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Abstract. A κ-tree is full if each of its limit levels omits no more than
one potential branch. Kunen asked whether a full κ-Souslin tree may
consistently exist. Shelah gave an affirmative answer of height a strong
limit Mahlo cardinal. Here, it is shown that these trees may consistently
exist at small cardinals. Indeed, there can be ℵ3 many full ℵ2-trees such
that the product of any countably many of them is an ℵ2-Souslin tree.

1. Introduction

Recall that the real line is the unique separable, dense linear ordering
with no endpoints in which every bounded set has a least upper bound. A
problem posed by Mikhail Souslin more than a century ago and published
in the very first volume of Fundamenta Mathematicae [Sou20] asks whether
the term separable in the above characterization may be weakened to ccc.1

The affirmative answer to Souslin’s problem — equivalently, that every lin-
early ordered topological space satisfying the countable chain condition is
separable — is known as Souslin’s Hypothesis, and abbreviated SH.

In the early 1930’s, in the course of attempting to settle Souslin’s problem,
Kurepa discovered that the problem can be reformulated in terms of trans-
finite trees and thus “eliminated topological considerations from Souslin’s
Problem and reduced it to a problem of combinatorial set theory” [Kan11,
p. 3]. Kurepa’s finding asserts that SH is equivalent to a Ramsey-theoretic
statement concerning transfinite trees: Every uncountable tree must admit
an uncountable chain or an uncountable antichain. Curiously, around the
same time, Sierpiński [Sie33] proved that there does exist an uncountable
partial order without uncountable chains or antichains. So, it is the require-
ment of being a tree that makes this problem difficult.

What are transfinite trees anyway? Intuitively, the class of these trees
should be understood as a two-step generalization of the class of finite linear
orders, where the first step of generalization is the class of well-ordered sets.
Precisely, for an infinite cardinal κ, a partially ordered set T = (T,<T ) is a
κ-tree iff the following two requirements hold:

Date: A preprint as of December 13, 2023. For updates, visit http://p.assafrinot.com/62.
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1A linear order is separable if it has a countable dense subset. It is ccc (short for

countable chain condition) if every pairwise disjoint family of open intervals is countable.
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(1) For every node x ∈ T , the set x↓ := {y ∈ T | y <T x} is well-ordered
by <T . Hereafter, write ht(x) := otp(x↓, <T ) for the height of x;

(2) For every α < κ, the αth-level of the tree, Tα := {x ∈ T | ht(x) = α},
is nonempty and has size less than κ. The level Tκ is empty.

For an ordinal α, a subset B ⊆ T is an α-branch iff (B,<T ) is linearly
ordered and {ht(x) | x ∈ B} = α. With this language, Kőnig’s infinity
lemma [Kon27] can be restated as asserting that every ℵ0-tree admits an
ℵ0-branch, and Kurepa’s theorem [Kur35] is that SH can be restated as
asserting that every ℵ1-tree with no uncountable antichains must admit an
ℵ1-branch. A counterexample tree is called an ℵ1-Souslin tree.

Souslin’s problem was eventually resolved at the end of the 1960’s [Jec67,
Ten68, Jen68, ST71] with the finding that SH is independent of the usual
axioms of set theory (ZFC). Amazingly enough, the resolution of this single
problem led to profound discoveries in set theory: the notions of Aronszajn,
Kurepa, and Souslin trees [Kur35], forcing axioms and the method of iter-
ated forcing [ST71], the combinatorial principles of Gödel’s universe of sets
[Jen72], and the theory of iteration without adding reals [DJ74].

Even before ℵ1-Souslin trees were known to consistently exist, Rudin
[Rud55] famously used them to give a (conditional) construction of a nor-
mal topological space whose product with the unit interval is not normal (a
Dowker space [Dow51]). Ever since, the study of κ-Souslin trees (i.e., κ-trees
with no κ-sized chains or antichains) and their applications remained an ac-
tive and fruitful vein of research in combinatorial set theory, general topol-
ogy and functional analysis.2 A very recent application of (homogeneous)
Souslin trees to infinite group theory may be found in [PR23]. Meanwhile,
fundamental questions on the existence of ℵ2-Souslin trees remain open to
this date (see the table on [LHR19a, p. 439] for a summary of the current
state).

A great deal of information about a κ-tree T is encoded into the collection
V(T) of its vanishing branches, where an α-branch is said to be vanishing
iff it has no upper bound in T. In fact, one part of the proof of Kurepa’s
theorem mentioned earlier goes through showing that if T is an ℵ1-Souslin
tree, then V(T) admits a natural lexicographic-like ordering that makes it
into a ccc non-separable linear order.

In the early 1990’s, Kunen asked whether a κ-Souslin tree may be full,
where a κ-tree is full iff it admits no more than one vanishing α-branch for
every limit ordinal α < κ. While it is hard to see how a full κ-tree could
manage to evade having a κ-sized chain or an antichain, Kunen’s question
was answered in the affirmative. Specifically, in [She99], Shelah constructed
a full κ-Souslin tree for some ‘high up’ cardinal κ (a strong limit Mahlo
cardinal, to be precise), using the method of forcing.

2To mention a few: [Gre76, Fig81, KS93, Sch93, LT02, Nyi15, RT18, CJ19, DT19,
Sou19, KT20].
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In this paper, we shall give forcing-free constructions of full κ-Souslin
trees. Our combinatorial approach is based on the proxy principle �−(κ)
from [BR17] and a new prediction principle for trees (see §3 below) which
provably holds at subtle cardinals. In particular, we obtain the following.

Theorem A. Suppose that κ is a subtle cardinal and that �−(κ) holds.
Then there exists a full κ-Souslin tree.

The definition of full trees is quite illusive, and it is tempting to think
that full Souslin trees can only exist at the level of strong limit cardinals.
Personally, we tried to prove that this must be the case, but only got as far
as Observation 2.2(2) below. The second result of this paper proves that our
initial intuition was wrong and shows that a full κ-Souslin tree may exist
for κ as low as ℵn for some positive integer n.

Theorem B. Suppose that λ is the successor of an uncountable cardinal
and that �λ and GCH both hold. Then there exists a full λ+-Souslin tree.

In the other direction, we shall also show that the existence of a full
λ+-Souslin tree is compatible with λ being a supercompact cardinal.

Finally, the definition of full κ-trees may suggest that if they exist, then
they are unique (say, any two are isomorphic on a club). This sounds even
more plausible in the context of splitting binary κ-trees, i.e., trees T = (T,⊆)
where T is a downward-closed subset of <κ2 such that ta〈0〉, ta〈1〉 ∈ T for
every t ∈ T . Nonetheless, our third main finding shows that this is not the
case either. By Proposition 2.5 below, if S,T are two κ-trees whose product
is κ-Souslin, then there is no weak embedding from S to T. Therefore,
the splitting, binary full trees given by the following theorem are pairwise
distinct in a very strong sense.

Theorem C. Suppose that λ is a regular uncountable cardinal such that

♦(λ) and ♦λ both hold. Then there exists a family 〈Ti | i < 2λ
+〉 of splitting,

binary, full λ+-Souslin trees such that for every nonempty I ∈ [2λ
+

]<λ, the
product

⊗
i∈I Ti is again λ+-Souslin.

The preceding constitutes the main result of this paper and it is optimal
in three ways. First, an ℵ1-Souslin tree can never be full, and the theorem
implies that full ℵ2-Souslin trees may consistently exist. Second, the product
of λ-many λ+-trees can never be a λ+-tree, and the theorem successfully
handles the product of less than λ many λ+-Souslin trees. Third, the number

of pairwise non-weakly-embeddable full λ+-Souslin trees constructed is 2λ
+

which is the largest possible.

1.1. Organization of this paper. In Section 2, we provide a few prelim-
inaries on trees, C-sequences, and the proxy principle.

In Section 3, we study two new diamond-type prediction principles for
trees, showing that the stronger one provably holds at subtle cardinals, prov-
ably fails at successors of singulars, and consistently holds at all successors
of regular uncountable.
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In Section 4, we deal with full κ-Souslin trees, for κ a strongly inaccessible
cardinal. We start by giving the simplest combinatorial construction of a
full κ-Souslin tree, from which we obtain Theorem A. We then move on to
constructing 2κ many full κ-Souslin trees that are pairwise Souslin.

In Section 5, we deal with full κ-Souslin trees for κ a successor of a regular.
To avoid repetitions, we start outright with the most general construction
of a large family of full κ-Souslin trees, from which we obtain Theorem C.
We then explain how to obtain Theorem B.

2. Preliminaries

Throughout this paper, κ denotes a regular uncountable cardinal, and λ
denotes an infinite cardinal. Hκ denotes the collection of all sets of hered-
itary cardinality less than κ. Reg(κ) denotes the set of all infinite regular
cardinals < κ. For a set of ordinals C, we write acc(C) := {α ∈ C |
sup(C ∩ α) = α > 0} and nacc(C) := C \ acc(C).
Eκλ denotes the set {α < κ | cf(α) = λ}, and Eκ≥λ, Eκ<λ, Eκ6=λ, are defined

analogously. For a set A, we write [A]λ for {B ⊆ A | |B| = λ}, and [A]<λ is
defined analogously. Finally, CHλ asserts that 2λ = λ+.

