MORE NOTIONS OF FORCING ADD SQUARE

YAIR HAYUT, ASSAF RINOT, AND ZHIXING YOU

ABSTRACT. Foreman and Magidor proved that CH yields a countably-
closed Na-cc notion of forcing P for adding [l,,. Here we prove that
P may consistently be taken to be an Ny-Souslin tree. More generally,
it is shown that [0y may be added by a AT-Souslin tree, providing the
first analog of the Foreman—-Magidor forcing at the level of successors
of singulars. Our construction is uniform and applies to inaccessible
cardinals as well.

1. INTRODUCTION

The square principle 0y was introduced by Jensen [Jen72] in his study
of the fine structure of Godel’s constructible universe. He also devised a
countably closed (A4 1)-strategically closed notion of forcing for adding (7.
Baumgartner introduced a weakening Df of [y that may be added by a
(<\)-directed closed notion of forcing, hence is compatible with A being su-
percompact (unlike [Jy). At the level of a regular A > X;, Baumgartner’s
square is just one club-shooting away from Jensen’s square, and at the level
of A\ = Ny, the two principles are logically equivalent. More notions of forc-
ing for adding Oy, were introduced by Dolinar-Dzamonja [DD13], Krueger
[Krul4], and Neeman [Neel7]. A third square principle is Todorcevié’s (k)
[Tod87], which follows from [y whenever £ = A™T.

It is an unpublished result of Foreman and Magidor that for an infinite
regular cardinal A = A< there is a A-closed A*-cc notion of forcing that adds
Baumgartner’s square Df . Alternative posets for introducing Df are given
in [Vel82, §1.3] and [LR19a, Definition 3.12]. In this paper, we show that
squares can be added by a poset as good as a Souslin tree. To exemplify:

Theorem A. For every uncountable cardinal A = X<*, if <>(Ef\‘+) holds,?
then:

e there is a countably complete AT -Souslin tree that forces [ly;
e there is a A\-complete \T-Souslin tree that forces Df.

Our tree constructions make use of the proxy principles, and this has well-
known advantages [BRY25] that are apparent here as well. For starters, it
provides the first consistent way to add [y by a A*-cc notion of forcing for A
a singular cardinal (indeed, by forcing with AT-Souslin tree). To exemplify
one exotic scenario:

Date: Preprint as of July 24, 2026. For updates, visit http://p.assafrinot.com/76.
IHere, EY stands for {a < & | cf(a) = A}.
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Theorem B. Suppose that X is a measurable cardinal and 2* = \T. In the
forcing extension by Prikry forcing there is a AT -Souslin tree that forces (1.

Remark 1. The preceding model is a two-step iteration of A*-cc notions of
forcing. Note that by [CFMO1, Theorem 11.1], it is possible that [J, fails in
the intermediate model.

Second, it provides analogous results for inaccessibles. To exemplify:

Theorem C. Suppose that > holds over a monreflecting stationary subset
of a strongly inaccessible k. Then there is a k-Souslin tree that forces (k).

A third advantage, demonstrated here for concreteness at the level of
Ny is that it is possible to get an Na-Souslin tree adding a square without
assuming diamond on the critical cofinality (as assumed in Theorem A).

Theorem D. If 22" — N9 and there exists a nonreflecting stationary subset
of E;fg, then:

(1) there is an Na-Souslin tree that forces O, ;

(2) there is a countably complete Ra-Souslin tree that forces O(w2).

Remark 2. We refer the reader to Corollary 4.8 for consequences beyond
squares, and to Section 4 in general for a whole gallery of applications.

We conclude the paper with a complementary result.

Theorem E. Assuming the consistency of large cardinals, the conjunction
of the following two bullet points is compatible with k being a successor of a
reqular uncountable, a successor of a singular, or a strongly inaccessible.

o There is a k-Souslin tree;
e Fvery k-Souslin tree forces that O(k) fails.

1.1. Organization of this paper. In Section 2, we provide preliminaries
on square and proxy principles.

In Section 3, we prove the main technical result of this paper: constructing
a k-Souslin tree T from an instance P¢(x, &, .. .) of the proxy principle such
that forcing with T introduces a narrow instance P¢(x,2,...).

In Section 4, we derive various corollaries, including Theorems A—D.

In Section 5, we prove Theorem E.

