ¢’ € GDQu{—y} *G,, Gpy. satisfies
2 <i <i

-1
g' € {hgh™ No | h € Gp2 Uiny %6, Gz}
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then the length of ¢’s canonical representation does not exceed that of ¢’ (by pos-
sibly replacing g with a ¢’ with a shorter representation, since g € N \ Ny =
g € Ni \ Ny by the normality of Ny, and Ni). Suppose on the contrary that
g € Ni. Now Fact 2.10 implies that for a weakly cyclically reduced conjugate ¢’
of g, we have that ¢’ has a canonical representation w = wow; - - - wj_1, which,
as a word contains a subword sgs; - - - $,,—1 that is a subword of a representation
7oTry - Tn_1 Of some r in the symmetric closure of Ry, and m > %n. (W.lo.g. we
can assume that s; = r; for i < m, by possibly replacing r with a cyclical conjugate
of it, as Ry, is closed under such operations.)

Now clearly m < j, and j < £+ 1 (by Definition 2.5), so it follows from m > %n
that £+ 1 > %n. But n € {6640 - ng, 6640 - ng + 1,6640 - n;,6640 - n; + 1| i > k}
since the lengths of the words in Ry, form the set {6640 - ng, 6640 - n; | ¢ > k}, r
is a weakly cyclically reduced conjugate of some r’ € Ry, and this conjugation can
only increase the length by at most one (by Observation 2.6 (2)). Therefore, by
(X), n = 6640 - ng holds necessarily, and

ror1 - Tn—1 € Np.

Finally, observe that substituting

(T;il .fr-;iQ...r(Tl) . (fro -y ...rm_l) = r;il .r;iz...r;ll

instead of g - 1 -+ - rpp—1 in w yields an element in

{hgh_lNo | h e GDliU{’Y} *GDZZ' GD;z}

with a shorter representation (than that of g), a contradiction.
The first clause is immediate noting that the second clause implies oy (bya,, bl ay) ¢
Niqa. 0

This completes the proof. O

Corollary 5.22. For every infinite reqular cardinal X\, there exists a torsion-free
Shelah group of size AT

Proof. Invoke Theorem 5.1 with the pair (x,60) = (AT, \), using Theorem 4.4. [

Corollary 5.23. For every regular uncountable cardinal r, if O(k) holds, then
there exists a torsion-free Shelah group of size k.

Proof. By Theorem 5.1 together with Corollary 4.10. O

Corollary 5.24. In Gddel’s constructible universe, for every regular uncountable
cardinal k, the following are equivalent:

o there exists a torsion-free Shelah group of size k;
o there exists a Shelah group of size k;
e k is not weakly compact.

Proof. By [Jen72, Theorem 6.1], in Godel’s constructible universe, every regular
uncountable x is either weakly compact, or O(k) holds. By Corollary 5.23, it thus
suffices to prove that weakly compact cardinals do not carry a Shelah group. To
this end, suppose that there is an n-Shelah group of size k.

Claim 5.24.1. There is a system f = (fj | 7 <n™) of functions from [k]" to n™+1
such that \J; ,n f3“[X]" =n" + 1 for every X € [x]".
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Proof. Fix an n-Shelah group G with underlying set x. Let (¢; | j < n™) list all
possible maps from n to n. For every j < n”, define h; : [k]™ — & by letting for
every n-tuple (go, g1, - . ., gn—1) of elements of G, enumerated in €-increasing order:

hi(90s 9155 Gn—1) = Gy, (0) * ;1) """ 9, (n—1)-

Evidently, for every infinite X C r, ;. h; “[X]" is nothing but the set of all
group words of length n in the elements of X. So, since G is an n-Shelah group
with underlying set r, for every X C « of full size, (U, _,,» h; “[X]" = &.

For every j < n", let f; : [k]" — (n™ + 1) be the color-blind version of h;
obtained via

fj(u) = min(h;(u),n™).
Then, U, -,,n f;“[X]" = n" + 1 for every X € [x]". O

Let fbe given by the claim. Define ¢ : [5]" — ™" (n™ + 1) via:
c(u) = (fi(u) [ <n").

Since « is weakly compact, k — (k)] holds for every cardinal k < &, in particular,
for k = (n™ +1)"". So, we may find a set X € [k]* such that ¢ | [X]" is constant
with value, say, (m; | j < n™). Pick an m € n™ + 1 distinct from m; for all j < n".
Then m ¢ U, _,,» fj“[X]", contradicting the choice of f O
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