2.1. Abstract trees.

Definition 2.1. A κ-tree T = (T,<T ) is said to be:

• full iff for every limit α < κ, there exists at most one α-branch that
is vanishing;3

• Hausdorff iff for every limit α < κ and all x, y ∈ Tα, if x↓ = y↓, then
x = y;
• normal iff for all ᾱ < α < κ and x ∈ Tᾱ, there exists y ∈ Tα with
x <T y;
• splitting iff every node of T admits at least two immediate successors;
• κ-Aronszajn iff T it has no κ-branches;
• κ-Souslin iff T it has no κ-branches and no κ-sized antichains.

For a subset E ⊆ κ, we let T � E := {t ∈ T | ht(t) ∈ E}.

Observation 2.2. (1) If a splitting full κ-tree exists, then κ > 2ℵ0;
(2) If a full κ-Aronszajn tree exists, then λθ < κ for all θ < λ < κ;
(3) A full κ-Aronszajn tree need not be normal;
(4) Every full normal κ-Aronszajn tree is rigid on every club.

Proof. (1) If T = (T,<T ) is a splitting κ-tree, then T �ω contains a copy of
(<ω2,⊆). If T is in addition full, then 2ℵ0 ≤ |Tω| < κ.

(2) Suppose that T = (T,<T ) is a full κ-Aronszajn tree. Let θ < λ be
a pair of infinite cardinals below κ, and we shall show that λθ < κ. For
every x ∈ T , denote x↑ := {y ∈ T | x <T y}. As T is a κ-tree, the set
X := {x ∈ T | |x↑| = κ} has size κ, and so X := (X,<T ) is a normal

3A chain X ⊆ T is vanishing iff there is no y ∈ T such that x ≤T y for all x ∈ X.
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κ-Aronszajn tree such that Xα ⊆ Tα for all α < κ. Now, by a standard fact,
we may pick a sparse enough club D ⊆ κ such that for every pair δ̄ < δ
of ordinals from D, for every x ∈ Xδ̄, there are at least λ-many extensions
of x in Xδ. Let 〈δi | i ≤ θ〉 be the increasing enumeration of the first θ
elements of D \ {min(D)}. For all i ≤ θ, if T has a vanishing δi-branch,
then it is unique and we denote it by bi; otherwise, we just let bi denote an
arbitrary δi-branch. As δ0 ∈ D \ {min(D)}, |Xδ0 | ≥ λ > θ, so we may pick
x ∈ Xδ0 \

⋃
i<θ bi. Evidently, x↑ ∩ X has at least λθ many non-vanishing

δθ-branches. Thus, λθ ≤ |Xδθ | ≤ |Tδθ | < κ.
(3) Suppose that T1 = (T 1, <1) is a full κ-Aronszajn tree and that T0 =

(T 0, <0) is a full κ-Aronszajn tree for some cardinal κ < κ. Define a κ-tree
T = (T,<T ) by letting:

• T := ({0} × T 0) ∪ ({1} × T 1), and
• (i, s) <T (j, t) iff i = j and s <i t.

Then T is a full κ-Aronszajn tree that is not normal.
(4) Suppose that T = (T,<T ) is a full normal κ-Aronszajn tree. Towards

a contradiction, suppose that T is not rigid on every club. This means that
we may fix a club D ⊆ κ, an automorphism π : T �D → T �D of the tree
(T �D,<T ), and some node x ∈ dom(π) such that π(x) 6= x.

If, for every α ∈ acc(D \ ht(x)), every α-branch to which x belongs is not
vanishing, then using normality of T we could have recursively constructed a
κ-branch, thus contradicting the fact that T is κ-Aronszajn. It follows that
we may pick an α ∈ acc(D \ ht(x)) and a vanishing α-branch B to which
x belongs. As π(x) 6= x, B′ := {t ∈ T | ∃s ∈ π[B] (y <T s)} is another
α-branch, so since T is full, B′ is not vanishing, and we may let t′ ∈ Tα be
an upper bound for B′. Then π−1(t′) is an upper bound for B, contradicting
the fact that it is vanishing. �

Definition 2.3. A weak embedding from a tree S = (S,<S) to a tree
T = (T,<T ) is a map f : S → T satisfying that all s, s′ ∈ S with s <S s

′,
f(s) <T f(s′).

Note that a weak embedding may be constant on antichains.

Definition 2.4. For a sequence of κ-trees 〈Ti | i < τ〉 with Ti = (T i, <T i)
for each i < τ , the product

⊗
i<τ Ti is defined to be the tree T = (T,<T ),

where:

• T =
⋃
{
∏
i<τ (T i)α | α < κ};

• ~s <T ~t iff ~s(i) <T i ~t(i) for every i < τ .

Proposition 2.5. Suppose that:

• S = (S,<S) and T = (T,<T ) are κ-trees;
• S⊗T is a κ-Souslin tree.

Then there are no weak embeddings from S to T.
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Proof. Note that the second bullet implies that S and T are κ-Souslin trees.
Towards a contradiction, suppose that f : S → T is a weak embedding from
S to T.

Claim 2.5.1. For every s ∈ S, htT(f(s)) ≥ htS(s).

Proof. This is clear. �

As S is κ-Souslin, the set S′ := {s ∈ S | s admits κ-many extensions in S}
is co-bounded in S. Put X := f [S′] and note it is of size κ. Indeed, other-
wise, there exists A ∈ [S′]κ such that |f [A]| = 1. As S is κ-Souslin, we must
be able to find a pair s <S s

′ in A, but then f(s) <T f(s′), contradicting
the fact that |f [{s, s′}]| = |f [A]| = 1.

Claim 2.5.2. The following set has size κ:

Y := {x ∈ X | x admits two incompatible proper extensions in X}.

Proof. Suppose not. It follows that ε := sup{htT(x) | x ∈ Y } is smaller than
κ. By the definition of ε, for every x ∈ X with htT(x) > ε, Ux := {y ∈ X |
x <T y} is linearly ordered by <T . As T is κ-Aronszajn, the chain Ux
cannot have size κ. As T is narrow, we may fix a club D ⊆ κ \ (ε+ 1) such
that, for every δ ∈ D, for every x ∈ X with ε < htT(x) < δ, sup{htT(y) |
y ∈ Ux} < δ. Recalling that |X| = κ and by possibly shrinking D further,
we may assume that for each γ ∈ D, there exists xγ ∈ X with γ < htT(xγ) <
min(D\(γ+1)). But, then for every pair γ < δ of ordinals from D, xδ /∈ Uxγ ,
meaning that {xγ | γ ∈ D} is a κ-sized antichain in T, contradicting the
fact that T is κ-Souslin. �

Claim 2.5.3. For every y ∈ Y , there is a pair (s0
y, s

1
y) ∈ S × S such that:

• f(s0
y) and f(s1

y) are incompatible proper extensions of y;

• htS(s0
y) = htT(f(s1

y)).

Proof. Let y ∈ Y and then pick x0, x1 ∈ X that are two incompatible
proper extensions of y. Without loss of generality, htT(x0) ≤ htT(x1).
For each i < 2, as xi ∈ X, we may pick si ∈ S′ such that f(si) = xi.
By Claim 2.5.1, htS(s0) ≤ hT(f(s0)) ≤ hT(f(s1)), so since s0 ∈ S′, we
may pick s0

y ∈ S with s0 ≤S s0
y such that htS(s0

y) = htT(x1). As f is

a weak embedding, y <T f(s0) ≤T f(s0
y). So, letting s1

y := s1, it is the

case that f(s0
y) and f(s1

y) are incompatible proper extensions of y and that

htS(s0
y) = htT(x1) = htT(f(s1

y)). �

It follows that we may fix a sparse enough set Γ ∈ [κ]κ, and a sequence
〈(yγ , s0

γ , s
1
γ) | γ ∈ Γ〉 consisting of elements in Y × S × S such that for every

pair γ < δ of elements of Γ:

(1) f(s0
γ) and f(s1

γ) are incompatible proper extensions of yγ ;

(2) γ = htT(yγ) < htT(f(s1
γ)) = htS(s0

γ) ≤ htT(f(s0
γ)) < δ.
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As {(s0
γ , f(s1

γ)) | γ ∈ Γ} is a κ-sized subset of the κ-Souslin tree S⊗T, we

may fix a pair γ < δ of elements of Γ such that s0
γ <S s

0
δ and f(s1

γ) <T f(s1
δ).

Since f is a weak embedding, s0
γ <S s0

δ implies f(s0
γ) <T f(s0

δ). So, for

every i < 2, combining the facts that f(siγ) <T f(siδ) and yδ <T f(siδ)

with Clause (2), we infer that f(siγ) <T yδ. Then f(s0
γ), f(siγ) <T yδ,

contradicting Clause (1) �

2.2. Streamlined trees.

Definition 2.6 ([BR21]). A streamlined κ-tree is a subset T ⊆ <κHκ such
that the following two conditions are satisfied:

(1) T is downward-closed, i.e, for every t ∈ T , {t � α | α < κ} ⊆ T ;
(2) for every α < κ, the set Tα := T ∩ ακ is nonempty and has size < κ.

For every α ≤ κ, we denote B(T � α) := {f ∈ αHκ | ∀β < α (f � β ∈ T )}.

By convention, we identify a streamlined tree T with the poset T = (T,⊆).
Note that every streamlined κ-tree T is Hausdorff, and that it is full iff
|B(T � α) \ Tα| ≤ 1 for every α ∈ acc(κ).

Definition 2.7. A streamlined tree T ⊆ <κHκ is said to be:

• binary iff T ⊆ <κ2;
• prolific iff for all α < κ and t ∈ Tα, {ta〈i〉 | i < max{ω, α}} ⊆ T .