2. SQUARE AND PROXY PRINCIPLES

A C-sequence over a regular uncountable cardinal x is a sequence C = (Cq |
a < k) such that for every o < K, C, is nonempty collection of closed subsets
C of a with sup(C) = sup(«). It is said to be £-bounded provided that
otp(C) < ¢ for every C € U, Ca- It is said to be unthreadable provided
that for every club D in &, there is an a € acc(D) such that DN« ¢ C,.2
It is said to be R-coherent (for any given binary relation R) provided that
for all C € |J,.,Ca and B € acc(C),® there is a C' € Cs with C R C. The

a<k

2Clearly, if Cis &-bounded for some £ < k, then C is unthreadable.
3For a set of ordinals z, acc(X) stand for all o € z such that sup(z N a) = a > 0.
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main examples of R here are the end-extension relation C and its variant
C that focuses on clubs of high order-type; they are defined as follows:

° C:’ C C iff there is an ordinal 3 such that C=Cnpg;
e C L, Ciff either C T C or (otp(C) < x and nacc(C) consists of
successor ordinals).

Definition 2.1. e A C-sequence over k is one (Cy, | a < k) for which

({Ca} | @ < k) is a C-sequence over k;

e Jensen’s [, asserts the existence of a A-bounded C-coherent C-
sequence over \T;

e Baumgartner’s Df asserts the existence of a A-bounded Cy-coherent
C-sequence over \T;

e Todorcevié’s (k) asserts the existence of an unthreadable C-coherent
C-sequence over k.

e Todorcevié’s O(k, <p) asserts the existence of an unthreadable C-
coherent C-sequence (Co | @ < k) such that |Co| < p for every a < k.

Remark 2.2. We mentioned in the introduction that [y, and Dfl are log-
ically equivalent. Note that, more generally, the existence of a A-bounded
Cx,-coherent C-sequence over AT implies that [0 holds. Indeed, given such
a sequence (Cy | o < A1), for every o € EX', if there exists a 3 € Eé:
such that a € acc(Cp), then replace C, by Cg N «, and otherwise, replace
C,, by a cofinal subset of a of order-type w. The outcome of this systematic
modification at ordinals of countable cofinality is a [1y-sequence.

We now present a special case of the parametrized proxy principle P~ (...).

Definition 2.3 (special case of [BR17, Definition 1.5]). Suppose:

e k is a regular uncountable cardinal;

e £ 0,x < Kk are ordinals;

e 1,0 < k are cardinals;

e S is a nonempty family of stationary subsets of «.

Pg(lﬁl, 1, Cy, 0,8, 1, 0) asserts the existence of a £&-bounded C,-coherent C-
sequence C = (C, | & < k) such that the two hold:

(1) for every a < k, |Co| < p;

(2) for every sequence (B; | i < ) of cofinal subsets of «, for every S € S,
there are stationarily many a € S such that, for every i < min{«, 6},
for every C € Cq,, sup{y € C | succ,(C' \ 7) C B;} = .

Remark 2.4. succ,(C) := {8 € nacc(C) | 0 < otp(C N B) < o} is the set of
the first ¢ many successor elements of C', should they exist. In particular,
for every v € C such that sup(otp(C \ 7)) > o, succs(C \ 7) is nothing
but the next ¢ many successor elements of C above . In the special case
o = 1, the ending of requirement (2) above is equivalent to asserting that
sup(nacc(C) N B;) = a.
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Remark 2.5. For a discussion on the motivation of the proxy principles and
a comparison between them and the square and diamond principles, we refer
the reader to [BRY25, §2].

Definition 2.6. P¢(k,1,C,,0,S, 1, 0) asserts that Pg(/{,ﬂ, Cy,0,S,p,0)
and (x) both hold.

Convention 2.7. We may omit & in which case we mean that £ is equal to .
Fact 2.8 ([Tod87]). O(k, <k) entails the existence of a k-Aronszajn tree.

Fact 2.9 ([BR19b, Proposition 2.2]). P(x,k,C,1,{k},k,1) entails the ex-
istence of a k-Souslin tree.

3. THE EXAMPLE

3.1. Setup. Hereafter, x denotes an arbitrary regular uncountable cardinal,
and H, stands for the collection of all sets of hereditary carnality less than
k. We write EY for the set {a € E" | cf(a) = x}. EZ, and EX, are defined
analogously.

Definition 3.1. A k-tree T = (T, <7) is said to be streamlined iff all of the
following hold:

o <718 C;

e T is a subset of <"H,.;*

o forallt €T and o < dom(t), t [ € T.