Note that every prolific tree is splitting.

2.3. Coherent sequences. Recall that a C-sequence over κ is a sequence
~C = 〈Cα | α < κ〉 such that, for every α < κ, Cα is a closed subset of α
with sup(Cα) = sup(α). It is λ-bounded iff otp(Cα) ≤ λ for all α < κ. For a

binary relation R over [κ]<κ, ~C is said to be R-coherent iff for all β < α < κ
such that β ∈ acc(Cα), it is the case that Cβ R Cα. In this paper, we shall
only be concerned with the binary relations v,v∗ and vλ. They are defined
as follows:

• D v C iff there exists some ordinal β such that D = C ∩ β;
• D v∗ C iff D \ ε v C \ ε for some ε < sup(D);
• D vλ C iff D v C or (otp(C) < λ and nacc(C) consists only of

successor ordinals).

Definition 2.8 (Jensen’s and Baumgartner’s squares). For an infinite car-
dinal λ:

• �λ asserts there is a v-coherent λ-bounded C-sequence over λ+;
• �Bλ asserts there is a vλ-coherent λ-bounded C-sequence over λ+.

Definition 2.9 (Special case of the proxy principle from [BR17]). Suppose
that θ ≤ κ is a cardinal, R is a binary relation over [κ]<κ and S is a collection
of stationary subsets of κ.

The principle P−(κ, 2,R, θ,S) asserts the existence of an R-coherent C-

sequence ~C = 〈Cα | α < κ〉 possessing the following ‘guessing’ feature.
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For every sequence 〈Bi | i < θ〉 of cofinal subsets of κ, for every S ∈ S,
there are stationarily many α ∈ S such that sup(nacc(Cα) ∩Bi) = α for all
i < min{α, θ}.

The principle P(κ, 2,R, θ,S) asserts that P−(κ, 2,R, θ,S) and ♦(κ) both
hold.

Convention 2.10. If we omit S, then we mean S := {κ}.

Definition 2.11 ([BR17]). �−(κ) stands for P−(κ, 2,v, 1).

By [LH17, §3], the generic for the forcing to add a v-coherent C-sequence
over κ by initial segments will constitute a �−(κ)-sequence. So the principle
of Definition 2.9 should be understood as asserting the existence of an R-
coherent C-sequence over κ possessing some generic properties.

3. Diamond-type prediction principles

We open this section by recalling Jensen’s diamond principle ♦(κ) and
two of its equivalent forms.

Fact 3.1 ([BR17, Lemma 2.2]). The following are equivalent:

(1) ♦(κ), i.e., there is a sequence 〈fβ | β < κ〉 such that for every
function f : κ→ κ, the set {β < κ | f � β = fβ} is stationary in κ.

(2) ♦−(Hκ), i.e., there is a sequence 〈Ωβ | β < κ〉 such that for all p ∈
Hκ+ and Ω ⊆ Hκ, there exists an elementary submodel M ≺ Hκ+

such that:
• p ∈M;
• M∩ κ ∈ κ;
• M∩ Ω = ΩM∩κ.

(3) ♦(Hκ), i.e., there are a partition 〈Ri | i < κ〉 of κ and a sequence
〈Ωβ | β < κ〉 such that for all p ∈ Hκ+, Ω ⊆ Hκ, and i < κ, there
exists an elementary submodel M≺ Hκ+ such that:
• p ∈M;
• M∩ κ ∈ Ri;
• M∩ Ω = ΩM∩κ.

We now introduce two new diamond-type principles.

Definition 3.2 (Diamonds for trees). Suppose that S ⊆ Eκ>ω and B ⊆ κ
are stationary sets. A sequence 〈fβ | β ∈ B〉 is said to witness:

• ♦S,B(κ-trees) iff for every streamlined κ-tree T , there are stationarily
many α ∈ S such that, for every f ∈ Tα, {β ∈ B ∩ α | f � β = fβ} is
stationary in α;
• ♦∗S,B(κ-trees) iff for every streamlined κ-tree T , there exists a club

D ⊆ κ such that, for every α ∈ S∩D, for every f ∈ Tα, {β ∈ B∩α |
f � β = fβ} is stationary in α.

Convention 3.3. If we omit B, then we mean B := κ.
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Remark 3.4. (1) If κ is weakly compact and ~f = 〈fβ | β < κ〉 witnesses
♦(κ) as in Fact 3.1(1), then the set S := {α ∈ Reg(κ) \ {ω} |
~f �α witnesses ♦(α)} is stationary in κ, and hence ♦∗S(κ-trees) holds.

(2) Jensen’s construction in L (see [Jen72, Lemma 6.5]) of a♦(κ)-sequence
~f = 〈fβ | β < κ〉 has the property that ~f � α witnesses ♦(α) for ev-
ery regular uncountable α < κ. In particular, in L, for every Mahlo
cardinal κ, ♦∗S(κ-trees) holds for S := Reg(κ) \ {ω}.

(3) ♦∗S,B(κ-trees) implies the principle♦SB of [Rin10, §2.2], and♦S,B(κ-trees)

implies the principle
∏

(B, θ, S) of [LR20] for all θ < κ.

Lemma 3.5. Suppose that S ⊆ Eκ>ω and B ⊆ κ are stationary sets. Then:

(1) ♦∗S,B(κ-trees) =⇒ ♦S,B(κ-trees) =⇒ ♦(B) =⇒ ♦(κ);

(2) If ♦∗S(κ-trees) holds, then {α ∈ S | cf(|α|) 6= |α|} is nonstationary;
(3) If ♦S(κ-trees) holds, then κ is either a Mahlo cardinal or the suc-

cessor of a regular uncountable cardinal.

Proof. (1) The first and third implications are immediate. For the second
one, suppose that 〈fβ | β ∈ B〉 witnesses ♦S,B(κ-trees), and we shall verify
that it witnesses ♦(B).

Claim 3.5.1. For every f ∈ κ2, the set {β ∈ B | f � β = fβ} is stationary
in κ and it moreover reflects stationarily often in S.

Proof. Given f ∈ κ2, the set T := {f � α | α < κ} is a streamlined κ-tree.
Therefore, the following set is stationary in κ:

S′ := {α ∈ S | ∀t ∈ Tα ({β ∈ B ∩ α | t � β = fβ} is stationary in α)}.
Denote B′ := {β ∈ B | f � β = fβ}. Evidently,

{α ∈ S | B′ ∩ α is stationary in α} = S′,

so are done. �

(2) Suppose that 〈fβ | β < κ〉 witnesses ♦∗S(κ-trees). Evidently, T :=
{f ∈ <κ2 | f−1{1} is finite} is a streamlined κ-tree, so let us fix a club
D ⊆ κ such that, for every α ∈ S∩D, for every f ∈ Tα, {β < α | f �β = fβ}
is stationary in α.

If κ is a limit cardinal, then let C := {α < κ | |α| = α}, and if κ is a
successor cardinal, say, κ = λ+, then let C := κ \ λ. In both cases, C is a
club in κ. We claim that S ∩D ∩ C ⊆ {α < κ | cf(|α|) = |α|}.

Towards a contradiction, suppose that α ∈ S ∩ D ∩ C, and yet |α| is a
singular cardinal. Denote θ := cf(|α|). As α ∈ C, we may fix a club Cα in α
of order-type θ such that min(Cα) = θ+. Now, the collection F := {f ∈ Tα |
f−1{1} ⊆ θ+} has size θ+, and for each f ∈ F , G(f) := {β ∈ Cα | f �β = fβ}
is stationary in α. It follows that the map f 7→ min(G(f)) forms an injection
from F to Cα. This is a contradiction.

(3) The proof of Clause (2) makes it clear that if ♦S(κ-trees) holds, then
{α ∈ Eκ>ω | cf(|α|) = |α|} must be stationary in κ. �
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Definition 3.6 (Jensen-Kunen, [JK69]). A cardinal κ is subtle iff for every
sequence 〈Aβ | β ∈ D〉 over a club D ⊆ κ, there is a pair β < α of ordinals
in D such that Aβ ∩ β = Aα ∩ β.

Proposition 3.7. If κ is a subtle cardinal, then it is strongly inaccessible
and there exists a stationary S ⊆ Reg(κ) \ {ω} such that ♦∗S(κ-trees) holds.

Proof. By our convention, κ is regular, though it is anyway easy to show
that a subtle cardinal must be regular. Also, if there exists a cardinal λ < κ
such that 2λ ≥ κ, then by taking an injective sequence 〈Aβ | β < κ〉 of
cofinal subsets of λ, there is no pair β < α of ordinals in the club κ \ λ such
that Aβ = Aα ∩ β. So κ is a strong limit.

Now, for the diamond, we just run the same proof of Kunen’s theorem
that the usual ♦ holds at a subtle cardinal. Suppose that κ is subtle. Define
a sequence of pairs σ = 〈(Xα, Cα) | α < κ〉 by recursion on α. For every
α < κ such that σ � α has already been defined, there are two options:
I If there exists some Y ⊆ α such that {β < α | Y ∩ β = Xβ} is

nonstationary, then pick a set Xα ⊆ α and a club Cα ⊆ α such that {β < α |
Xα ∩ β = Xβ} ∩ Cα = ∅, and otp(Cα) = cf(α).
I Otherwise, let Xα = Cα be some club in α of order-type cf(α).