In order to seal antichains in streamlined x-trees, we shall make use of
the following verbose version of (k).

Fact 3.2 ([BR17, Lemma 2.2]). {(k) is equivalent to the existence of a
sequence (Qg | B < k) satisfying that for all Q@ C H,, and p € H,+, there
exists an elementary submodel M < H,_+ containing p, such that M Nk € Kk
and M N Q= Qunk.

Hereafter, fix a well-ordering <, of H,, and let (Q3 | § < k) be as in
Fact 3.2.

Definition 3.3 (canonical extension action). For every T' € H,, denote
B(T) := 0 unless there is a 8 < & such that T C <PH, and T ¢ <PH,, in
which case, we do the following;:
e let B(T) denote the unique 3 such that T C <AH, and T ¢ <BH,.
e let Tgry :={t € T'[ dom(t) = B(T)}.
e for all s € T and C C (7T, if sup(C) < dom(s), consider the sets:
— Qo :={t € Tg(ry | s Ct}, and
- Qq:= {t € T,B(T) ’ dr e QB(S Ur C t)}

4Together with the previous bullet point this means that <7 y iff x is an initial
segment of y.
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If Q1 is nonempty, then let extend(s, T, C) := min(Q1, <,). If Q7 is
empty but Qo is nonempty, then let extend(s, T, C) := min(Qq, <)
Otherwise, let extend(s,T,C) :=s.
e for all s € T and C C S(T), if sup(C) = dom(s), consider the sets:
— Qo :={t € Tp(r) | (s7(C)) Ct}, and
— Q1:={t €Ty | Ir € Qs((s™(C))Ur Ct)}.
If Q1 is nonempty, then let extend(s, T, C) := min(Q1, <,). If Q7 is
empty but Qo is nonempty, then let extend(s, T, C) := min(Qq, <x)-
Otherwise, let extend(s, T, C) := extend(s, T, ).

3.2. The construction.

Theorem 3.4. Suppose:

e \ < k is a pair of infinite reqular cardinals such that v<X < k for
every v < K;
e S is a nonempty collection of stationary subsets of EX,;
e £ 0 are nonzero ordinals < k;
o Pe(k, 11, Cy, 0,8, p,0) holds with = k.
Then there exists a streamlined x-complete k-Souslin tree T such that in
the forcing extension by T, Pe(k, 1, Ey, 0, S, p, o) holds with p = 2.

Proof. Let C = (Cq | @ < K) be a Pg(n, k, Ty, 0, S, k,0)-sequence. As
S C P(ng) and as v<X < g for every v < Kk, we may assume that for
every a € acc(k) N EZ,, Cq contains a club C in « of order-type cf(a)
such that nacc(C) consists of successor ordinals. We may also assume that
Cat1 = {{a},{0,a}} for every a@ < k. Lastly, we may also assume that
C\aelC, foral a<a<kand C e C,.

For every a < k, let CL := {C € Cq | Vv € acc(C)[C N~y € C,]}. Note
that for every C € CL and 3 € acc(C), we have C N € Cé. Also note that
cl =c, for every a € EX..

Next, write C := |J,,_, Ca. Let T be the collection of all functions ¢ such
that:

o t €][5.,Cp for some a < k;
o for every < a, for every v € acc(t(f)), t(y) Ty t(B).
We shall construct a sequence (T, | @ < k) such that, for every o < &, T,

will constitute the atP-level of our ultimate tree T. We make the following
promises:

a<k

(1) for every a < k, T, will be a nonempty subset of 7 N*C of size < k;

(2)

(3) for all @ < k and t € Ty, there will be a C € C,, with t7(C) € Tp41;
(4) for every o € acc(k) N B, T, ={t € *C | VB < a(t | B € Tp)};
()

5put differently, the tree we construct is x-complete.
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(6) for all a € acc(k), C € CL and x € Tnin(C)s bl will be some distin-
guished element of T, satisfying the following three requirements:
(i) b [ min(C) = =

(ii) for every pair B~ < [ of consecutive ordinals in C,
be | 6= extend(bS [ 57,7 (5+1),CNE7);
(i) for every v € acc(C), bS(y) = C N .

Claim 3.4.1. Suppose that ( < k is such that Promises (3)—(5) and (6)(i)
hold for every a < (. Then T | ( := Ua<< T¢ is a normal tree, that is, for
all B < a < and s €1g, there is at € T, such that s C t.

Proof. Let f < ( and s € Tg. We prove by induction on a € [,() the
existence of t € T, such that s C ¢. The base case is trivial, the successor
case follows from Promise (3), and the case a € acc(¢\ ) N EZ, then follows
from Promise (5). Finally, given a € acc(¢\ 8) N EX,, pick C € Co = cl.
As C'is a club in «, we may find some & € C above . By the induction
hypothesis, we may find = € T; such that s C z. As C := C \ a belongs to
Co and z € T\, ), we get from Promise (6)(i) that s €z C bl eT, O

We are now ready for the recursive construction. We start by letting
To := {0}, noting that Tp is indeed a subset of T. Next, for every a < &
such that T, has already been successfully constructed, we let

Tor1 :={t7(C) |t €Ty, CeCo}NT.
Claim 3.4.2. Promises (1)—(3) are maintained.

Proof. If a = 0, then T 41 = {t} for the unique ¢t € T to satisfy dom(t) = 1,
namely, ¢ : {0} — Cp. If @ = 5+ 1 is a successor ordinal, then T},41 is equal
to {t~({B}),t"({0,8}) | t € To} which again takes care of Promises (1)—(3).
If a € acc(k) N EZ,, then given t € T,, we may fix C € C, of order-
type less than x such that nacc(C') consists of successor ordinals. We claim
that t7(C) is in T, hence in T,41. This requires that t(y) T, C for every
v € acc(C'), which holds trivially by our choice of C.

If o € acc(k) N EX,, then given t € T,, by Promise (5), we may fix
CeCy=Cland z € Tinin(c) such that ¢ = by, and we claim that ¢~ (C)
is in 7, hence in Tp41. This requires that t(y) T, C for every v € acc(C),
which is guaranteed by Promise (6)(iii). O

Next, suppose that a € acc(k) is such that (I3 | 8 < ) has already been
successfully defined. Let C € C} and x € Tnin(c)- We shall obtain bl as
the limit (JIm(b$) of a C-increasing sequence bS € [Isec Tp canonically
obtained by recursion, as follows:

e ¢ (min(C)) := 2.
e for every pair 3~ < j3 of consecutive elements of C such that b (87)
has already been defined, let

b (8) = extend (b7 (87), T [ (B+1),CN57).
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e for every 3 € acc(C) such that b$ | B has already been defined, let
bg (8) == UIm(b{ | ).

We verify that the construction indeed produced a C-increasing sequence
of nodes in T' [ a. For every pair 8~ < [ of consecutive elements of C', since
T [ (B+1) is a normal tree thus far, extend(b$'(87),T | (B + 1), ...) provides
an extension of b$'(87) belonging to T, so indeed b (87) € b5 (B) € Tp.
For every 3 € acc(C), Clauses (i) and (ii) of Promise (6) yield that bS' () =
& I v for every v € C'N f3, and hence bS'(B) = bS™? which was placed in
T3 in an earlier stage of the recursion, since C'N B € Cé.

Next, if c¢f(«) < x, then define T, according to Promise (4). It is trivial to
verify that T, C T. If c¢f(a)) > x. then define T,, according to Promise (5).

Claim 3.4.3. Promises (1)—(6) are maintained.

Proof. Promise (1) is maintained in case cf(«) < x, since |T'[a| < x and then
the cardinal arithmetic hypothesis implies |T,| < . It is also maintained in
case cf(a) > x because in this case |T,| < |T' | a|-|Cq| < k. The verification
of Promise (2) is immediate. Promise (3) does not come into play. So,
we are left with verifying Clause (iii) of Promise (6). Let C' € C. and
r € Thnin(c), and we shall prove that bl (y) = C N~ for every v € acc(C).
By induction. Specifically, given 8 € acc(C) such that bS(y) = C N for
every v € acc(C'NJ3), we argue as follows. Let 31 := min(C'\ S+ 1), so that
b¢(B) = bS(B1)(B). It is the case that

b (B7) = extend (b (8), T 1 (8% +1),C' N B).
We have that sup(C' N 3) = B = dom(b$(53)), so by the definition of
extend(...), it suffices to show that ¢ := b$ (3)"(C' N B) belongs to Tsy1. As
b$(B) € Tp, the definition of Tj,1 implies that we need to show that ¢ be-

longs to T, i.e., that for every v € acc(t(B)), t(y) Ty t(5). But t(5) =CnNp
and t(y) = C N~ for every v € acc(C' N ), so we are good. O

Having constructed all levels of the tree, we let 7' := | T, so that

T := (T, Q) is our streamlined -tree.

a<k

Claim 3.4.4. T admits no antichains of size K.