Claim 3.7.1. There exists a stationary S ⊆ Eκ>ω such that, for every α ∈ S
and every Y ⊆ α, {β < α | Xβ = Y ∩ β} is stationary in α.

Proof. Suppose not. Fix a club D ⊆ acc(κ) such that, for every α ∈ D,
either cf(α) ≤ ω or, for some Yα ⊆ α, the set {β < α | Xβ = Yα ∩ β}
is nonstationary in α. Now, since κ is subtle, we may find a pair β < α
of ordinals in D such that Xβ = Xα ∩ β and Cβ = Cα ∩ β. As cf(α) =
otp(Cα) > otp(Cα ∩ β) = otp(Cβ) = cf(β), we infer that cf(α) > ω. As
α ∈ D ∩ Eκ>ω, the set Yα witnesses that Xα and Cα were chosen in such a
way that {β < α | Xα ∩ β = Xβ} ∩ Cα = ∅. However, from Cβ ⊆ Cα, we
infer that β ∈ acc(Cα) ⊆ Cα, contradicting the fact that Xα ∩ β = Xβ. �

Let S be given by the preceding claim. Fix a bijection π : κ ↔ Hκ and
set fβ :=

⋃
π[Xβ] for all β < κ.

Claim 3.7.2. 〈fβ | β < κ〉 witnesses that ♦∗S(κ-trees) holds.

Proof. Given a streamlined κ-tree T , consider the club C := {β < κ |
T ∩π[β] = T �β}. We claim that the club D := acc(C) is as sought. To this
end, let α ∈ S ∩D and f ∈ Tα. As α is in particular in C,

Y := π−1[{f � γ | γ < α}]
is a subset of α, and hence B := {β ∈ C ∩ α | Xβ = Y ∩ β} is in α. For
every β ∈ B, it is the case that Xβ = Y ∩ β = π−1[{f � γ | γ < β}], and
hence fβ =

⋃
π[Xβ] =

⋃
{f � γ | γ < β} = f � β. �

By Lemma 3.5(2) and by possibly shrinking S, we may assume that S
consists of regular cardinals. Thus, S ⊆ Reg(κ) \ {ω} and we are done. �
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A famous weakening of Jensen’s diamond principle is Ostaszewski’s club
principle.

Definition 3.8 (Ostaszewski). For a subset B ⊆ κ, ♣(B) asserts the exis-
tence of a sequence 〈Xβ | β ∈ B〉 such that:

(1) for every β ∈ B, Xβ ⊆ β with sup(Xβ) = sup(β);
(2) for every cofinal X ⊆ κ, the set {β ∈ B | Xβ ⊆ X} is stationary in

κ.

The next proposition establishes that ♦∗S(κ-trees) may hold at κ a suc-
cessor of a regular cardinal. This includes cardinals as small as ℵ2, as well
as the successors of large cardinals.

Proposition 3.9. Suppose that κ = λ+ for a given regular uncountable λ,
and that �Bλ and CHλ both hold. Denote S := Eκλ .

(1) If ♣(λ) holds (e.g., if λ is subtle), then so does ♦∗S(κ-trees);

(2) If ♣(Eλθ ) holds for a given θ ∈ Reg(λ), then so does ♦∗S,Eκθ (κ-trees).

Proof. We settle for proving Clause (2). So, suppose that 〈Xβ | β ∈ Eλθ 〉 wit-

nesses ♣(Eλθ ), for a given θ ∈ Reg(λ), and we shall prove that ♦∗S,B(κ-trees)

holds for B := Eκθ . Using CHλ, fix a bijection π : κ ↔ Hκ. Let 〈Cα |
α < κ〉 be a λ-bounded vλ-coherent C-sequence over κ. By a standard
argument (see [BR19b, Claim 3.20.1]), we may fix a sequence of injections
〈ϕα : α → λ | α < κ〉 such that, for all β < α < κ, if Cβ v Cα and
sup(Cβ) = β, then ϕβ = ϕα �β. Finally, for every β ∈ B, since it is the case

that otp(Cβ) ∈ Eλθ , we may let

• Iβ := {i < β | ϕβ(i) ∈ Xotp(Cβ)}, and

• fβ :=
⋃
{π(i) | i ∈ Iβ}.

To see that 〈fβ | β ∈ B〉 forms a ♦∗S,B(κ-trees)-sequence, let T be a given
streamlined κ-tree. Consider the club

C := {γ < κ | T ∩ π[γ] = T � γ}.
We claim that the club D := acc(C) is as required by Definition 3.2. To
this end, let α ∈ S ∩D and f ∈ Tα. For each γ ∈ C ∩ α, it is the case that
γ ≤ π−1(f � γ) < min(C \ (γ + 1)). It thus follows that the following set is
cofinal in α:

Y := {π−1(f � γ) | γ ∈ C ∩ α}.
Furthermore, for every i ∈ Y ,

i = π−1(f � (max(C ∩ (i+ 1)))).

Since ϕα is an injection, by the Dushnik-Miller theorem, we may find a
cofinal subset Y ′ of Y on which the map i 7→ ϕα(i) is strictly increasing. In
particular, otp(Y ′) = λ and the set X := ϕα[Y ′] is cofinal in λ. It follows
that e := {η ∈ Eλθ | Xη ⊆ X} is stationary in λ, and hence the following set
is stationary in α:

B∗ := {β ∈ B∩acc(Cα) | sup(Y ′∩β) = β & sup(ϕα[Y ′∩β]) = otp(Cα∩β) ∈ e}.
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Let β ∈ B∗. From otp(Cα) = λ, we get that Cβ = Cα ∩ β and ϕβ = ϕα � β.
Denote Yβ := Y ′ ∩β, ψβ := ϕβ �Yβ, and η := otp(Cβ). Then ψβ is a strictly
increasing map from a cofinal subset of β to a cofinal subset of η, and η ∈ e.

For each i ∈ Iβ, we have that i < β and ϕβ(i) ∈ Xη ⊆ X ⊆ ϕα[Y ′]
and hence Iβ ⊆ Yβ = dom(ψβ). So ψβ � Iβ is an order-preserving bijection
from Iβ to Xη. As sup(Xη) = η = sup(Im(ψβ)), it follows that sup(Iβ) =
sup(dom(ψβ)) = β.

As Iβ ⊆ Y and sup(Iβ) = β, we altogether get that

fβ =
⋃
{π(i) | i ∈ Iβ}

=
⋃
{π(π−1(f � (max(C ∩ (i+ 1))))) | i ∈ Iβ}

=
⋃
{f � (max(C ∩ (i+ 1))) | i ∈ Iβ},

= f � β,

as sought. �

Corollary 3.10. For every uncountable cardinal µ, if �Bµ+, CHµ and CHµ+

all hold, then so does ♦∗S(µ++-trees), with S := Eµ
++

µ+ .

Proof. By the main result of [She10], for every uncountable cardinal µ, CHµ

implies ♦(µ+). Now, appeal to Proposition 3.9(1) with λ := µ+. �

We close this section by remarking that the proof of Proposition 3.9 works
equally well with partial squares instead of �Bλ . So, when combined with
[KS11, Theorem 2.1], we get that if ♣(λ) and CHλ both hold for a regular
uncountable cardinal λ such that κ := λ+ is not greatly Mahlo in L, then
♦∗S(κ-trees) holds for some stationary S ⊆ Eκλ .

4. Full Souslin trees at strongly inaccessibles

Theorem 4.1. Suppose that:

• κ is a strongly inaccessible cardinal;
• S ⊆ Eκ>ω is stationary, and ♦∗S(κ-trees) holds;
• P−(κ, 2,v∗, 1, {S}) holds.

Then there exists a streamlined, normal, prolific full κ-Souslin tree.

Proof. Let 〈fβ | β < κ〉 be a witness for ♦∗S(κ-trees). Using Lemma 3.5(1)
and Fact 3.1, we may also fix a sequence 〈Ωβ | β < κ〉 witnessing ♦−(Hκ).

Fix a sequence ~C = 〈Cα | α < κ〉 witnessing P−(κ, 2,v∗, 1, {S}), and fix a
well-ordering C of Hκ.

Following the proof of [BR19a, Proposition 2.2], we shall recursively con-
struct a sequence 〈Tα | α < κ〉 such that T :=

⋃
α<κ Tα will constitute a

normal prolific full streamlined κ-Souslin tree whose αth-level is Tα.
Let T0 := {∅}, and for all α < κ let

Tα+1 := {ta〈i〉 | t ∈ Tα, i < max{ω, α}}.
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Next, suppose that α ∈ acc(κ) is such that T � α has already been defined.
Constructing the level Tα involves deciding which branch through T � α (if
any) will not have its limit placed into the (to-be-full) tree. To ensure that
the tree is normal, we attach to any node x ∈ T �Cα some node bαx ∈ B(T �α)
above it, and promise to satisfy

(?) {bαx | x ∈ T � Cα} ⊆ Tα.
Let x ∈ T � Cα. We shall describe bαx as the limit of a sequence bαx ∈∏
β∈Cα\dom(x) Tβ such that:

• bαx(dom(x)) = x;
• bαx(β′) ⊂ bαx(β) for every pair β′ < β of ordinals from Cα \ dom(x);
• bαx(β) =

⋃
Im(bαx � β) for all β ∈ acc(Cα \ dom(x)).