Proof. Suppose not, and let A C T be a maximal antichain of size k. By
[BR19b, Claim 2.2.2], the following set is stationary in x:

B:={p €acc(k) | AN(T | B) = Qp is a maximal antichain in T' | §}.

Using the hitting property of the proxy principle, fix an « € EX, such that
sup(nacc(C) N B) = « for every C € Cy. We shall prove that A C T [ a. To
this end consider any z € T'[ (k\ «). Set y := z[a, so that y € T, and y C z.
Recalling Promise (5), pick C' € Cq and x € Tpnin(cy such that y = bl. Fix
B € nacc(C) N B with dom(z) < 8 < a. Denote = := sup(C' N ). Then
B~ < B is a pair of consecutive elements of C', so by Promise (6)(ii),

b [ 8 =extend(bS [ 37, T [ (8+1),C'N 7).
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Since 8 € B, f is a limit ordinal and Qg = AN (T [ B) is a maximal
antichain in T'[ 8. It follows that for every s’ € T3- U Tjs-,; there is an
r € Qg such that s Ur € T | 8, and by the normality of T | (8 + 1),
there is then a t € T with s’ Ur C t. This verifies that the definition of
extend(bl [ 57, T | (84 1),C N B~) will end up being min(Q1, <ix),% so that
bg I B extends some € Qg = AN (T | ). Since r is an element of the
antichain A, and r C b () € bS =y C 2, we infer that z ¢ A. O

Claim 3.4.5. T admits no chains of size k.

Proof. Suppose not, and pick b : kK — C such that b« € T, for every a < k.
For every infinite o < &, as Coy1 = {{a},{0,a}}, the definition of Tfo
implies that

ta :=b ] (a+1)"(bla+ 1) A{0})
is an element of Tp42 \ {0 ] (o 4+ 2)}. So {ta | w < a < Kk} is a k-sized
antichain, contradicting Claim 3.4.4. ([

So, T is a k-Souslin tree. Next, work in V[G], where G is T-generic over
V. Set b:=JG, so that b: k — C is a map such that b | a € T, for every
a < k. AsT, C T N°C for every a < K, b is a {-bounded C,-coherent

C-sequence over , which we hereafter denote by C' = (Cy | & < ). The
next claim is unnecessary, but its proof is short and may be of interest to
those readers whose primary interest is in classical square principles.

Claim 3.4.6. C is unthreadable.

Proof. Given a club D C &, use the k-cc of T to find a ground model club
D’ € D. Working in the ground model, invoke the hitting property of
the proxy principle with respect to B := acc(D’), and find some a € EL
such that sup(nacc(C) N B) = a for every C' € C,. Then sup(nacc(b(a)) N
acc(D’)) = «, in particular sup(nacc(b(a)) Nacc(D)) = «, and hence a €
acc(D) with b(a)) # D N a. O
Our next task is verifying that Pg(/{, 2,C,,0,5,2,0) holds in V[G].
Back in V, as {(k) holds and T is a k-sized k-cc forcing, the beginning
of the proof of [BR19b, Theorem 3.4] provides a sequence (Z3 | 8 < k) € V

satisfying that for every B € PVIC(k), there exists some Xp € PV (k) such
that:

(1) V E Xp is stationary;
(2) VIG| £ Xp C {8 < x| Zs = B B,
In particular, (k) holds in V[G]. Working in V[G], for every « € acc(k),
let C3 :=1Im(gq), where g, : C, — « is defined by stipulating:
B, if 5 € acc(C,);
9a(B) 7=  min(Zz U{B}), if § = min(Ca);
min((Zz U {B}) \ (sup(Co N B) + 1)), otherwise.

6Recall Definition 3.3.
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For completeness, we also set C§ := () and C5 | := {a} for every a < k.
By [BR19a, Lemma 2.8], C* := (C* | a < k) is yet another £&-bounded Cy-
coherent C-sequence over k. To verify it witnesses PE(R,Q, Cy.0,8,2,0),
let (B; | i < 6) be a given sequence of cofinal subsets of x, and let S € S;
we need to find stationarily many « € S such that

sup{vy € C? | succ,(Cy \ v) € B;} = a.

For each i < 6, fix X; € PV (k) such that:

(1) V = X; is stationary;
(2) VG| )ZX,'Q{,B<I€‘Z[3:B¢Q,8}.

As any club in V[G] covers a club from V', we may shrink the stationary

set X; to also ensure the following:

(3) VIG] F X; € {B < |sup(B; N B) = B}.
Working in V, since S € S, there is a stationary subset S of S such that
for every a € S, for every C € C,, for every ¢ < min{a, 6},

sup{vy € C | succ,(C \v) C X;} = a.
In particular, for every ¢ < min{a, 6}, the following set is cofinal in a:
[ = {y € Cy | succy(Cy \ 7) C Xi}.

Work in V[G]. As it is a s-cc forcing extension of V', S remains stationary.
In addition, a moment’s reflection makes it clear that for every i < 6, for
every 8 € nacc(Cy) N X, it is the case that g,(3) € nacc(Ce) N B;.7 Tt
follows that for every i < min{a, 8}, for every v € T';, it is the case that
Jga(7) is an element of C? satisfying that succ,(C2 \ v) C B;. So we are
done. O

4. COROLLARIES
We now present a gallery of corollaries to Theorem 3.4.

Corollary 4.1. Suppose k is a regular uncountable cardinal, and P(k, K,
C,1,{k},k,1) holds. Then there is a k-Souslin tree that forces O(k).

Proof. By Theorem 3.4, there is a streamlined k-Souslin tree T such that in
the forcing extension by T, P(k, 2,C, 1,{x},2, 1) holds. By [BR17, Lemma 3.2],
then, (k) holds in the extension. O

The next corollary establishes Theorem C.

Corollary 4.2. Suppose <> holds over a nonreflecting stationary subset of
a strongly inaccessible k. Then there is a k-Souslin tree that forces (k).

Proof. By [BR21, Theorem 4.26], in particular, P(k, k,C, 1, {x}, k, 1) holds.
Now appeal to Corollary 4.1. O

"See the proof of [BR19b, Claim 3.4.5] for details.
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Corollary 4.3. Suppose X is an infinite cardinal, and Px(A\T, AT, C, 1, {\"},
A1, 1) holds. Then there is a A\ -Souslin tree that forces (.

Proof. By Theorem 3.4, there is a streamlined A"-Souslin tree T such that
in the forcing extension by T, P(AT,2,C,1,{A\"},2,1) holds. In particular,
in the extension, there is a A-bounded C-coherent C-sequence over A7, i.e.,
[y holds. U

The next corollary establishes Theorem B.

Corollary 4.4. Suppose )\ is a measurable cardinal satisfying 2* = \T. In
the forcing extension by Prikry forcing there is a A\*-Souslin tree that forces
.

Proof. By [BR19b, Main Theorem], the hypotheses imply that in the forcing
extension by Prikry forcing, P(AT, AT, C, 1, {\"}, AT, 1) holds. Now appeal
to Corollary 4.3. ]

The next two corollaries establish together Theorem A.

Corollary 4.5. Suppose A\ = AX<* is an infinite cardinal and <>(Ef\‘+) holds.
Then there is a A-complete \T-Souslin tree T that forces Df. In particular:
(1) If X=Xy, then T forces Oy;
(2) If A > Ny is a successor cardinal, then T also forces the existence of
a A-complete AT -super-Souslin tree.

Proof. By [BR17, Theorem 5.6, the hypotheses imply that Py(AT,2,R,
AT, {E:\\+},2,a) holds for R := ,C and every o < A, in particular, o := 1.
As AN = )\ it follows that Py(AT, AT, R, AT, {E}"},2,1) holds for R := C,
in particular, for R := Ey. By Theorem 3.4, then, there exists a stream-
lined A-complete AT-Souslin tree T such that in the forcing extension by T,
Pa(AT, 2,5, AT, {Ef\‘+}, 2,1) holds. In particular, in the extension, there is
a A\-bounded Cy-coherent C-sequence over AV, i.e., Df holds.

Finally, Clause (1) follows from the fact that Oy, and Dfl are logically
equivalent. Clause (2) follows from Corollary 1.7 of [LR19a] together with
the sentence prior to Theorem B’ of the same paper. [l

Corollary 4.6. Suppose A\ = \<* is an uncountable cardinal and Q(Ei‘+)
holds. Then there is a countably complete \™-Souslin tree T that forces .