The sequence is defined by recursion over β ∈ Cα \ dom(x). We start by
letting bαx(dom(x)) := x. At successor step, for every β ∈ Cα \ (dom(x) + 1)
such that bαx(β−) has already been defined with β− := sup(Cα ∩ β), we
consult the following set:

Qα,βx := {t ∈ Tβ | ∃s ∈ Ωβ[(s ∪ bαx(β−)) ⊆ t]}.
Now, consider the two possibilities:

• If Qα,βx 6= ∅, then let bαx(β) be its C-least element;
• Otherwise, let bαx(β) be the C-least element of Tβ that extends
bαx(β−). Such an element must exist, as the level Tβ was constructed
so as to preserve normality.

Finally, for every β ∈ acc(Cα \ dom(x)) such that bαx � β has already been
defined, we let bαx(β) =

⋃
Im(bαx � β). By (?) and the exact same proof of

[BR19a, Claim 2.2.1], bαx(β) is indeed in Tβ.
This completes the definition of bαx , and it is clear that bαx ∈ B(T � α).

Claim 4.1.1. For every t ∈ {bαx | x ∈ T � Cα}, there exists a tail of ε ∈ Cα
such that t = bαt�ε.

Proof. Let x ∈ T � Cα and write t := bαx . An inductive argument, utilizing
the above canonical definition of bαx makes it clear that x = t � dom(x) and
that, furthermore, bαx(ε) = t � ε for every ε ∈ Cα \ dom(x). �

Finally, we define Tα as follows:

Tα :=

{
B(T � α), if fα = bαx for some x ∈ T � Cα;

B(T � α) \ {fα}, otherwise.

This completes our recursive construction of 〈Tα | α < κ〉. Now, let
T :=

⋃
α<κ Tα. Since κ is strongly inaccessible, the levels of T have size

< κ. Altogether, T is a normal, prolific, full streamlined κ-tree. Fix a club
D ⊆ κ such that, for every α ∈ S∩D, for every f ∈ Tα, {β < α | f �β = fβ}
is stationary in α.

Claim 4.1.2. Let α ∈ S ∩D. Then Tα = {bαx | x ∈ T � Cα}.
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Proof. Let ρ ∈ Tα, and we shall find some x ∈ T � Cα such that ρ = bαx . As
α ∈ S ∩D and ρ ∈ Tα, the following set is stationary in α:

Bρ = {β ∈ acc(Cα) | ρ � β = fβ}.

Let β ∈ Bρ. Since fβ = ρ�β is in T , the definition of Tβ above implies that

there exists some x ∈ T �Cβ such that fβ = bβx. By Claim 4.1.1, there exists

a tail of ε ∈ Cβ such that fβ = bβρ�ε. By v∗-coherence of ~C, we may then find

a large enough εβ ∈ Cβ such that fβ = bβρ�εβ and Cα∩ [εβ, β) = Cβ ∩ [εβ, β).

By Fodor’s lemma for ordinals of uncountable cofinality, we may fix some
ε ∈ Cα such that Bε

ρ := {β ∈ Bρ | εβ ≤ ε} is stationary. Denote x := ρ � ε.

Then, for every β ∈ Bε
ρ, it is the case that ρ � β = bβx. Furthermore, since

Cα ∩ [dom(x), β) = Cβ \ dom(x), it is the case that bβx = bαx(β). Altogether,
ρ = bαx . �

Finally, since T is splitting, to prove that T is κ-Souslin, it suffices to
prove that it has no antichains of size κ. To this end, let A be maximal
antichain in T . By [BR19a, Claim 2.2.2], the following set is stationary in
κ:

B := {β < κ | A ∩ (T � β) = Ωβ is a maximal antichain in T � β}.

As ~C witnesses P−(κ, 2,v∗, 1, {S}), we may now find some α ∈ S ∩D such
that:

sup(nacc(Cα) ∩B) = α.

Using Claim 4.1.2, the very same analysis of [BR19a, Claim 2.2.3] implies
that A ⊆ T � α. In particular, |A| < κ, as sought. �

Recalling Definition 2.11, the following implies Theorem A.

Corollary 4.2. Suppose that κ is a subtle cardinal and P(κ, 2,v∗, 1) holds.
Then there exists a streamlined, normal, prolific full κ-Souslin tree.

Proof. By Proposition 3.7, κ is strongly inaccessible and we may pick a
stationary S ⊆ Reg(κ) \ {ω} such that ♦∗S(κ-trees) holds. By [BR19b,
Lemma 3.8], P(κ, 2,v∗, 1) implies P(κ, 2,v∗, 1, {S}). Now, appeal to Theo-
rem 4.1. �

At the end of [She99], it was announced that in L, for every Mahlo cardinal
κ, there exists a full κ-Souslin tree. The proof of Proposition 1.11 there
reads “Look carefully at the proof of 1.7.” and the proof of the subsequent
Corollary 1.12 makes use of a nonreflecting stationary set, hence one clearly
needs to add the restriction that κ is not weakly compact.

Our proof of Theorem 4.1 is indeed the outcome of reading [She99] care-
fully. Note, however, that our construction is necessarily different since it is
based on the proxy principle, which, by [LH17, Theorem 1.12] is compatible
with the assertion that all stationary subsets of κ reflects.
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Corollary 4.3 ([She99, Corollary 1.12]). In L, for every Mahlo cardinal κ
that is not weakly compact, there exists a streamlined, normal, prolific full
κ-Souslin tree.

Proof. Work in L, and suppose that κ is a Mahlo cardinal that is not
weakly compact. By [BR17, Theorem 3.12], P(κ, 2,v, 1) holds. By [BR19b,
Lemma 3.8], the latter implies P(κ, 2,v∗, 1, {S}) for every stationary S ⊆ κ.
Let S := Reg(κ) \ {ω}. By Remark 3.4, ♦∗S(κ-trees) holds. Now, appeal to
Theorem 4.1. �

Our next task is obtaining a large family of full κ-Souslin trees. This is
achieved by strengthening the coherence relation from v∗ to v.

Theorem 4.4. Suppose that:

• κ is a strongly inaccessible cardinal;
• S ⊆ Eκ>ω is stationary, and ♦∗S(κ-trees) holds;
• P−(κ, 2,v, 1, {S}) holds.

Then there is a family T of 2κ many streamlined, normal, binary, split-
ting, full κ-trees such that

⊗
T ′ is κ-Souslin for every nonempty T ′ ∈ [T ]<κ.

Proof. Let 〈fβ | β < κ〉 be a witness for ♦∗S(κ-trees). By Lemma 3.5, we may
assume that S ⊆ Reg(κ), and by Fact 3.1, we may also fix sequences 〈Ωβ |
β < κ〉 and 〈Ri | i < κ〉 together witnessing ♦(Hκ). Since S ⊆ Reg(κ) and
♦(κ) holds, by [LHR19b, Lemma 3.8(2)], P−(κ, 2,v, κ, {S}) follows from

P−(κ, 2,v, 1, {S}), and hence we may fix a sequence ~C = 〈Cα | α < κ〉
witnessing P−(κ, 2,v, κ, {S}). Without loss of generality, 0 ∈ Cα for all
nonzero α < κ.

Let π : κ → κ be such that α ∈ Rπ(α) for all α < κ. As κ is strongly
inaccessible, let C be some well-ordering of Hκ of order-type κ, and let
φ : κ↔ Hκ witness the isomorphism (κ,∈) ∼= (Hκ,C). Put ψ := φ ◦ π.

We shall construct a sequence 〈Lη | η ∈ <κ2〉 such that, for all α < κ and
η ∈ α2:

(i) Lη ⊆ α2;
(ii) for every β < α, Lη�β = {t � β | t ∈ Lη}.

By convention, for every α ∈ acc(κ + 1) such that 〈Lη | η ∈ <α2〉 has
already been defined, and for every η ∈ α2, we shall let T η :=

⋃
β<α L

η�β, so

that T η is a tree of height α whose βth level is Lη�β for all β < α.

The construction of the sequence 〈Lη | η ∈ <κ2〉 is by recursion on dom(η).

We start by letting L∅ := {∅}. For every α < κ such that 〈Lη | η ∈ α2〉 has
already been defined, for every η ∈ α+12, let

Lη := {ta〈0〉, ta〈1〉 | t ∈ Lη�α}.
Suppose now that α ∈ acc(κ) is such that 〈Lη | η ∈ <α2〉 has already been

defined. We shall define a matrix

Bα = 〈bα,ηx | β ∈ Cα, η ∈ β2, x ∈ T η � Cα ∩ (β + 1)〉
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ensuring that x ⊆ bα,η̄x ⊆ bα,ηx ∈ Lη whenever η̄ ⊆ η.4 Then, for all η ∈ α2

and x ∈ T η � Cα, it will follow that bηx :=
⋃
β∈Cα\dom(x) b

α,η�β
x is an element

of B(T η) extending x, and we shall let

(?) Lη :=

{
B(T η), if fα = bηx for some x ∈ T η � Cα;

B(T η) \ {fα}, otherwise.