Proof. As explained in the proof of Corollary 4.5, Py(AT, AT, C, AT, {E:\\Jr},
2,1) holds. In particular, Py(AT, AT, Cy,, AT, {E}"},2,1) holds. By The-
orem 3.4, then, there exists a countably complete A™-Souslin tree T such
that in the forcing extension by T, Py(AT,2, Cy,, AT, {E§\‘+}, 2,1) holds. In
particular, in the extension, there is a A-bounded Cy,-coherent C-sequence
over AT. By Remark 2.2, then, [Jy holds. ([

The next corollary establishes Theorem D.
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Corollary 4.7. Suppose A = 2<* < 2% = A\t is uncountable cardinal, and
there exists a stationary subset of E;‘;f()\) that does not reflect.

(1) If X is regular or if 0% holds, then there is a A\T-Souslin tree that
forces Uy ;

(2) If X is regular, then there is a A-complete AT -Souslin tree that forces
Ot).

Proof. (1) If X is a regular cardinal then the cardinal arithmetic hypothesis
implies that (05 holds. Thus, by [BR19c, Corollary 3.15], either of the hy-
pothesis of Clause (1) imply that Py(AT, AT, C, <), {E%‘Jr}, 2, <) holds for
some infinite regular cardinal n < A. In particular, Px(AT, AT, C, 1, {\*T}, AT, 1)
holds. By Theorem 3.4, then, there exists a streamlined A-complete A\T-
Souslin tree T such that in the forcing extension by T, Py(A1,1,C, 2, {\T},
2,1) holds. In particular, in the extension, there is a A-bounded C-coherent
C-sequence over A1, i.e., (] holds.

(2) By [BR19c, Theorem A], the hypotheses imply that P(AT, AT R,
1,{E{"},2,1) holds for R := C*. By [BR21, Corollary 4.36], it more-
over holds for R := C. By Theorem 3.4, then, there exists a stream-
lined A-complete AT-Souslin tree T such that in the forcing extension by
T, P(A\*,1,C,2, {E}"},2,1) holds. By [BR17, Lemma 3.2], then, O(A*)
holds in the extension. (]

To put the next corollary in context, recall that Laver proved (see [LS81])
that in the generic extension after Lévy-collapsing a weakly compact cardinal
to Ng, there are no No-Aronszajn trees with an w-ascent path, and that
Todorcevi¢ proved [Tod81, Theorem 4.4] that in the same generic extension,
no No-Aronszajn tree is coherent.

Corollary 4.8. Suppose 22 — N, and Egg admits a nonreflecting sta-
tionary subset. Then there is a countably complete No-Souslin tree T such
that:

(1) T forces the existence of a uniformly coherent Ro-Souslin tree;
(2) T forces the existence of an Na-Souslin tree with an w-ascent path.

Proof. As seen in the proof of Corollary 4.7(2), there exists a streamlined
countably complete No-Souslin tree T such that in the forcing extension by
T, P(R,2,Cx,, 1,{E}},2,1) holds. Equivalently, in this case, P(R,2,C,
1,{E§12},2, 1) holds. By [LR19b, Theorem 3.11(3)], moreover, P(Ng,2,C,
Ny, {Ex},2,1) holds.

(1) By [BR21, Theorem 6.35], P(RNg, 2, C, Ny, {No},2, 1) is sufficient for the
construction of a uniformly coherent No-Souslin tree in the extension.

(2) By [BR21, Corollary 6.12], O(R,) together with 22°° = Ry suffices for
the construction of Ne-Souslin tree with an w-ascent path. (|
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Corollary 4.9. Suppose A = A< is an uncountable cardinal and 2* =
At. Then Add(), 1) introduces a A-complete A+ -Souslin tree that forces the
existence of a full XT-Souslin tree.

Proof. Recall that VA = &(\). Meanwhile, by [BR21, Theorem 5.7],
in VAMAD py(At 2 R, )\+,{E§\‘+},U,1) holds for R := ,C and every
o < A, in particular, o := 1. As A<} = )\, it follows that (in VAdd(A1)
Pr(AT, AT, R, )\+,{E:\\+},2,1) holds for R := C, in particular for R :=
Cy. By Theorem 3.4, then, in the same model there exists a stream-
lined A-complete AT-Souslin tree T such that in the forcing extension by
T, PA(A1,2,C0, A1, {E27},2,1) holds. As T is At-distributive, {(\) re-
mains to hold. As T has size AT, 2) = At remains to hold. Now, appeal to
[RYY24, Theorem 5.1]. O

5. A COMPLEMENTARY RESULT

In this section, we establish Theorem E. Throughout this section, x stands
for a regular uncountable cardinal.