We now turn to define the components of the matrix Bα by recursion on
β ∈ Cα. So suppose that β ∈ Cα is such that

Bα<β := 〈bα,ηx | β̄ ∈ Cα ∩ β, η ∈ β̄2, x ∈ T η � Cα ∩ (β̄ + 1)〉
has already been defined.
I For all η ∈ β2 and x ∈ T η such that dom(x) = β, let bα,ηx := x.
I For all η ∈ β2 and x ∈ T η such that dom(x) < β, there are two main

cases to consider:
II Suppose that β ∈ nacc(Cα) and denote β− := sup(Cα ∩ β).
III If β ∈ acc(κ) and there exists a nonzero cardinal χ < κ such that

all of the following hold:

(1) There exists a sequence 〈ηj | j < χ〉 of elements of β2, and a maximal
antichain A in the product tree

⊗
j<χ T

ηj such that Ωβ = {(〈ηj � ε |
j < χ〉, A ∩ χ(ε2)) | ε < β};5

(2) ψ(β) is a sequence 〈xj | j < χ〉 such that xj ∈ T ηj�β
−
� (Cα ∩β−) for

every j < χ;
(3) There exists a unique j < χ such that ηj = η and xj = x.

In this case, by Clauses (1) and (2), the following set is nonempty

Qα,β := {~t ∈
∏

j<χ
Lηj | ∃~s ∈ A∀j < χ[(~s(j) ∪ bα,ηj�β

−

xj ) ⊆ ~t(j)]},

so we let ~t := min(Qα,β,C), and then we let bα,ηx := ~t(j) for the unique index

j of Clause (3). It follows that bα,η�β
−

x ⊆ ~t(j) = bα,ηx .

III Otherwise, let bα,ηx be the C-least element of Lη extending bα,η�β
−

x .

II Suppose that β ∈ acc(Cα). Then we define bα,ηx :=
⋃
{bα,η�β̄x | β̄ ∈

Cα ∩ β \ dom(x)}. We must show that the latter belongs to Lη. By (?),

it suffices to prove that bα,ηx = bηx. Since ~C is coherent and β ∈ acc(Cα),
it is the case that Cα ∩ β = Cβ, and hence proving bα,ηx = bηx amounts to

showing that bα,η�δx = bβ,η�δx for all δ ∈ Cβ \ dom(x). This is taken care of by
the following claim.

Claim 4.4.1. Bα<β = Bβ. That is, the following matrices coincide:

• 〈bα,ξy | β̄ ∈ Cα ∩ β, ξ ∈ β̄2, y ∈ T ξ � Cα ∩ (β̄ + 1)〉;

4This also implies that the matrix is continuous, i.e., for β ∈ acc(Cα) η ∈ β2 and

x ∈ T η � (Cα ∩ β), it is the case that bα,ηx =
⋃
{bα,η�β̄x | β̄ ∈ Cα ∩ β \ dom(x)}.

5As β ∈ acc(κ), it is the case that χ, 〈ηj | j < χ〉 and A are uniquely determined by
Ωβ .



FULL SOUSLIN TREES AT SMALL CARDINALS 17

• 〈bβ,ξy | β̄ ∈ Cβ, ξ ∈ β̄2, y ∈ T ξ � Cβ ∩ (β̄ + 1)〉.

Proof. We already pointed out that Cα∩β = Cβ, which for the scope of this
proof we denote by D. Now, by induction on δ ∈ D, we prove that

〈bα,ξy | ξ ∈ δ2, y ∈ T ξ �D ∩ (δ + 1)〉 = 〈bβ,ξy | ξ ∈ δ2, y ∈ T ξ �D ∩ (δ + 1)〉.

The base case δ = min(D) = 0 is immediate since bα,∅∅ = ∅ = bβ,∅∅ . The
limit case δ ∈ acc(D) follows from the continuity of the matrices under
discussion as remarked in Footnote 4, with the exception of those y’s such

that dom(y) = δ, but in this case, bα,ξy = y = bβ,ξy for all ξ ∈ δ2.
Finally, assuming that δ− < δ are two successive elements of D such that

〈bα,ξy | ξ ∈ δ−2, y ∈ T ξ �D∩ (δ−+1)〉 = 〈bβ,ξy | ξ ∈ δ−2, y ∈ T ξ �D∩ (δ−+1)〉,

we argue as follows. Given ζ ∈ δ2 and z ∈ T ζ �D ∩ (δ + 1), there are a few

possible options. If dom(z) = δ, then bα,ζz = z = bβ,ζz , and we are done. If
dom(z) < δ, then dom(z) ≤ δ− and, by the above construction, for every

γ ∈ {α, β}, the value of bγ,ζz is completely determined by δ, 〈Lξ | ξ ∈ ≤δ2〉,
Ωδ, D, ψ(δ), ζ, x, and 〈bγ,ξy | ξ ∈ δ−2, y ∈ T ξ � (D ∩ δ−)〉 in such a way that

our inductive assumptions imply that bα,ζz = bβ,ζz . �

This completes the definition of the matrix Bα, from which we derive

bηx :=
⋃
β∈Cα\dom(x) b

α,η�β
x for all η ∈ α2 and x ∈ T η �Cα, and then we define

Lη as per (?).

Claim 4.4.2. For all η ∈ α2 and t ∈ {bηx | x ∈ T η � Cα}, there exists a tail
of ε ∈ Cα such that t = bηt�ε.

Proof. This follows from the canonical nature of the construction, and the
analysis is similar to the proof of Claim 4.4.1. We leave it to the reader. �

At the end of the above process, for every η ∈ κ2, we have obtained a
streamlined tree T η :=

⋃
α<κ L

η�α whose αth level is Lη�α.
Using ♦∗S(κ-trees), for each η ∈ κ2, fix a club Dη ⊆ κ such that, for every

α ∈ S ∩ Dη, for every f ∈ (T η)α = Lη�α, the set {β < α | f � β = fβ} is
stationary in α.

Claim 4.4.3. Let η ∈ κ2 and α ∈ S ∩Dη. Then Lη̄ = {bη̄x | x ∈ T η̄ � Cα},
for η̄ := η � α.

Proof. The proof is similar to that of Claim 4.1.2, and is left to the reader.
�

To see that the family of trees 〈T η | η ∈ κ2〉 is as sought, let 〈ηj |
j < χ〉 be an injective sequence of elements of κ2, with 0 < χ < κ. Let
T = (T,<T ) denote he product tree

⊗
j<σ T

ηj . As χ is smaller than our

strongly inaccessible cardinal κ, T is a (splitting, normal) κ-tree. Thus,
to show that T is a κ-Souslin tree, it suffices to establish that it has no
antichains of size κ. To this end, let A be a maximal antichain in T.
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Set Ω := {(〈ηj � ε | j < χ〉, A ∩ χ(ε2)) | ε < κ}. As an application of
♦(Hκ), using the parameter p := {φ,A,Ω, 〈T ηj | j < χ〉}, we get that for
every i < κ, the following set is cofinal (in fact, stationary) in κ:

Bi := {β ∈ Ri ∩ acc(κ) | ∃M ≺ Hκ+ (p ∈M,M∩ κ = β,Ωβ = Ω ∩M)}.
Note that, for every β ∈

⋃
i<κBi, it is the case that T � β ⊆ φ[β].

Fix a large enough δ < κ for which the map j 7→ ηj � δ is injective over χ.

By the choice of ~C, we may now find a regular cardinal α ∈ S ∩
⋂
j<χD

ηj

above max{χ, δ} such that, for all i < α,

sup(nacc(Cα) ∩Bi) = α.

In particular, T � α ⊆ φ[α]. Set η̄j := ηj � α for each j < χ, and note that
T � α =

⊗
j<χ T

η̄j .

Claim 4.4.4. A ⊆ T � α. In particular, |A| < κ.

Proof. It suffices to show that every element of Tα extends some element of
the antichain A. To this end, let ~y = 〈yj | j < χ〉 be an arbitrary element
of Tα. For each j < χ, since α ∈ S ∩Dηj , Claim 4.4.3 implies that we may

find some xj ∈ T η̄j � Cα such that yj = b
η̄j
xj . By Claim 4.4.2 and the fact

that cf(α) = α > χ, we may assume the existence of a large enough γ < α
such that dom(xj) = γ for all j < χ. In particular, ~x := 〈xj | j < χ〉 is an
element of T �α ⊆ φ[α]. Fix some i < α such that φ(i) = ~x, and then pick a
large enough β ∈ nacc(Cα)∩Bi for which β− := sup(Cα ∩ β) is bigger than
max{γ, δ}. Note that ψ(β) = φ(π(β)) = φ(i) = ~x and that 〈η̄j � β | j < χ〉
is an injective sequence.

Let M≺ Hκ+ be a witness for β being in Bi. Clearly,

• T ∩M = T � β =
⊗

j<χ T
η̄j�β,

• A ∩M = A ∩ (T � β) is a maximal antichain in T � β, and
• Ωβ = Ω ∩M = {(〈ηj � ε | j < χ〉, A ∩ χ(ε2)) | ε < β}.

It thus follows that for every j < χ, b
α,η̄j�β
xj = ~t(j), where ~t = min(Qα,β,C).

In particular, we may fix some ~s ∈ A such that, for every j < χ,

(~s(j) ∪ bα,η̄j�β
−

xj ) ⊆ ~t(j) = b
α,η̄j�β
xj ⊆ b

η̄j
xj = yj .

So ~s <T ~y. As ~s is an element of A, we are done. �

This completes the proof. �

Putting fullness aside for a moment, we remark that the proof of Theo-
rem 4.4 should make it clear that if P(κ, κ,v, κ, {Eκ≥χ}, 2) holds for a regular

uncountable cardinal κ and a cardinal χ < κ such that λ<χ < κ for all λ < κ,
then there is a family of 2κ many (binary/prolific, normal, streamlined) κ-
Souslin trees such that the product of less than χ many of them is (either
empty or) Souslin. By [BR17, Theorem 3.6], this generalizes a theorem of
Zakrzewski [Zak81] who got such a family for κ := ℵ1 and χ := ℵ0 from
♦(ℵ1).
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5. Full Souslin trees at successors of regulars

In this section we provide sufficient conditions for the existence of full
κ-Souslin tree for κ a successor of a regular cardinal. Unlike the previous
section, here we open with the most general construction.

Theorem 5.1. Suppose that:

• κ = λ+ = 2λ for λ a regular uncountable cardinal;
• �Bλ and ♦(λ) both hold;
• P−(κ, 2,vλ, κ, {Eκλ}) holds.

Then there is a family T of 2κ many streamlined, normal, binary, split-
ting, full κ-trees such that

⊗
T ′ is κ-Souslin for every nonempty T ′ ∈ [T ]<λ.

Proof. Let ~D = 〈Dβ | β < κ〉 be a λ-bounded vλ-coherent C-sequence over

κ. Using ♦(λ), fix a sequence of functions ~h = 〈hβ : β → β | β < λ〉 such
that, for every h : λ → λ, the set {β < λ | h � β = hβ} is stationary. As

2λ = λ+, the main result of [She10] implies that ♦(λ+) holds. Thus, using
Fact 3.1, fix sequences 〈Ωβ | β < κ〉 and 〈Ri | i < κ〉 together witnessing

♦(Hκ). Fix a sequence ~C = 〈Cα | α < κ〉 witnessing P−(κ, 2,vλ, κ, {Eκλ}).
Without loss of generality, 0 ∈ Cα for all nonzero α < κ. Put

• B := acc(κ) ∩ Eκ<λ, and
• Γ := Eκλ ∪

⋃
{acc(Cα) | α ∈ Eκλ},

and note that for all α ∈ Γ and β ∈ acc(Cα), it is the case that β ∈ Γ ∩ B
and Cβ v Cα.

Let π : κ → κ be such that α ∈ Rπ(α) for all α < κ. As 2<κ = κ, we
may let C be some well-ordering of Hκ of order-type κ, and let φ : κ↔ Hκ

witness the isomorphism (κ,∈) ∼= (Hκ,C). Put ψ := φ ◦ π.

We shall follow the construction of Theorem 4.4 as much as possible,
where the main difference is that instead of assuming ♦∗S(κ-trees), for each

η ∈ κ2, we shall gradually identify a sequence ~fη := 〈fη�β | β ∈ B〉 that
will play the role of an optimal ♦∗Eκλ ,B(κ-trees)-sequence relativized to the

outcome tree T η.
Altogether, we shall construct a system 〈(Lη, fη) | η ∈ <κ2〉 such that,

for all α < κ and η ∈ α2:

(i) Lη ∈ [α2]≤λ, and we shall fix some enumeration 〈lηi | i < λ〉 of Lη;

(ii) for every β < α, Lη�β = {t � β | t ∈ Lη};
(iii) fη :=

⋃
{lη�δi | δ ∈ Dα, i = hotp(Dα)(otp(Dα ∩ δ))} if α ∈ B,6 and

fη := ∅, otherwise.

By the same convention of the proof of Theorem 4.4, for every α ∈ acc(κ)
such that 〈Lη | η ∈ <α2〉 has already been defined, for every η ∈ α2, we shall
denote T η :=

⋃
β<α L

η�β.

6To demystify the definition of fη, recall the proof of Proposition 3.9.
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We now turn to the actual construction of the system 〈(Lη, fη) | η ∈ <κ2〉.
The construction is by recursion over dom(η). We start by letting L∅ := {∅}.
For every α < κ such that 〈Lη | η ∈ α2〉 has already been defined to satisfy
our promises, for every η ∈ α+12, let

Lη := {ta〈0〉, ta〈1〉 | t ∈ Lη�α}.

For all η ∈ α+12, it is clear that |Lη| ≤ λ, so we may fix some enumeration
〈lηi | i < λ〉 of Lη as dictated by Ingredient (i).

Suppose now that α ∈ acc(κ) is such that 〈Lη | η ∈ <α2〉 has already been
defined. In particular, for every η ∈ <α2 ∪ α2, the object fη is determined
by Ingredient (iii).

If α ∈ Γ, then for all η ∈ α2 and x ∈ T η �Cα, we shall soon identify some
element bηx of B(T η) extending x. For all η ∈ α2, we promise to let:

(?) Lη :=

{
B(T η), if α /∈ Γ or if fη = bηx for some x ∈ T η � Cα;

B(T η) \ {fη}, otherwise.

In particular, if α /∈ Γ, then our definition of 〈Lη | η ∈ α2〉 is complete
(pun intended). Next, suppose that α ∈ Γ. As in the proof of Theorem 4.4,
we shall first define a matrix

Bα = 〈bα,ηx | β ∈ Cα, η ∈ β2, x ∈ T η � Cα ∩ (β + 1)〉

ensuring that x ⊆ bα,η̄x ⊆ bα,ηx ∈ Lη whenever η̄ ⊆ η. Then, for all η ∈ α2

and x ∈ T η � Cα, it will follow that bηx :=
⋃
β∈Cα\dom(x) b

α,η�β
x is an element

of B(T η) extending x, and this is the element we will be using when defining
Lη as per (?).

We now turn to the recursive construction of the matrix Bα. Suppose
that β ∈ Cα is such that

Bα<β = 〈bα,ηx | β̄ ∈ Cα ∩ β, η ∈ β̄2, x ∈ T η � Cα ∩ (β̄ + 1)〉

has already been defined.
I For all η ∈ β2 and x ∈ T η such that dom(x) = β, let bα,ηx := x.
I For all η ∈ β2 and x ∈ T η such that dom(x) < β, there are two main

cases to consider:
II Suppose that β ∈ nacc(Cα) and denote β− := sup(Cα ∩ β).
III If β ∈ acc(κ) and there exists a nonzero cardinal χ < λ such that

all of the following hold:

(1) There exists a sequence 〈ηj | j < χ〉 of elements of β2, and a maximal
antichain A in the product tree

⊗
j<χ T

ηj such that Ωβ = {(〈ηj � ε |
j < χ〉, A ∩ χ(ε2)) | ε < β};

(2) ψ(β) is a sequence 〈xj | j < χ〉 such that xj ∈ T ηj�β
−
� (Cα ∩β−) for

every j < χ;
(3) There exists a unique j < χ such that ηj = η and xj = x.
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In this case, by Clauses (1) and (2), the following set is nonempty

Qα,β := {~t ∈
∏

j<χ
Lηj | ∃~s ∈ A∀j < χ[(~s(j) ∪ bα,ηj�β

−

xj ) ⊆ ~t(j)]},

so we let ~t := min(Qα,β,C), and then we let bα,ηx := ~t(j) for the unique index

j of Clause (3). It follows that bα,η�β
−

x ⊆ ~t(j) = bα,ηx .

III Otherwise, let bα,ηx be the C-least element of Lη extending bα,η�β
−

x .

II Suppose that β ∈ acc(Cα). Then we define bα,ηx :=
⋃
{bα,η�β̄x | β̄ ∈

Cα ∩ β \ dom(x)}. As β ∈ acc(Cα) and α ∈ Γ, we get that β ∈ Γ and
Cβ = Cα ∩ β. A verification similar to that of Claim 4.4.1 yields that

Bα<β = Bβ and bα,ηx = bηx so that the former indeed belongs to Lη.

This completes the definition of the matrix Bα, from which we derive bηx
for all η ∈ α2 and x ∈ T η � Cα, and then we define Lη by adhering to (?).

Claim 5.1.1. For all η ∈ α2 and t ∈ {bηx | x ∈ T η � Cα}, there exists a tail
of ε ∈ Cα such that t = bηt�ε.

Proof. This follows from the canonical nature of the construction, and is left
to the reader. �

It will follow from the upcoming claim that for every η ∈ α2, |Lη| ≤ λ, so
we may fix an enumeration 〈lηi | i < λ〉 of Lη, as dictated by Ingredient (i).

Claim 5.1.2. Let η ∈ α2.

(a) |Lη| ≤ λ;
(b) If α ∈ Eκλ , then for every ρ ∈ Lη, {β < α | ρ�β = fη�β} is stationary

in α;
(c) If α ∈ Eκλ , then Lη = {bηx | x ∈ T η � Cα}.

Proof. (a) By Ingredient (i) thus far, |
⋃
β<α L

η�β| ≤ λ. Therefore:

I If cf(α) < λ, then B(T η) ≤ λcf(α) ≤ λ<λ = λ, since ♦(λ) holds.
I If cf(α) = λ, then the conclusion will follow from clause (c) below.

(b) Suppose α ∈ Eκλ , and let πα : λ → Dα denote the inverse collapsing
map of Dα. Now, given ρ ∈ Lη, by Ingredient (ii), for every Λ < λ, ρ�πα(Λ)

is in Lη�πα(Λ), so we may define a function h : λ→ λ via:

h(Λ) := min{i < λ | ρ � πα(Λ) = l
η�πα(Λ)
i }.

By the choice of ~h, the set b := {β̄ ∈ acc(λ) | h � β̄ = hβ̄} is stationary.