Definition 5.1. x is said to have the tree property iff there are no k-
Aronszajn trees.

Let us now recall an argument of Kunen from [Kun78, §3]. Denote by S,
the notion of forcing consisting of the collection of all normal streamlined
homogeneous subtrees of <%2 that are either empty or of a successor height;
the order on Sy is defined by taking end extensions.

Fact 5.2 ([Kun78, §3]). For any Sx-generic filter G, T(G) := UG is a
normal streamlined homogeneous k-Souslin tree in V[G].

For brevity, let us denote T(G) by T, and its canonical name by 7",

Fact 5.3 ([Kun78, §3]). If k = x<%, then S, * T is forcing equivalent to
Add(k,1).

We now apply Kunen’s idea as follows.

Lemma 5.4. Suppose k = k<%, the tree property holds at x and is more-
over indestructible under Add(k,1). Then for any Sk-generic G, the forcing
extension V[G] satisfies both of the following:

(1) There ezists a k-Souslin tree;
(2) Every k-Souslin tree forces that O(k, <p) fails for every p < k.

Proof. Clause (1) is taken care of by Fact 5.2, so we turn to address Clause (2).
To this end, let 7" be an arbitrary k-Souslin tree in V[G], and let b’ be a
T’-generic branch over V|[G]. Recall that we denote by T' the k-tree added
by G.

Claim 5.4.1. There is a T-generic branch b over V[G] such that V[G][b'] C
VIG][b.



MORE NOTIONS OF FORCING ADD SQUARE 13

Proof. Suppose not. Fix p € T’ that forces for any T’-generic branch b’
over V[G] with p C ¥/, there is no T-generic branch b over V[G] such that
VIG][V] € VIG][b]. Now let b be a T-generic branch over V[G]. Then
V[G][b] is a forcing extension of V|G| by Add(k, 1) by Fact 5.3. Thus, by
our assumption, the tree property at x holds in V[G][b]. Therefore, it follows
that 7" has a cofinal branch, say b, in V[G|[b] with p C ¥'. Since T is k-
Souslin, it follows that b’ is generic over V[G|. Thus, V[G][V] C V[G][b],
contradicting the assumption that p forces that V[G][b'] € V[G][b]. O

In V[G][V'], let C = (Co | o < k) be a C-coherent C-sequence over  such
that (sup,, |Cal)™ < k; we need to prove that it admits a thread.

Let b be given by the claim, so that V[G][t/] C V[G][b]. Recall that by
Fact 5.3, the tree property holds at x in V[G][b], so Fact 2.8 implies that
O(k, <) fails, in particular, we may fix in V[G][b] a club D threading C. As
V[G][b] is a k-cc forcing extension of V[G], we may fix a subclub D" of D
lying in V[G]. Working back in its extension V[G][b'], for every o € acc(D’),
it is the case that D' Na C DNa € C,. By [HLH17, Lemma 2.4], then, c
admits a thread. O

We are now ready to derive a strong form of Theorem E.

Corollary 5.5. Assuming the consistency of large cardinals, the conjunction
of the following two bullet points is compatible with k being a successor of a
reqular uncountable, a successor of a singular, or a strongly inaccessible.

e There is a k-Souslin tree;
e FEvery k-Souslin tree forces that O(k, <p) fails for every p < k.

Proof. Inaccessible: If there is a weakly compact cardinal k, then by
Kunen’s original argument [Kun78, §3], there is a forcing extension in which
K is a strongly inaccessible having the tree property and it is moreover inde-
structible under Add(x,1). Since k is inaccessible, we have k<% = k in this
model, so we are in conditions to appeal to Lemma 5.4.

Successor of regular uncountable: As proved in [LHL18, Lemma 4.14],
starting from a weakly compact cardinal and an infinite cardinal p = p<*,
one obtains a model in which the tree property holds at x := p*+ and it is
indestructible under Add(k,1). Moreover, k<% = k holds in this model.

Successor of singular: By [MS96, Theorem 3.1], for every increasing
sequence (A, | n < w) of supercompact cardinals, the tree property holds
at K := (sup,«,(Mn))". By a suitable forcing preparation, it is possible to
ensure that A, be a supercompact that is indestructible under Add(x, 1) for
each n < w. Consequently, the tree property holds at x and is indestruc-
tible under Add(k,1). In addition, k<" = k since the Singular Cardinal
Hypothesis holds at A := sup,,.,(Apn). O
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