Consequently, the set B∗ := πα[b] is a stationary subset of B ∩ α. Let
β ∈ B∗. Pick β̄ ∈ acc(λ) such that β = πα(β̄). Then β ∈ acc(Dα) ⊆ B. As
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~D is vλ-coherent, Dβ = Dα ∩ β, and hence Ingredient (iii) yields that:

fη�β =
⋃
{lη�δi | δ ∈ Dβ, i = hotp(Dβ)(otp(Dβ ∩ δ))}

=
⋃
{lη�δi | δ ∈ Dβ, i = hβ̄(otp(Dβ ∩ δ))}

=
⋃
{lη�δi | δ ∈ Dβ, i = h(otp(Dβ ∩ δ))}

=
⋃
{lη�πα(Λ)
i | Λ < β̄, i = h(Λ)}

=
⋃
{ρ � πα(Λ) | Λ < β̄}

=
⋃
{ρ � δ | δ ∈ Dβ}

= ρ � β,

as sought.
(c) Suppose α ∈ Eκλ . Now, given ρ ∈ Lη, by Clause (b), the following set

is stationary in α:

Bρ := {β ∈ acc(Cα) | ρ � β = fη�β}.
Note that Bρ ⊆ acc(Cα) ⊆ Γ. So, by (?), for every β ∈ Bρ, since fη�β =

ρ � β is in Lη�β, there must exist some x ∈ T η�β � Cβ such that fη�β =

bη�βx . Then, by Claim 5.1.1 and Fodor’s lemma for ordinals of uncountable
cofinality, we may fix a large enough ε ∈ Cα such that Bε

ρ := {β ∈ Bρ |
fη�β = bη�βρ�ε } is stationary. Denote x := ρ � ε, so that ρ � β = bη�βx for every
β ∈ Bε

ρ. Furthermore, for every β ∈ Bε
ρ, since Cα ∩ β = Cβ, a verification

similar to that of Claim 4.4.1 (i.e., Bα<β = Bβ) implies that bηx � β = bη�βx .
Altogether, ρ = bαx . �

At the end of the above process, for every η ∈ κ2, we have obtained a
streamlined tree T η :=

⋃
α<κ L

η�α whose αth level is Lη�α.
To see that the family of trees 〈T η | η ∈ κ2〉 is as sought, let χ < λ

be a nonzero cardinal, and fix a sequence 〈ηj | j < χ〉 of elements of κ2.
Let T = (T,<T ) denote the product tree

⊗
j<σ T

ηj . As λχ = λ < κ, T

is a (splitting, normal) κ-tree. Thus, to show that T is a κ-Souslin tree, it
suffices to establish that it has no antichains of size κ. To this end, let A be
a maximal antichain in T.

Set Ω := {(〈ηj � ε | j < χ〉, A ∩ χ(ε2)) | ε < κ}. As an application of
♦(Hκ), using the parameter p := {φ,A,Ω, 〈T ηj | j < χ〉}, we get that for
every i < κ, the following set is cofinal (in fact, stationary) in κ:

Bi := {β ∈ Ri ∩ acc(κ) | ∃M ≺ Hκ+ (p ∈M,M∩ κ = β,Ωβ = Ω ∩M)}.
Fix a large enough δ < κ for which the map j 7→ ηj � δ is injective over χ.

By the choice of ~C, we may find an ordinal α ∈ Eκλ above δ such that, for
all i < α,

sup(nacc(Cα) ∩Bi) = α.

Set η̄j := ηj � α for each j < χ, and note that T � α =
⊗

j<χ T
η̄j .
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Claim 5.1.3. A ⊆ T � α. In particular, |A| < κ.

Proof. This is very similar to the proof of Claim 4.4.4. Let ~y = 〈yj | j < χ〉
be an arbitrary element of Tα, and we shall show that it extends some
element of A. For each j < χ, since α ∈ Eκλ , Claim 5.1.2(c) implies that

we may find some xj ∈ T η̄j � Cα such that yj = b
η̄j
xj . By Claim 5.1.1 and

cf(α) = λ > χ, we may assume the existence of γ < α such that dom(xj) = γ
for all j < χ. In particular, we may find some i < α such that φ(i) is equal
to ~x := 〈xj | j < χ〉. Pick β ∈ nacc(Cα) ∩ Bi for which β− := sup(Cα ∩ β)
is bigger than max{γ, δ}. Then:

• ψ(β) = ~x,
• 〈η̄j � β | j < χ〉 is injective,
• Ωβ = {(〈η̄j � ε | j < χ〉, A ∩ χ(ε2)) | ε < β}, and

• A ∩ <β2 is a maximal antichain in T � β =
⊗

j<χ T
η̄j�β.

It thus follows that for every j < χ, b
α,η̄j�β
xj = ~t(j), where ~t = min(Qα,β,C).

In particular, we may fix some ~s ∈ A such that, for every j < χ,

(~s(j) ∪ bα,η̄j�β
−

xj ) ⊆ ~t(j) = b
α,η̄j�β
xj ⊆ b

η̄j
xj = yj .

So ~y extends an element of A, as sought. �

This completes the proof. �

Remark 5.2. (1) Claim 5.1.2(c) implies that the trees constructed above
fall into the class of trees obtained using the microscopic approach as
a transfinite application of actions to control various features of the
outcome trees (see [BR21, Definition 6.5]). By embedding additional
calls for actions, we can easily ensure that the above full λ+-Souslin
trees be λ-free or specializable via a λ-closed λ+-cc notion forcing.
In the other direction, a more involved construction establishes the
consistency of a full λ+-Souslin tree with a narrow ascent path.

(2) The hypotheses of Theorem 5.1 are all compatible with λ being
supercompact. Indeed, starting with a Laver-indestructible super-
compact λ, first use Baumgartner’s λ-directed-closed notion of forc-
ing to add a �Bλ -sequence, and then force with Add(λ+, 1) to ar-

range 2λ = λ+. Finally, use [LHR19b, Definition 3.16] to add a
P−(κ, 2,vλ, κ, {Eκλ})-sequence via a λ-directed closed κ-strategically
closed forcing. Since every supercompact cardinal is subtle, ♦(λ) will
hold for free.

We now arrive at Theorem C:

Corollary 5.3. Suppose that:

• κ = λ+ for λ a regular uncountable cardinal;
• ♦λ and ♦(λ) both hold.

Then there exists a sequence 〈T η | η < 2κ〉 of streamlined, normal, binary,
splitting, full κ-trees such that for every nonzero cardinal χ < λ, for every
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injective sequence 〈ηj | j < χ〉 of elements of 2κ, the product tree
⊗

j<χ T
ηj

is κ-Souslin.

Proof. ♦λ implies CHλ. It also implies �λ that implies �Bλ . By [BR17,
Theorem 3.6], ♦λ implies P(κ, 2,v, κ, {Eκλ}). Now, appeal to Theorem 5.1.

�

As said before, we opened this section with the most general construction.
If all one wants is a single full κ-Souslin tree (e.g., with κ = ℵ2), then this
may be obtained from the following relaxed hypotheses.

Theorem 5.4. Suppose that:

(1) κ = λ+ = 2λ for a regular uncountable cardinal λ;
(2) �λ and ♦(λ) both hold.

Then there exists a streamlined, normal, prolific, full κ-Souslin tree.

Proof. A variation of the proof of Theorem 4.4 in the spirit of that of The-
orem 5.1 yields that a streamlined, normal, prolific full κ-Souslin tree may
be constructed under the hypothesis (1) together with the following two:

(2′) �Bλ and ♦(λ) both hold;
(3′) Either P−(κ, 2,vλ, 1, {Eκλ}) or P−(κ, 2,v∗, 1, {Eκλ}) holds.

It is clear that hypothesis (2) implies (2′), thus we just need to show that
(3′) follows from (1) and (2). This is indeed the case, since, by [BR17, Corol-
lary 3.1] combined with [BR19b, Lemma 3.8], for every regular uncountable

cardinal λ, �λ + CHλ implies that P(λ+, 2,v∗, 1, {Eλ+

λ }) holds. �

By Observation 2.2, if a full κ-Aronszajn tree exists for a successor cardi-
nal κ = λ+, then λ = λ<λ (in particular, λ is a regular cardinal), and λ ≥ c.
We now arrive at Theorem B.

Corollary 5.5. Suppose that λ = λ<λ is a successor of an uncountable
cardinal such that �λ + CHλ holds. Then there exists a full λ+-Souslin
tree.

Proof. By the main result of [She10], ♦(λ) holds. Now, appeal to Theo-
rem 5.4. �
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Soc., 354(5):1783–1791, 2002.

[Nyi15] Peter Nyikos. A Corson compact L-space from a Suslin tree. Colloq. Math.,
141(2):149–156, 2015.

[PR23] Mark Poor and Assaf Rinot. A Shelah group in ZFC.
http://assafrinot.com/paper/60, 2023. Submitted July 2023.

[Rin10] Assaf Rinot. A relative of the approachability ideal, diamond and non-
saturation. J. Symbolic Logic, 75(3):1035–1065, 2010.

[RT18] Dilip Raghavan and Stevo Todorcevic. Suslin trees, the bounding number, and
partition relations. Israel J. Math., 225(2):771–796, 2018.

[Rud55] Mary Ellen Rudin. Countable paracompactness and Souslin’s problem. Canad.
J. Math., 7:543–547, 1955.

[Sch93] Chaz Schlindwein. Suslin’s hypothesis does not imply stationary antichains.
Ann. Pure Appl. Logic, 64(2):153–167, 1993.

[She99] Saharon Shelah. On full Suslin trees. Colloq. Math., 79(1):1–7, 1999.
[She10] Saharon Shelah. Diamonds. Proceedings of the American Mathematical Society,

138:2151–2161, 2010.
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